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NNPDF-like analysis
• generate Nrep replicas – NN initialized from random distributions

• NNs at initialization provide the prior, fi = N(xi; θ)

• train the NNs using data

• NNs after training provide the posterior
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Neural Networks

MLP architecture

layers: ` = 1, . . . , L
neurons: i = 1, . . . , n`
weights w(`)

ij , biases b(`)i
data: (xα, yα), α ∈ D
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pre-activation functions

φ
(`+1)
iα =

n∑̀
j=1

w
(`+1)
ij ρ

(`)
jα + b

(`+1)
i
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statistical ensembles of NNs

initialize weights and biases using Gaussians

〈b(`)i 〉 = 0 , 〈b(`)i1 b
(`)
i2
〉 = δi1i2C

(`)
b

〈w(`)
ij 〉 = 0 , 〈w(`)

i1j1
w

(`)
i2j2
〉 = δi1i2δj1j2

C
(`)
w

n`−1

parameters/functions duality

p(φ(`)|D) =

∫
[dw p(w)] [db p(b)]

∏
i,α

δ

φ(`)
iα −

∑
j

w
(`)
ij ρ

(
φ

(`−1)
jα

)
− b(`)i
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computing the integral

p(φ(`+1)|D) =

∫
dφ(`) p(φ(`+1)|φ(`)) p(φ(`)|D)

p(φ(`+1)|φ(`)) =

∫ [
dw(`+1) p(w(`+1))

] [
db(`+1) p(b(`+1))

]
×
∏
i,α

δ
(
φ

(`+1)
iα −

∑
j

w
(`+1)
ij ρ

(
φ

(`)
jα

)
− b(`+1)

i

)
=

1

|2πĜ(`+1)|n`/2
exp

[
−1

2

(
Ĝ(`+1)

)−1

α1α2

~φ(`+1)
α1

· ~φ(`+1)
α2

]

〈φ(`+1)
i1α1

. . . φ
(`+1)
i2kα2k

〉 =
∑
pairs

δiP1 iP2 . . .

〈(
Ĝ(`+1)

)
αP1αP2

. . .

〉
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covariance

Ĝ(`+1)
α1α2

= C
(`+1)
b +

C
(`+1)
w

n`
~ρ (`)
α1
· ~ρ (`)

α2

fluctuations of Ĝ

∆̂G
(`+1)

α1α2
= Ĝ(`+1)

α1α2
− 〈Ĝ(`+1)

α1α2
〉

〈∆̂G
(`+1)

α1α2
∆̂G

(`+1)

α3α4
〉 = 〈Ĝ(`+1)

α1α2
Ĝ(`+1)
α3α4
〉 − 〈Ĝ(`+1)

α1α2
〉〈Ĝ(`+1)

α3α4
〉

=
C2
w

n2
`

[
〈~ρ (`+1)
α1

· ~ρ (`+1)
α2

~ρ (`+1)
α3

· ~ρ (`+1)
α4

〉−

− 〈~ρ (`+1)
α1

· ~ρ (`+1)
α2

〉〈~ρ (`+1)
α3

· ~ρ (`+1)
α4

〉
]

=
1

n`
V (`+1)
α1α2,α3α4
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propagators and all that

〈φ(`+1)
i1α1

φ
(`+1)
i2α2
〉 = δi1i2〈Ĝ(`+1)

α1α2
〉 = δi1i2G

(`+1)
α1α2

〈φ(`+1)
i1α1

φ
(`+1)
i2α2

φ
(`+1)
i3α3

φ
(`+1)
i4α4
〉c =

1

n`

[
δi1i2δi3i4V

(`+1)
α1α2,α3α4

+ . . .
]

〈φ(`+1)
i1α1

φ
(`+1)
i2α2

φ
(`+1)
i3α3

φ
(`+1)
i4α4

φ
(`+1)
i5α5

φ
(`+1)
i6α6
〉c =

1

n2
`

× . . .
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1/n expansion

correlators can be expanded in 1/n

G(`)
α1α2

= K(`)
α1α2

+
1

n`−1
G{1}(`)α1α2

+
1

n2
`−1

G{2}(`)α1α2
+O(

1

n3
`−1

)

V (`)
α1α2,α3α4

= V {0}(`)α1α2,α3α4
+

1

n`−1
V {1}(`)α1α2,α3α4

+O(
1

n2
`−1

)

therefore

〈φ(`+1)
i1α1

φ
(`+1)
i2α2
〉 = δi1i2K

(`+1)
α1α2

+O(1/n)

〈φ(`+1)
i1α1

φ
(`+1)
i2α2

φ
(`+1)
i3α3

φ
(`+1)
i4α4
〉c =

1

n`

[
δi1i2δi3i4V

{0}(`+1)
α1α2,α3α4

+ . . .
]

+O(1/n2)
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EFT
probability described by an effective action

p(φ|D) =
e−S(φ)

Z

S(φ) =
1

2
γ(2)
α1α2

~φα1 · ~φα2 +
1

8
γ(4)
α1α2,α3α4

~φα1 · ~φα2
~φα3 · ~φα4 + . . .
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Two-point Function
couplings fixed by matching correlators in 1/n expansion

〈φ(`+1)
i1α1

φ
(`+1)
i2α2
〉 = δi1i2K

(`+1)
α1α2

+O(1/n)

= δi1i2
(
γ(2,(`+1))

)−1

α1α2
+O

(
γ(4,(`+1))

)
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Four-point Function

couplings fixed by matching correlators in 1/n expansion

〈φ(`+1)
i1α1

φ
(`+1)
i2α2

φ
(`+1)
i3α3

φ
(`+1)
i4α4
〉c = δi1i2δi3i4

1

n`
V {0}(`+1)
α1α2,α3α4

+ . . .

= δi1i2δi3i4

[
G

(`+1)
α1β1

G
(`+1)
α2β2

G
(`+1)
α3β3

G
(`+1)
α4β4

]
γ

(4,(`+1))
β1β2,β3β4

+ . . .

L Del Debbio EFT4ML Mainz, July 2023 12 / 28



going deep – recursion relations

two-pt function at leading order

G(`+1)
α1α2

= C
(`+1)
b + C(`+1)

w

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉

K(`+1)
α1α2

= C
(`+1)
b + C(`+1)

w

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉
∣∣∣∣
O(1)

= C
(`+1)
b + C(`+1)

w

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉K(`)

1

n`
〈~ρ (`)
α1
· ~ρ (`)

α2
〉K(`) =

∫ ∏
α

dφα
e
− 1

2(K(`))
−1

β1β2
φβ1φβ2∣∣2πK(`)
∣∣1/2 ρ(φα1)ρ(φα2)
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evaluating the integral

if α1 = α2, only one input

∫ ∏
α

dφα
e
− 1

2(K(`))
−1

β1β2
φβ1φβ2∣∣2πK(`)
∣∣1/2 ρ(φα1)ρ(φα1) =

=

∫
dφα1

e
− 1

2

(
K

(`)
α1α1

)−1
φ2α1(

2πK
(`)
α1α1

)1/2
ρ(φα1)2 =

= g(K(`)
α1α1

)
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solving the recursion

K(`)
αα = 〈 1

n`

n∑̀
i=0

(
φ

(`)
i,α

)2
〉

Kαα, introduce the auxiliary function

g(K) =

∫
dφ

1√
2πK

exp
(
− 1

2K
φ2
)
ρ(φ)2

fixed point: K∗ = Cb + Cwg(K∗)

Kαα = K∗ + ∆Kαα =⇒ ∆K(`+1)
αα = χ‖(K

∗)∆K(`)
αα

χ‖(K) = Cwg
′(K)

criticality: χ‖(K
∗) = 1
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examples

graphical solution for Cb = 1, Cw = 2
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more recursions

for the off-diagonal elements of K: α1 6= α2

K(`+1)
α1α2

=C
(`+1)
b + C(`+1)

w ×

×
∫
dφα1dφα2e

− 1
2

(φα1φα2 )K̄−1
(
φα1
φα2

)
ρ(φα1)ρ(φα2)

=H(K(`)
α1α1

,K(`)
α2α2

,K(`)
α1α2

)

K̄ =

(
Kα1α1 Kα1α2

Kα2α1 Kα2α2

)

↪→ coupled equations

RG-style evolution equation to go deep into the network
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RG interpretation

• distribution in each layer at initialization is described by an EFT

• for n→∞, NN defines a GP

• EFT couplings obey RG relations as we go deep

• taken into account in the choice of the architecture/initialization
parameters Cw and Cb
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Bayesian Learning with NN

Divide the data into a training set and the rest

D = A ∪ B

Bayes:

p(θ|A,H) =
p(A|θ,H)p(θ|H)

p(A|H)

likelihood:
p(A|θ,H) = exp (−L(θ,A))

estimators:

θ∗MAP = arg max
θ
p(θ|A,H)

θ∗MLE = arg max
θ
p(yA|θ,H)
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Bayesian Learning at∞Width

p(φ
(L)
B |ya) =

p(yA, φ
(L)
B )

p(yA)

leading order in 1/n

p(yA, φ
(L)
B ) ∝ exp

(
−1

2
(yA, φ

(L))TK−1

(
yA

φ
(L)
B

))
where

K−1 =

(
K−1
αα K−1

αβ

K−1
βα K−1

ββ

)
, K−1

ββ = Kββ −Kβα(Kαα)−1Kαβ

p(φ
(L)
B |ya) ∝ exp

(
−1

2
(φ(L) −m∞β )TK−1

ββ (φ(L) −m∞β )

)
m∞β = Kβα(Kαα)−1yα
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Lack of Representation Learning

at infinite width

p(φ
(L)
β,1 , . . . , φ

(L)
β,nL
|yA) = p(φ

(L)
β,1 |yA) . . . p(φ

(L)
β,nL
|yA)

different neurons on the output layer are statistically independent

p(φ
(L−1)
D |yA) =

p(yA|φ(L−1)
D )p(φ

(L−1)
D )

p(yA)

p(yA|φ(L−1)
D ) ∝ exp

(
−1

2
yT (Kαα)−1y

)
= p(yA)

p(φ
(L−1)
D |yA) = p(φ

(L−1)
D )
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Bayesian Learning at finite width
consider a single datapoint, quartic interactions introduce correlations

p(φ1, . . . , φm) ∝ exp

(
−γ

(2)

2
φTφ+

γ(4)

8
(φTφ)2

)
1

γ(2)
= G(`) − m+ 2

n`−1

V (`)

G(`)
+O

(
1/n2

)
γ(4) =

1

n`−1

V (`)

(G(`))4
+O

(
1/n2

)
conditional distribution for φ2

p(φ2|φ̌1) ∝ exp

(
−γ

(2)

2
φ2

2 +
γ(4)

8
(φ4

2 + 2φ2
2φ̌

2
1)

)
∫
dφ2 p(φ2|φ̌1)φ2

2 = G(`) +
1

2

(
φ̌2

1 −G(`)
) V (`)

n`−1(G(`))2
+O(1/n2)
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training and NTK

gradient descent

d

dt
θµ(t) = −λµν

∂

∂θµ
LA

evolution of O(φ)

d

dt
O(t) = − ∂O

∂φiδ

∂φiδ
∂θµ

λµν
∂LA
∂φjα

∂φjα
∂θν

= − ∂O

∂φiδ

∣∣∣∣
φ(t)

Hiδ,jα(t) εjα(t)

in particular
d

dt
φiδ(t) = −Hiδ,jα(t)εjα(t)
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Forward Equation for the NTK

H(`) = λµν
∂φ(`)

∂θµ

∂φ(`)

∂θν

learning rate tensor

λ
b
(`)
i1
b
(`)
i2

= δi1i2λ
(`)
b , λ

W
(`)
i1j1

W
(`)
i2j2

= δi1i2δj1j2
λ

(`)
W

n`−1

then

H
(`)
i1α1,i2α2

=
∑̀
`′=1

λ(`′)
b

∂φ
(`′)
i1α1

∂b
(`′)
j

∂φ
(`′)
i2α2

∂b
(`′)
j

+
λ

(`′)
w

n`−1

∂φ
(`′)
i1α1

∂W
(`′)
jk

∂φ
(`′)
i2α2

∂W
(`′)
jk
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H
(`+1)
i1i2α1α2

=

n`+1∑
j=1

λ(`+1)
b

∂φ
(`+1)
i1α1

∂b
(`+1)
j

∂φ
(`+1)
i2α2

∂b
(`+1)
j

+
λ

(`+1)
w

n`−1

∂φ
(`+1)
i1α1

∂W
(`+1)
jk

∂φ
(`+1)
i2α2

∂W
(`+1)
jk

+

+

n∑̀
j1,j2=1

∂φ
(`+1)
i1α1

∂φ
(`)
j1α1

∂φ
(`+1)
i2α2

∂φ
(`)
j2α2

H
(`)
j1j2α1α2

= δi1i2

λ(`+1)
b + λ

(`+1)
W

 1

n`

n∑̀
j=1

ρ
(`)
jα1
ρ

(`)
jα2

+

+

n∑̀
j1,j2=1

W
(`+1)
i1j1

W
(`+1)
i2j2

ρ
′(`)
j1α1

ρ
′(`)
j2α2

H
(`)
j1j2α1α2

1/n expansion

H = Θ +
1

n
H [1] + . . .
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Gradient Training at Infinite Width

at the minimum of L(θ,A)

φ(L)(T ) = φ(L) −Θ
(L)
βα (Θ(L)

αα )−1
(
φ(L) − y

)
hence

m∞ = Θ
(L)
βα (Θ(L)

αα )−1y

recall

K
(L)
δ1δ2

= C
(L)
b + C

(L)
W 〈ρδ1ρδ2〉K(L−1)

Θ
(L)
δ1δ2

= λ
(L)
b + λ

(L)
W 〈ρδ1ρδ2〉K(L−1) + C

(L)
W 〈ρ

′
δ1ρ
′
δ2〉K(L−1)Θ

(L−1)
δ1δ2

=⇒ λ
(L)
b = C

(L)
b , λ

(L)
W = C

(L)
W
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EFT again
introduce an auxiliary field Liα(t)

p(ϕ,L|D) =
1

Z
exp

[
−S(φ)−

∫
dtLiα(t)

(
d

dt
ϕiδ(t) +Hiδ,jα(t)εjα(t)

)]
with ϕiα(0) = φiα

EOM:

d

dt
φiδ(t) = −Hiδ,jα(t)εjα(t)

hence

d

dt
LA = −εiδHiδ,jα(t)εjα(t)

use this theory to compute correlators during training
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Summary

• distribution of φiα can be described by EFT

• power counting scheme in 1/n to have a predictive framework

• NN at infinite width −→ made contact with GP

• 1/n corrections to go beyond Gaussianity

• deep networks and RG equations

• training and NTK analysis
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