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Introduction: Effective Field Theories

* Inclusion of the effects of the new physics in an EFT description

C(d:k)

NP RG
=4 (O(d:k)
i =+ Y 0
= &

Matching
. Wilson coefficients C%* contain the information on the UV physics

RG
 Two distinct approaches in the construction of the EFTs

— * Bottom-up: model-independent analysis with deviations

quantified as the E/A expansion

RG * Top-down: starting from a higher scale, facilitate the precision
computations in order to move towards the lower scales



Introduction: Top-down approach

* Top-down approach is based upon moving towards lower scales

NP RG * [wo pivotal concepts of the top-down approach are matching and
running

il * Previously, both of these notions have been thoroughly explored

e A comprehensive body of literature is available
SMEFT ’ g

. SMEFT RGE: [1308.2627], [1310.4838], [1312.2014]

Matching

. SMEFT - LEFT Matching: [1709.04486], [1908.05295]

« LEFT RGE: [1711.05270]



Introduction: Recent development

* |In recent years, many aspects of the top-down workflow have been
either partly or fully automatized

NP RG
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Introduction: Functional vs diagrammatic matching

N FIATCAETE [\ CO" CoDEx  2urEm STrEAM

1 rimueEry
[2212.04510] [2112.10787] [1808.04403] [2012.08506]  [2012.07851]

NP . * Matching between various regimes can be performed using

functional or diagrammatic approach

Matching

« Common goal of both approaches is to determine the Wilson
coefficients

RG

E < my

Z UV((I)Ha ®r)

> L ppr(@p)

Matching

* However, both approaches have some distinct features, which are
worth mentioning

RG



Introduction: Functional vs diagrammatic matching

 Diagrammatic matching

 Based on equating the amplitudes

 Valid at any loop order

Possible both on- and off-shell

Redundancies and EFT basis construction

Functional matching
 Based on equating the effective actions

 EFT basis automatically obtained
(redundancies)

* Active and exciting field of research with
many recent and upcoming developments

L'y Py, 1) =1 gpr(@r)

* Our work presented in this talk aligns with
this matching approach



Functional approach to the two-loop
computations



Motivation: Going beyond tree level (one-loop)

* One-loop effects are often the leading order contribution (e.g. FCNCs in the SM)

Wﬂ

§ d

I | Matching

W, d 5

 TJop-down EFT construction relies on the precise computations in order to move towards the lower

scales - combination of this requirement and the functional approach resulted in the significant
development in various important aspects

. Automation tools: [2212.04510], [1808.04403], [2012.08506]
» UOLEA: [1604.02445], [1706.07765], [1806.05171], [1908.04798], [2006.16260]

 Matching and running with CDEs [1604.01019], [2301.00821], [2301.00827]
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Motivation: Going beyond tree level (two-loop)

Is the precision offered by the one-loop formalism really enough?

Following the same reasoning as for one-loop case, depending on the model, some low-
energy effects can only be generated at two-loops (e.g. models of neutrino mass generation)

In addition, both the top Yukawa and strong coupling can give significant contribution to the
running effects [2302.11584]

Functional approach has been fully established only for one-loop
Method already partially applied
 Computation of the SM effective potential at two-loops [arXiv:0111190]

 Renormalization of chiral perturbation theory [arXiv:9907333]
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Formalism: Generating functionals and effective action

* Our starting point is the expression for the generating functional

eih—lW[J] S J'@neih—l(S[ﬂ] +Jﬂ71), = (X, a), ]1'7] - J Ja(x)na(x)a J — Jddx

X X
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Formalism: Generating functionals and effective action

* Our starting point is the expression for the generating functional

eih—lW[J] S J'@neih—l(S[ﬂ] +Jﬂ71), = (X, a), ]1'7] - J Ja(x)na(x)a J — Jddx

X

X

* In the next step, we expand the action around the background: 7 — n + 7

517

n] = Sl7]

el [77]
Hi—LH
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Formalism: Generating functionals and effective action

* Our starting point is the expression for the generating functional

eih—lW[J] S J'@neih—l(S[ﬂ] +Jﬂ71), = (X, a), ]1'7] - J Ja(x)na(x)a J — Jddx

* In the next step, we expand the action around the background: 7 — n + 7

Sln +nl = Slq]

el [77]
Hi—LH
157”11

2

X

* We label the derivatives of the action evaluated at 7

5%S

Qy

N on; o1

- [7] : s [7] 1 —
N S0, n 5 Ntk 51,571,511 i 4 N Mk 511,50, 51,
M, Bug=—o ], Dy = ——o—a
s Pk = 511,61 16Nk o kL = 0N 0N JONKONY, !
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Formalism: Generating functionals and effective action

e Action is then rewritten as

Mk kil + 0(n)

1 1
S[n + 7] = S[i7] + 5’71’71@1][77] it g’h’h’?l{gglm[fl] icy

* Linear term vanishes due to the equations of motion:

oS
—Inl+J;,=0
on;
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Formalism: Generating functionals and effective action

e Action is then rewritten as

Mk kil + 0(n)

1 1
S[n + 7] = S[i7] + 5’71’71@1][77] it g’h’h’?l{gglm[fl] icy

* Linear term vanishes due to the equations of motion:
oS _
—Inl+J;,=0
ony
* The generating functional then becomes, using the saddle point approximation
2
l

= n2B B LNy

l
7l D e [17] 4
24 e aul

eih_lW[]] - eihl(S[ﬁ]+]1ﬁ1)J@ﬂ e%h_lﬂlﬂf@f[ﬁ] [1 |

* |[ntegrals on the right can be evaluated (related to) using the standard Gaussian integrals
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Formalism: Generating functionals and effective action

* More precisely, we take
(272.)71/2

\/det A

o7 A D)

z[J] - [dnxe—%xTAxﬂcT] =

* The integrals on the previous slide can be expressed as

" Z[J]
0J,0J5...0J, | ,_,

S

1 .. T
_ n =00 Ag
n—Jd X X1Xy...X, € 2 =

- E.g.%,, Jyand ¥, become
~ O°ZJ] (2m)""

—1
5, — (A )i'a
0JidJj 1jo0  4/detA ]
e ANA
j3 — — O,
0J,0J:0J; | ,_g
i ANA (27m)"?

4 =
0Ji0J;00,0J; 11—y 4/det A
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Formalism: Generating functionals and effective action

o W'[J] finally becomes (with the labels @,,[ij] = @,;, B, liil = Bixs Dyixrlil]l = Dy )

» Expression organises in powers of 7 (loop order)

----------------------------------------------

3 .
---------------------------------------------

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
. -

. .
. .

. -
. .
.
------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

> Two-loop

* In the next step we compute the quantum effective action
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Formalism: Generating functionals and effective action

* Effective action is the generating functional for all 1P|l diagrams

SHW[J]
57,

Ul =71 = Jy, ;=

19



Formalism: Generating functionals and effective action

* Effective action is the generating functional for all 1P|l diagrams

SHW[J]
57,

Ul =71 = Jy, ;=

e 1)y and 7]; are related through

osw | i
Ny = =1 @UlgngL@ul{ + O(h?)
57, >
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Formalism: Generating functionals and effective action

* Effective action is the generating functional for all 1P|l diagrams

SHW[J]
57,

Ul =71 = Jy, ;=

e 1)y and 7]; are related through

oW\ |Jl in_— I
= N @IjlggJKL@Lll{ + @(hz)
oJ; 2

ﬁ]z

e The effective action becomes

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
. 3

5lh . Rt .. ~ h* . o
['[7] = STr In @ | - ‘@IJK%LMN@ILI @JM@KN g C@IJKL@IJl @KL

l—> One-loop |—> Two-loop
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Formalism: Generating functionals and effective action

» Inclusion of the one-loop action S

‘.----I---... ------------------------------------------------ ‘ ------------------------------------
. * .

PN W] — J D eih‘l(:S[n] +Jm) — J D eih*{S(mm] + 2SOy + W2yl + )

....
-----------------------------------------------------------------------------------------------

* With this split, the final form of the effective action is

Additional terms from $[#] loop expansion

------------------------ |--------------------.... ‘...-------------------------------I------------------------------....
. . . .
.
* -
.
[ ] .

G iy o
(7] = (8O + hS® + n2S@) - > sTrin @ + > (@@,

-
. * . .
-----------------------------------------------------------------------------------------------------------------------

% 2

A A A h* R A . R
5 Lk (@) (@i + -5 98By (@ (@) @iy + O()
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Formalism: O(#°) topologies contained in 7%'[J] and ['[#]

he = = i
WJ] D E%IJK%LMN(@_l)IL(@_1)JM(@_1)KN

h? __ _ —
WNJ] D - ?‘QZUKL(@_l)U(@_l)KL

e b _ _
WNJ] D ?‘%IJK‘%LMN(@_I)IJ(@_I)KL(@_I)MN

@
Bk B un
@
@y (@ Dgr
@™, (@ Dy

—

23

(é(O))I—Ll
n” 0 0 1,700
A 7 ) AON=1/A00N=1/A0)\—1 A A
I'l7] 5 E%L}g%b}]\/(@( M @@V Bk B
(CA@(O))I—QIV
(6O (GO
hz A A A
Ll 5 = =25, (@)@
A ih’ AON—1¢ (D) AN



Non-covariant evaluations

* \We present the preliminary results for the non-covariant objects

« Terms in the effective action containing @, 98 and & are converted into the integral form

Qy = Qup(x, P)o(x — y)

Bk = | Y, BEO(PEPE| 8(x — 2)8(y — 2)

m,n=0
00

Dk = | ), DEADWPEPIPE| 8(x = w)S(y — w)d(z — w)

m,n,r=0

 \We analyze the two-loop terms in the effective action
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Non-covariant evaluations: O(#°) terms

* One-loop counterterm insertion

ihz 1 A(1 ihz i 1 |
B 7@;, ¢ = e OGP F D0 G
.unk

* Sunset diagram

hZ L B hz - - n_ - (_l')r Sy
B E@UK@,;@M;@K}V%LMN= . Y (= B2y - 05BL"(x)

x <kl mun.m'.n’

X |(P,+ kKY2Q 1 (x, P+ k)P, + k2| (P, + DO, (x, P+ D(P, + 1)

x 0070 P, — k- 1)]

* Figure-8 diagram

o — "”l_z D 0-lG=] — _h_z N Z (=)™ DD () (P, + k)™Q (x, Py + k)P, + k)| (P + DO} (x, P + D)
] IJKL>]] =KL — ] y abed X ab \*° " X X X cd V0T X

XY Klmon,r
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Toy model example: scalar theory



Toy model example

* \We use the effective action and the non-covariant evaluations for simple scalar toy model

» Expressions for @, &% and & reduce to simpler expressions with propagator derivatives

* We first present the results for the RGE of the toy model EFT
e C

1 1
——— U I E2
ZLprr(@) = 2(%@@ @) M Al iy

 Seqguence of the computations

llllllllllllllllllllllllllll
......

QC”C” . . E E h SEFT; /n—INEFT s /~—INEFT
| in A S GG
oCZEFT By : sTrin @' |—= E h2 . 8A . R R

PPPP : = 12~ uk Timn

'S *
] .
lllllllllllllllllllllllllllllll

One-loop Two-loop
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Toy model RGE - one-loop CTs

y Qw’ Bcﬂcoco and D PPPYP

A C C C
sz—ﬁz—mz—agoz 4'§04, B€0¢¢:—/1§0—g§03, D =—/1——§02

 One-loop CTs extracted from

S 5o d
d _ N e [ 4P L G R A, C oy
Jd XL ppr = ZZln[de(Zﬂ)dtr[AX] , AT =—0"—m", = 2q0 | 4!§0 [2012.08506]

n=
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Toy model RGE - one-loop CTs

y Qw’ Bcﬂcoco ana chofp
T o & C

) 2 2 - _
Opp=—0"—m —qu 4!40’ Bopo = =40 = —¢°s Dypypp=—4 =3¢

 One-loop CTs extracted from

5 (e% d
d R l d d°p S LT ) _£2,C4
Jd XL ppr = > ; . [a’ X J (zﬂ)dtr[AX] , AT =—0"—m", = 2q0 | 4!§0 [2012.08506]
LIl m2i 1 302 + m2C 1 15.C 1
5 — 0, 5 — , 5 — , 5 —
¢ - 32712 € A 22 € ¢ 32712 €

* Next, we evaluate the two-loop contribution from the CTs insertion
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Toy model RGE - one-loop CTs insertions @

 One-loop CT insertion diagram is given by

--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
. L]
‘‘‘‘‘

I Ll Sy © 00, P, + k) @ % 3 G0
X 2 ;

.
« 'S . e  “asussssssssnsne s o s s e s eSS NN NSNS NSNS E NSNS E NSNS NSNS SN SN NS SN SN NSNS SN EEN NS SN NSNS EEEEEEEEEEEEEEEEEEEEEEEEEmEE®
--------------------------------------------------------------------------------------------------------

--------------------------------------------------------------------------------------------------------------
* .

| & (62+2ik-a+% 24 = +)
kz_mzz )
A )

- .
--------------------------------------------------------------------------------------------------------------
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Toy model RGE - one-loop CTs insertions @

 One-loop CT insertion diagram is given by

. L R D—
in 52 5 s
[ ® —J O lix,P.+ k) OV(x, P. + k) EFT _ _ s _% 2 9 4
EF : ) ) 5 E = :
- AN . 0 UL ..
.................................. - —
1 & | P +2k-0+ 597+ o
kz_mzz o
B e )
e Result

g2 £

roS J 1 1 Inm?\ [ 427 + m*’C m?@p* 91>+ 11m°C Ap* 1351% Cg®
EFT = | (1622) 4 2 2 41 2 6!

J 11 [ 322+ m2C m2p? 322 —=15m2C lp* 300* + 1542m2C ¢°® 513 + 2Am*C 202
- (1672)? ¢ 4 2 4 4 m? 6! 192m2 7w
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(@ (@)1

- 2
Toy model RGE - figure-8 B g
* Figure-8 diagram becomes
2 e e
—] ~1
FEFT :) 8 J' J §D€0¢(P§0 Q¢¢(x9 Px + k) quqp
X k,l‘- ..................................................................................................................................................................................................
________________________ o
i —) 2
>

-----------------------------------------
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(&M (@i

| h2 - . -
Toy model RGE - figure-8 D@
* Figure-8 diagram becomes
2 B
— |
FEFT :) 8 J' J §D€0¢(P§0 Q(pgg(xa Px + k) Q¢(p
X Pk R .- R S
________________________ o
N 2
________________________ 2"
* Result
Lo 1 1 2lnm? 202 + m*C m*¢p? | 312 4+ Tm?*C Ag* 15,2 Cop?
EFT ] (6722 \ &2 . 8 2 4 4! 0!

I I I 0
(16722 ¢ Py

J I 1 224+m2CmPp®> 322=Tm2Cip* 151+ 30A%m2C ¢® 23+2m*C ., ,
: 4 ) 4 41 Im? 6! 192m2
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Toy model RGE -

e Sunset diagram becomes

)|
x vkl

B

(=) |
:E: r! é

l'epr O —
EFT = 75

Poee”x e |

sunset

"B

3 3
---------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------
*

-------------------------------

@5

hz A A A A A
EFT cpEFT  a—INEFT ( s—INEFT ( —1\EFT 72(0) 7(0)
ggijk gglmn (@il ) (@]m) (@kn ‘%IJK ggLMN

12

(@kw

-----------------------------------------------------------------------------------------------------------------------------------------------------
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=\ )

----------------------------------------------------------------------------------------------------------------



@5

Toy model RGE - sunset W ot e |

12

e Sunset diagram becomes R

---------------------------------------------------------------------------------------------------------------------
*

(_l)r r il -1 -1 1 e 1 :
J Y = | Boos @By | | Qe Pt 0] | Qphx. P+ D] |05050 (5. P~ k= 1)

h2
I D=
EFT 1 J'x

k,l o e T
>. A qoa;¢+?§0 Wt ax¢+¥¢ 07
» kz_mzz k2 — m2
: = |

----------------------------------------------------------------------------------------------------------------

* Sunset integrals treated recursively

|
F) (m,m,m) = [3n1 —d+n2"17=37) +n37 (17 — 2_)] I (m, m, m),

(ny+1)nyn, 3m2n1 nnpng
2 — 2 2
m= 3|1 3-=2lnm _ S i
T2 (m, m, m) = | -2 In’m? — 6Inm? + 7 4 27/ 3Ls, + O(e
i ) (16722 2 | &2 - :_’ 6 v/3Ls, + O(e)

[hep-ph/9711266]
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@5

Toy model RGE - sunset W ot e |

12

e Sunset diagram becomes R

---------------------------------------------------------------------------------------------------------------------
*

=1 i i 1P e '
| 2T (B8] [0+ 0] [0icn Pt 0] [or0g00 P = k=)

h2
I D=
EFT 1 J'x

7!
k.l P S s P
>. A qoa;¢+?§0 Wt ax¢+¥¢ 07
» kz_mzz k2 — m2
: I/l=()\ )

----------------------------------------------------------------------------------------------------------------

e Result

g2 €

[ o J' 1 1 2lnm? A2 m?ep? 3124 2m*C lp*  T5A% Ce®
EFT _ (1672)2 4 2 2 4! 4 6!

J 1 1 ( 302 m2p% 3224+ 6m3C dp*  904* —7522m2C @5 22 0,0)° 423 —imC 5 2)

I I + 0
16222 e\ 4 2 > A1 Am? 61 ' 24 2 192m2 7 0%
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Toy model RGE - two-loop CTs

 Summing all of the results we get

1—‘EF T

i J T (4/12+m20 m2p? 912+ 11m2C Ap* 13512 c¢6)
div X

(1672)2 g2 S D 4 41 4 6!

_|_

1 122000 22m2p% 922+5m2C ip* 21542 Co®
) a6x)2e\ 24 2 4 2 6 41 12 6!
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Toy model RGE - two-loop CTs 2

 Summing all of the results we get

1—‘EF T

S D 4 41 4 6!

3 J I 1 (42 +m°Cm’p> 947+ 11m°C Ap*  135)% Cp°
div.  J, (1672)2 ¢2

_|_

S 1( 220,07 22mp> 922+ 5m3C 1p* 21522 c¢6)

J. (1672)2 e \ 24 2 A, ) 6 4 12 6!
(2) 1 (2) 1 (2)
e Two-loop CTs 6 =—6""+ —0.
l e 1,1 82 N
2 2 2 2 2 2
s ___m 2 so_ A xsmic o C 252 1 2
m, 1 (1672)2 4 4,1 (1672)2 6 ¢l (167%)2 12 Zy] (1672)% 24
2 D 2 2 2 2
m,2 (16712)2 ] 1,2 (1672)2 4 C2 (16712)2 4 2,2
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Toy model RGE - checks

* Two-loop counterterms satisfy the consistency conditions [2104.0/7037]
462 —26Woa.s) =0
5.0 (R

« [ and y functions

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
* L3

1 o yE
0= S o T (e 12
e (167°) - Results checked using

B m?l 5 m?l?
M= ew " oy  RGBeta_
p 324+ m?C 1723+ 100m*>C 2101.08265]
o /1— .................. 1 671- 2 ......................................... 3 ( 1672- 2) 2 ................. , ....... eeeeessaseesessaseese s AR R AR SRS A SRR AR Rt s e
""""""""" 151C 4272°C

T l6x2  6(1672)2 ~ New result |

o
-------------------------------------------------------------------------------------------------------
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Matching conditions



Two-loop matching formula, UV and EFT effective actions

 Requirement: determine EFT such that all of the low-energy full theory amplitudes are reproduced
WEFT[Jgo] =W ;yl0, Jqo]

* Using quantum effective action, this requirement translates to

ol A
= [D[@], §]

[or@] = T ®@[0], @], 0 =
Al UV[ @], @] 5D,




Two-loop matching formula, UV and EFT effective actions

 Requirement: determine EFT such that all of the low-energy full theory amplitudes are reproduced
WEFT[Jgo] =W ;yl0, Jqo]

* Using quantum effective action, this requirement translates to

A 2 raA1 A 5FUV 2 A7 A
Ipprle]l = gyl ®lel, o], 0= P [Dlp], @]
« @ (unsourced) fields are no longer independent ; ) ] )
. Py /1@45 ) o
* E.g.tree-level matching &, O — EmCDCD ; H-D > « —
¢ ¢ ¢ ¢

* Explicitly, UV and the EFT actions become
-hZ R 2 2 h2

~ A 1N A A h° A A g A A oA A 4 AT AL A4 A A_1A A
I[p] =S+ TSTF In@ A ) @Ul @2) — ?9111@@1]1 Qxr + Egglﬂc%lméjm1 @J&@K}v + ?@Ulgglja@aﬁlggﬂMN@M}\f + O(),

Aoz ih A ih* . A A* A ppr A A% p i A \
FEFT[¢] o SEFT+73T|'1H @EFT | : (QJI)EFT(@EJI))EFT_?gfjng(@l;l)EFT(@lzll)EFT_l_E@i{T@%T(@l—lI)EFT(@;%I)EFT(@IZHI EFT_I_ @(h3)
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Matching conditions

* Applying the method of regions, the final two-loop matching conditions can be derived
[hep-ph/9711391], [1111.2589]

. and hard momentum modes are explicitly distinguished

S ,OL1 L PpPo P <K A

e [Hard] Lao,i: ppp,p; 2\
 Decomposition into a sum of hard and soft regions is

[1] [2] [n] — Alll [2] [7] [1] [2] [7]
Alllzfl...A12]3...'"Alnll..._Alllzfl...A1213...°"Alnll...+A Jl...A A

* Two-loop matching condition becomes

) r 11 — a2)s l —1 | 1 s —1sp—1s 1 s —Isp—1sA—1sps 1 —1sps —1spDs —1s
SE}TW] = §® "‘5@11 S@(]])S_gglfKL@IJ Qkr A IZ%IJKQIL Qi @KNBLMN_l_g@IJ B11a @y Bin@un
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Future directions

* Inclusion of the fermions into the functional approach (mixed-statistics)
* |nclusion of the covariant derivatives into the formalism
 Matching conditions and the all-orders matching formula
* Applications:
« SMEFT RG
 LEFT RG
* Automation

 Many ideas and directions for interesting upcoming work - stay tuned!
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