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0 Preliminary remarks on dimensional schemes

@ Issue 1: Unitarity, Causality, Equivalence of schemes

@ Issue 2: Consistent definition, representation independence
@ Issue 3: Quantum action principle

@ Issue 4: Symmetries and symmetry violation
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Motivation
Regularization necessary to define QFT at the quantum level

cutoff-scale A DREG
Y f|p|</\ d4p //’4_Df de

Entertaining history: puzzles, problems

DREG breaks SUSY

“DRED is mathematically inconsistent [siegel s0”

“DRED has IR factorization problem van Neerven, smith, et ai '88 and ‘05)izerwas et al)”
“No DRED IR factorization problem found  kunszt, signer, Trocsanyi '94; Catani et ai

'97]
“DRED violates Unitarity ['t Hooft, van Damme ’84]”
“Some published results therefore wrong ariander, kant, Minaila, Steinhauser 0s;

”
Kilgore '11]
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Precise definitions

4S: ordinary 4-dimensional Minkowski space
metric g*

metric g =

Ny

QDS: wison73)[colins] ;= co-dimensional space with D-dim characteristics:
(D
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Precise definitions

4S: ordinary 4-dimensional Minkowski space
metric g*
QDS: wison73iicoling] := co-dimensional space with D-dim characteristics:
metric g = gf‘g)

explicit construction of integrals, g,..., 7* etc
= no contradictions possible
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Precise definitions

4S: ordinary 4-dimensional Minkowski space
metric g*
QDS: wison73iicoling] := co-dimensional space with D-dim characteristics:
metric g" = gf‘g

necessarily 4S ¢ QDS

ot =+ 9"
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Precise definitions

4S: ordinary 4-dimensional Minkowski space
metric g*”
QDS: wison73iicoling] := co-dimensional space with D-dim characteristics:
metric g"¥ = gég

For dimensional reduction/FDH scheme:
D26eS: “2e-dimensional space” analogous
metric gé,”ﬁ)
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Precise definitions

4S: ordinary 4-dimensional Minkowski space
metric g*”
QDS: wison73ycoting] = co-dimensional space with D-dim characteristics:

metric g"¥ = &’;

For dimensional reduction/FDH scheme:
D2eS: “2e-dimensional space” analogous
—
metric 9(20)
Q48S: “quasi-4-dimensional space” Q4S := QDS & Q2¢S
: wy o v Ny
Metrc gass = 9(p) + Yo
Common formulation of FDH (Bern, Dixon, Freitas; Kilgore, ...): “4 < D < N,
internal gluons are Ns-dim.; at the end Ns = 4”
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Issue 1: Unitarity, Causality, Equivalence

@ unitarity determines imaginary terms, causality determines
nonlocal terms Uniquely (“causal perturbation theory” [Bogoliubov et al, Epstein, Glaser])

Basic requirement:
any correct regularization must satisfy at the (n+ 1)-loop level:
@ it may differ from BPHZ only by real, local terms
@ any two correct regularizations may differ only by real, local terms
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Issue 1: Unitarity, Causality, Equivalence

@ unitarity determines imaginary terms, causality determines
nonlocal terms Uniquely (“causal perturbation theory” [Bogoliubov et al, Epstein, Glaser])

Basic requirement:
any correct regularization must satisfy at the (n+ 1)-loop level:
@ it may differ from BPHZ only by real, local terms
@ any two correct regularizations may differ only by real, local terms

Counter example: set all divergent integrals = 0 — yields finite theory
that violates causality and unitarity
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Issue 1: Unitarity, Causality, Equivalence

@ unitarity determines imaginary terms, causality determines
nonlocal terms Uniquely (“causal perturbation theory” [Bogoliubov et al, Epstein, Glaser])

Basic requirement:
any correct regularization must satisfy at the (n+ 1)-loop level:
@ it may differ from BPHZ only by real, local terms
@ any two correct regularizations may differ only by real, local terms

Counter example 2: DREG with anticommuting 5 treated
consequently — some loops will be incorrectly set to zero!!

In practice, check correctness of your calculation!

e.g. 2-loop muon decay [Freitas,Hollik, Walter, Weiglein '02], 2-loop g — 2 [Heinemeyer,DS,Weiglein '04]
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Issue 1: Unitarity, Causality, Equivalence

@ unitarity determines imaginary terms, causality determines
nonlocal terms Uniquely (“causal perturbation theory” [Bogoliubov et al, Epstein, Glaser])

Basic requirement:
any correct regularization must satisfy at the (n+ 1)-loop level:
@ it may differ from BPHZ only by real, local terms
@ any two correct regularizations may differ only by real, local terms

Counter example 3: DRED/FDH “treated naively, without e-scalar
coupling renormalization” violates unitarity (see next slide)
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't Hooft, van Damme-problem: unitarity violation in
DRED

D' = OV + igAt = dr 4 jgAr +  igA~
4-component D-component e-scalars
Gluonin DRED = gauge field +
g g g

@ e-scalars not “protected” by gauge invariance

- N -
- N -

Qg X Qg S Qe x Qe
\\ 7z N

@ Different couplings as, ae, a4e,

especially dag # dae, 55 # B°, ... 11m.
@ Distinction required, otherwise < NeIm-part

I

. . I
divergent/non-unitary results !
[Jack, Jones, Roberts '94][Harlander, Kant, Mihaila, Steinhauser !

’06][Kilgore "11]
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Issue 2: Mathematical consistency

Basic requirement:
Mathematical consistency is required for any scheme
@ Math. inconsistency means: possible to derive e.g. 0 = 1

@ In other words: one initial expression leads to different results,
depending on the order of calculational steps
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Issue 2: Mathematical consistency

Basic requirement:
Mathematical consistency is required for any scheme
@ Math. inconsistency means: possible to derive e.g. 0 = 1

@ In other words: one initial expression leads to different results,
depending on the order of calculational steps

Counter examples:
@ Siegel’s inconsistency of DRED — identify 4S = Q4S (next slide)
@ inconsistent 75, e.g. in

i cald
he o B either De”
Tr(v# 577777 ) o { or (8- D)
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How does Q4S avoid Siegel’s inconsistency?
Siegel: “With

s piapana Eon s O det((ghi,))
calculate

(Dypwpr () D) (apys

apys € uvpo €
in two different ways

= 0=D(D-1)*(D—2)*(D-3)%D-4)
different calculational steps lead to different results,

mathematical inconsistency!!!” [Siegel'80]

Solution: Don't allow explicit index counting (step one) any more,
because g, €quasi-4-dim space!
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Issue 3: Regularized quantum action principle

Basic statement:
Naive result from symmetry variation in path integral:

((001)p2...) + (D1(662) ...) + —i{p12...([OL))

@ property of regularization scheme, does not necessarily hold (no
fundamental QFT requirement)

@ if it holds, it is very useful! < “P.I. measure is invariant”
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Issue 3: Regularized quantum action principle

Basic statement:
Naive result from symmetry variation in path integral:

((091)p2...) +(p1(d¢2) ...) + —i{p12...([OL))

@ property of regularization scheme, does not necessarily hold (no
fundamental QFT requirement)

@ if it holds, it is very useful! < “P.I. measure is invariant”

holds on the regUIarized level in DREG sreitenionnermaison'7z and DRED bs 05

Idea of proof: compare all Wick contractions on both sides review 2303.09120]
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Quantum action principle in DREG/DRED vs. other
schemes

Intuition of statement: relation loop diagrams «> Lagrangian £(P)

essential point in proof, valid in DREG/DRED:
@ D-dim propagator Feynman rule = inverse of diff.-op. in £(0)
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Quantum action principle in DREG/DRED vs. other
schemes

Intuition of statement: relation loop diagrams «> Lagrangian £(P)

essential point in proof, valid in DREG/DRED:
@ D-dim propagator Feynman rule = inverse of diff.-op. in £(0)

example for opposite: purely 4-dim numerators!
@ D-dim Dirac propagator = plgf_imf

while such a scheme might be (?) consistent, checking symmetries
might be difficult
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Issue 4: Symmetry properties (from £(2) and quantum
action principle)

@ DREG and DRED manifestly preserve gauge invariance in QED
and QCD

@ DREG (BMHV) breaks gauge invariance in EWSM because of
non-anticommuting Y5 main topic of this talk

@ DREG breaks SUSY

@ DRED preserves SUSY to large extent
but not completely

breaking via Fierz-evanescent operator which would vanish if Q4S=4S but which does not vanish in consistent DRED

[Avdeev, Chochia, Vladimirov ‘81][DS "05]... [DS, Unger 18] ~~ relation to 5 problem at 3-loop
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Summary

@ Issue 1: Unitarity, Causality, Equivalence of schemes

> counter examples: DRED: 't Hooft/v. D.-problem, DREG: ~5 problem

@ Issue 2: Consistent definition, representation independence

> counter examples: DRED: Siegel’s inconsistency, DREG: ~y5 problem

@ Issue 3: Quantum action principle ((senes...) +... = —ité1éa... (f6£))

> counter example: purely 4-dim numerators

@ Issue 4: Symmetries and symmetry violation
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Outline

Q BMHYV treatment of v5: Overview, illustrations
@ 5 problem of DREG

@ BMHYV breaks chiral gauge invariance
@ gauge-invariance restoring counterterm
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Outline

O Explicit computation of symmetry-restoring counterterms
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