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plan of the lectures

e Gaussian Processes and Inverse Problems
e FT for ML

e ML for FT
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based on

e |dd et al 21
e Roberts et al 21
e Albandea et al 23
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https://arxiv.org/abs/2105.12481
https://arxiv.org/abs/2106.10165
https://arxiv.org/abs/2302.08408

Inverse Problems

data space model space

Bayes theorem

p(f1A) o< p(Alf)p(f)
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Inverse Problems

data space model space

loss function £: M(X,)) x Z2 — R

algorithm A : 2 — F c M(X,))
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a few definitions
empirical risk

erm algorithm

AT s) = argminRa(f) = fo

risk

R(f) = EZ[L(f. 2)] = / dP,(2) L(f, 2)

1 ]V}ep
— (k)
Noos > L(f,2)
k=1

Bayes optimal function (generalization)

R* =R(f") = f@i}}i,y)mf)
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robust definitions are important for precision physics!

L Del Debbio EFT4ML Mainz, July 2023 7/24



Linear Problems & Bayesian inference

yjz/dxC’I(:v)f(a:), I=1,...,Ngat

— ill-defined problem (e.g. PDFs from DIS, lectures by Forte)

simple underdetermined problem
model: w € RNmod = N 4 >1

theory prediction: Ngu =1, g€ RVmed = (¢7u)

rior: p(u) ! < 1| |2>
p(u) = ———exp | —zlu—m
prior-» det2nk) T\ 2 K

|u — m\%{ = (u—m)TK=t(u—m)
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fluctuations of the experimental data: 1 ~ p, = N'(0,7?)
then

p(ylu) = Prob (¢"u+n =y)
= /dnpn(n)5 (9"u+n—1y)

=py (y—9"u)

Bayes theorem:

1 1
p (uly) o exp <_2v2 ly —g"ul” - 3= m!i)

1 -2
X exp —ilu—mlf(
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_y—g'm_
2+ (9" Kg)

hence:

and

= . Kg)(Kg)T
K*:limK:K_(Q;J
70 (9" Kg)

= (K*g) =0
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removing the prior
set K = o1 and take the limit o — oo

yields

the error in the g direction vanishes

the error in the orthogonal subspace diverges
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Bayesian Inference

w = [ drCifa)s (o)
Bayesian solution of the form:

(ylf, H)p(fIH)

— f(a, _p
fi=f@) — plfr.. fnly.H) = o)

— dependence on the choice of the prior

Gaussian processes: f ~ GP(m, k)

E[fi] = m(x;), Cov[fi, fi] = k(xi, ;)

prior : GP(m,k) == posterior : GP(n, k)
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Gaussian Processes in Action

feRY, f*eRM,

prior distribution
1 { 1
—— _exp{-—-
Vdet (27 K) 2
where K is an (N + M) x (N + M) matrix

k(X,XT) k(X,X*T) -lixx lixx*
K= E— x ox1 = .
kE(x*,x") k(x*,x*") Kyxrx  Kxrx»

L Del Debbio EFT4ML Mainz, July 2023 13/24



N

Tr=> (FK)5f;
i=1
where (FK)r; = br(z;).

E[T] = (FK)1;m;,
COV[T],TJ] = (FK)U (Kxx)ij (FK)épJ

experimental error on data
e~N(0,Cy),

we have three stochastic variables f, f*, e with

K 0
Cov-(0 Cy)’

y=FK)f +e,

and we will impose that
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Posterior Distribution

(F|(FK)f +e=y) ~ N (m, f(xx) ,

where
m = m + K (FK)' O (y — (FK)m) |
Kox = Kyx — KXX(FK)TCX—/FT (FK) Kxx
Cyr = (FK) K (FK)T + Cy .
exercise:

Kol = Kot + (FK)TCJY(FK)  —  (FK)TCy(FK)

XX XX
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Boostrapping a fit

fluctuations of the data encoded in an ensemble of "replicas”

y(k):y+€(k)’ E=1,..., Nep

for each replica minimize

2 = % <y(k) B (FK)f)TC;l (y(kz) . (FK)f)

£ — ((FK)TC;l(FK))_l (FK)TC§1y(k)

f(k) are normally distributed with mean m and covariance f(xx

form =0, Kl =0

L Del Debbio EFT4ML Mainz, July 2023

16/24



More on the Posterior

for the unseen points

(FI(FK)E + e = y) ~ N (00", K )

where in this case

n* =m* + KX*X(FK)TC;;T (y — (FK)m) ,
Kyoxe = Kyrxr — Kx*x(FK)T C}tT (FK)KXX* :

=
I
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Example

data covariance
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FP,F

Cy = Cov [FP, F¥] + Cov [Fd,FZd] — 2C0ov {

* Fp-Fd

*

*

*

*

*

*

EEKEEREK

KK E K EEEERK

IR R R R T

IR Ry

P e o

PR
R R

LR ]
LR R

PR

14

12

10

© © <

0.7

0.6

0.5

0.4

0.3

0.2

18/24

Mainz, July 2023

EFT4ML

L Del Debbio



Gibbs Kernel

ki(ﬂ?,y) =0

&+
=
o
=

lengthscale I(x)
(=]
o -
-
wl
output, f{x)
N =]

. 1 2
input, x input, x
here we use

l(x)=1lyx (z+e€).
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Prior Distribution
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—— NNPDF4.0
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Closure Test
generate artificial data: y = (FK)fy

introduce a filter function
Ryx = Kse(FK)TCyH(FK)

Ryix = Kyox(FK)TCy L (FK)

then
M — m = Ry (fy — m)
m* —m* = Ryey (fg —m) = 1m* = Ry fy
considering the case x* = x we define the bias
m — fy = [Rxx — 1]y,

and the covariance of the posterior can be written as

K = (1 — Ryx) Kxx (1 — Ryx)” 4 aL, Cyaxx .
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Posterior Distribution
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Bias & Variance

define
B=(FK)(m—f) =Ty
V = (FK)K (FK)T
R=> BV ")1B;
1,J
Ll D
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Outlook

e GP are an effective way to explore the space of functions
e prior is explicitly specified AND determines the posterior

o careful study of the bias/variance ratio in order to choose the prior
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