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NNPDF-like analysis

e generate N, replicas — NN initialized from random distributions
¢ NNs at initialization provide the prior, f; = N(xz;;0)
e train the NNs using data

o NNs after training provide the posterior
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Neural Networks
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pre-activation functions
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statistical ensembles of NNs

initialize weights and biases using Gaussians
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computing the integral

p(¢“|D) = / d6© p(+V[60) p(6 0| D)

p( D[40 = / [dw(ﬁ—kl)p(w(f—kl))} {db(é—i-l)p(b(f—i-l))}
% H5(¢(£+1 Zw (0+1) ( ) _ b(€+1))

1 1 /+1 1 (041 (041
- ‘27T@(£+1)|”2/2 P [_2 <G( : ))alaz qb((lf“ & ¢‘()2+ )

(£+1) e+1 r+1
(Dirar - Z2ka2k 2(521311132 <( Gl ))aplapg >

pairs

L Del Debbio EFT4ML Mainz, July 2023 6/28



covariance
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propagators and all that
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1/n expansion

correlators can be expanded in 1/n
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EFT

probability described by an effective action
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Two-point Function
couplings fixed by matching correlators in 1/n expansion

<¢(z+1)¢(£+1)> =65, KD 4 O(1/n)
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Four-point Function
couplings fixed by matching correlators in 1/n expansion
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going deep — recursion relations

two-pt function at leading order
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evaluating the integral

if &1 = ag, only one input
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solving the recursion

K, introduce the auxiliary function

1
e
V2rK

(1) = [ do o exp(~ 5o 0P)p(o)

fixed point: K* = Cj, + Cyg(K™)
Koo = K* + AKpq = AKET) = v (K*)AKY)

X|(K) = Cuy'(K)
criticality: XH(K*) =1
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examples

graphical solution for C, = 1,C,, = 2
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more recursions

for the off-diagonal elements of K: a; # as
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— coupled equations

RG-style evolution equation to go deep into the network

L Del Debbio EFT4ML Mainz, July 2023

17/28



RG interpretation

distribution in each layer at initialization is described by an EFT

for n — oo, NN defines a GP

EFT couplings obey RG relations as we go deep

taken into account in the choice of the architecture/initialization
parameters C,, and C,
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Bayesian Learning with NN

Divide the data into a training set and the rest

D=AUB
Bayes:
p(Al0, H)p(0|H)
0|A,H) =
p(O]A, H) DCATH)
likelihood:
p(A|0,H) = exp (—=L(0, A))
estimators:
Oap = arg max p(6]A, H)
Ome = arg mgtxp(yAle’H)
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Bayesian Learning at co Width

p(ya, o)
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leading order in 1/n
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Lack of Representation Learning

at infinite width

P05 85 ya) = p(65 7 lya) ... p(65 o, lya)

different neurons on the output layer are statistically independent

p(o!L SV ) = (yA|</>D D)p (¢(L V)
p(ya)

p(yalely ™) o exp (—;yT(Kaa)‘1y> = p(ya)

P8V ya) = p(e't )
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Bayesian Learning at finite width
consider a single datapoint, quartic interactions introduce correlations

(4)

(2
p(¢1’ SRR ¢m) X exXp <_’>/2¢T¢ + 78(¢T¢)2>

I == 1 2
m = qw tOWn)
1 v®
4) — _~ 1
gl e (CO)T +0 (1/n?)

conditional distribution for ¢-

NN

p(¢2|d1) o exp (—% + ?(qﬁz + 2¢§43%)>

y 1 1740]
/d¢2p(¢2|¢1)¢% =G0 + 3 (¢1 ) e 1 (G2 +0(1/n?)

L Del Debbio EFT4ML Mainz, July 2023

22/28



training and NTK

gradient descent
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evolution of O(¢)
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Forward Equation for the NTK
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Gradient Training at Infinite Width

at the minimum of £(6, A)

o (1) = o) — 0Ol (4 - )

hence
m> =65 (OL) "y
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EFT again

introduce an auxiliary field L;, (%)

plerLiD) = Jexp [-5(6) — [ a1 La(t) (S0s) + Hisa(Dsa(0)) |

with (pm(O) = qu

EOM:

d

20i5(0) = —Hig ja 1)1
hence

d

££A = —¢eisHi5 jo(t)ejalt)

use this theory to compute correlators during training
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Summary

distribution of ¢;,, can be described by EFT

power counting scheme in 1/n to have a predictive framework

NN at infinite width — made contact with GP

1/n corrections to go beyond Gaussianity

deep networks and RG equations

training and NTK analysis
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