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The t Hooft formula

Start with Lcd Write 4 s 4th and expand in y

047 term is

12242mn t NYAH t ha

s generates any 1 leap diagram lice

with X d NY d functionalsof d
n

i s
flavor indices

Generalization to ji 4 In 2mn

geometric formalism di coordinates of M
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The t Hooft formula

We can shift by a total derivative

is L t 21h12 L t Ink tin t 2 2714 t hi212
L t 22mnZ 4 t 427 n

using Z Z This leads to a shift

DM a NM 22M

x x x 227m

So we can assume X X and NY NY
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The't Hooft formula

Complete square

fontNmlyl DntNmlyl I y X n x Xt Nunn

with DM JM NMTM T
o gauge

field
xL invariant under local 01107

O DL built from X Dm and

YUN DMDV 2MW PNM NUNN Nham Dj Ine
Dimensional analysis DL at x t b4 Y

g Is
Use generic X N compute xx Nunn never

If note ft x I 41 Y t Hooft 1973
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Geometric formulation

Higher dimensional operators with two derivatives

L Ig d Dan Dna UH

The formula

sa Ix x Intermittent
is

before i s i

gstill holds but now after

X Raye Dnd Dnd DQU

49T Ri he DMd Dnd t 0 to Fair

Alonso Jenkins Manohar 2016

Helset Jenkins Manohar 2023
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Example Renormalization of 44 theory

Eg L 2nd 14 I d A

x 8 S
gag

m2 I 42 Yun p

Jo the counterterms at our loop are

sa I N 41 m2 220

Ye 4

p p
Zn

F
Zin Zi and 74 1

Insteadof iallulating G QI
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The Background Field Method at two leaps

Expand up to 0 y and up to ofay

G d A nigha t AY Dunn'n t AnyaDaniDun yh

Binehinizhye BineDuniyahe ByteDnaDun n'the

Generic two leap diagram is

sunset infinity
B of

A A or e.g An A

A n Bine are completely symmetri

L s La Dm I ninink t DmtFynekinin he

to make AM BYhe O Can't do this for Ann BM

g



The two leap counterterms 1 14

Dimensional analysis

Dm 1 x T 2 A 7 AM O AM 1

B 0 BM 1 BM 2

Ausatz for sa

DL AAD AAX AAY AMAD AMADX t

BD BAD't BYD BAX BAY BYY B D t

Any term can have multiple independent contractions
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The two leap counterterms 1 12

AA D2 X Y

AMA D XD YD

ANAM D4 xD TD XZ XY YY

AMA D4 xD TD N XY YY

ANNAM D XD TD X'D XYD TTD

AMANN DG XD TDA ND XTD YYDZ XXX XXX XYY YYY

B D4 XD 4132 XX XT TT

BM 1 5 XD TD XXD XYD YYD

BMW DG xx xxD2XYDZ TYDZ XXX XXT XYY YYY

Each corresponds to a Green's function
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The two leap counterterms 1 12

AA D2 X Y

AMA DTXD YD
ANAM D4 xD TD N XY YY

AMA D4 xD TD N XY YY

ANNAM D XD TD ND XYD TYD

AMANN DO XD TDA ND XTD YYDZ XXX XXX XYY YYY

B DA YA xx TT
BM M TH ND XYD YID
BMW DX xx xxD2 XYD2 TYDZ XXX XXT XYY YYY

E g A k A kYMM O AlfieAjk D 0 Dm preserves symmetry

E g B xD i ox scaleless powerdivergent
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The two leap counterterms 1 14

Possible flaver contractions in CAMAXD

An A Am A but 2 O

Agha retie AYkaijelke AY AY tAY A e the 0

Flavor contractions in AmanXY

u

2 independent contractions

3 independent contractions
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The two leap counterterms 1 14

Need to idiulate 21 Green's functions

E.g want BMXYD via BMXN

B x
B

x ON t
wa

t Xo x Box x

but both BmxD and Buxted contribute to BMXN

D Gauge invariance checks

E g
AMA'D AMANYD can both be determined from Anarky
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Facterizable graphs

Factorizablegraphs only give 72 poles
7 2 n 2

Isn t x t x

MS

I't I If In fI I I If
In

t Inf Irf
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Facterizable graphs

k l loop momenta pi g external Evaluate the loops separately

I Intl le p If le a l

3 I P EI 43 I a

The subtraction of subdivergences is
a 2

I In p I p II 437

III p EI 43 I 937

so the subdivergence subtracted two leap integral is

It at It Isu I In p I I p3 I 93
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Facterizable graphs

Formula for subtracted 7 leap integral

It Isus I In I I II
a predicts dingen ie

a f pole cancels two leep CT is purely I
does not affect RGE

But what if additional factorof e in numerator
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Facterizable graphs

Case 1 E generated by an individual loop Yoo d 4 2

y IF If I I I dit Zia

p
from DryDun

7 2 n 2

i t I x d tf t Inf t
t Iif

d tf Inf ft 4
t ft I Fasho

z
t finite

a minimal subtraction gives
no f pole Nice
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Facterizable graphs

Case 2 E generated after combining both leaps

Eg if Iip yoBI ITB 4dB I
it

x x 12 It I B É I I

s faitorizable topologies generate I ides
But suppose we split

Leff Jeff t Jeff
Now

Lift generates 99 4

Lift generates pg 2

he iffe't on RAE
no effect on RGE when
we deviate from MS

Dugan Einstein 1991
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Facterizable graphs

Therefore factorizable I deep diagrams do not affect REES

D Mathatell Vaughn 1585

noeffect affects RGE

Example 1

un un s no 4 coefficients in 8g 284

m c c

w
um is no 4 coefficients in 21,217.2 2

Bern Parra Martinez Sawyer 2020
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Facterizable graphs

Argument generalizes to arbitrary loop order

7 2 3

E g Ct In
t finite

n 2 h h

ci
fit

E'S fu i ties

ci fit É É finiteE g

With Inis the subdivergenic subtracted floral divergences of digs
predict subtracted divergences of factorizablegraphs

Facteritable Graphs do not contribute to Rees
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Facterizable graphs

At 3 loops

D
7 2 3 4

I do not
00 affectRGE

5 6 7 8
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Non facterizable graphs AA

Ano An Am An
I

i
I Am An

AMA

Requires additional 1 leap counterterms

Sh'd 7 AMAyy AMANE D

n h h h

X
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Non facterizable graphs AA

Can find IL'd algebraically

L A i kinky's shift again y s y t t

12 A h yitz hit E n't 2

Oct on 3 Aint q t

Apply the t Hoeft formula again
X 4,43 GA u d y

DLT 2 I Xi D A leAyer yl

Determined all Sh'd this way checked cancellation
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Practical caliulation

Start with first nonvanishing Green's function
Generate diagrams with ggraf
Calculate UV divergences using

7 7

gtp ma g mz
t M p Zpg mz

g m atp M2

Identify divergent subgraphs a add terms to Add

Evaluate 1 leap integrals with package X

o Make sure non local terms cancel using FORM

Map local divergences to IL

Nogueira 7953 Chetyrkin Misiak Muenz 7997

Patel 2015 Vermaseren 2000
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Result

1 91 Dna Dmt 2572 f AilAge he EBinet he
terms with A BM BM

the 7 loop counterterm for any scaler theory
with he were than 2 derivatives
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Application to CIN model

L Dnd Yd I 1427
th

sq
m'd 1444 x

S'd

sage
M'S idiot 4.48

gym X X Nai Nt2 Am ft d 1,4067714d
83L

Ail 3 gelgelgel 31 8 dnt find t find

Bike
t

ni t 8 filet singe Sie8 u4 Sd84SaiSde

said Dna Dmt 242 f AilAge he EBinet lice

4 12th a Dnd I 12 Nit'm o d

f 122 510 23 aid t Iz yaks
extract to Zm ta Agrees with 7 Coop SM RGE
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Conclusions

Geometry BF method allows algebra renormalization

We extend the approach to two loops

Our results give 1 for scalar Eft with 1 2 derivatives

Results are most efficiently used in geometric formalism

a talk by Amash on Monday

i Found formula for subdivergence subtraction of facterizable graphs
Predicts some teros in RGEs at arbitrary leap order
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Backup 01N model Geometry

Eg take N model and add Oita

L Pnd 2nd Y't d t I 1447 it 4and d 2nd

Reed off g d 8 2Candid Ucd Y't d t t I 1447
Do some algebra on M

t gkn agent2 gin Ong 2Gt 4k

Ryne 29th dies Sins e

Find

DLG Mit 3CHDMI
ze 2nd

Omit 54 Mit
go

4 t id f t
CHDMi

46 ze 142nd

P p p t
Zn Zha th th to
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Backup Factorizable diagrams

R G RIG ACCA

ECG G RIG Gi D GGa

i
finite

P
scan scan

7 2 3

E.g Ct 919393 t finite

Eg t fight IIa
f

E.g t ci It f I t finite
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Backup Extraction of Uv divergences

D at Un 2b 263

hi hit ki ki D 4 42 262 263fothnd
high hi Chatham Dj Gt hath 2b 262

Doa 8 t hath 2h 262 2b

n n n

102030070 1 203 of gtp ma gz m
z
t

29P m

gyp

cheap
him

curtain
1 Me a 2k ga m n

towards 1leg him
102 3 0A't 1 23001

0

7
gotadpole integrals mining Mf If Chimunchiemhz canthi m
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Backup 2 Loop REES
Inpole e leaps
t

L Ciano Clare uh let s 8 E a

f n n o E

Using Mfc
b're

O and topcloginal
identities

C 29

É 4991 294409
OC 29

0944
so

where c Mfc
depends on finite mucrmalizations

a scheme dependence in REES two leaps
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Backup Permutation symmetries

Why can we assume N N Start with generic In

O In IYA AN t NY2nd d t Nfd It

Lo Mandd t 4 44
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Backup Permutation symmetries

Covariant derivatives

Oat Jat th th if Tin

preserve tensor symmetries

Proof for I I

Pat Dad PaTy Pa Ia Jat Pa In RaTn Dat

General proof Switch to RNC where
gig 8 and Pin O

Then Oat In Jat In a statement trivial

also holds for multiterm symmetries like AY 0
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