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Main epo
hs of the Universe evolution
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Main advantages of in
ation

1. Aestheti
 elegan
e

In
ation { hypothesis about an almost maximally symmetri


(quasi-de Sitter) stage of the evolution of our Universe in the

past, before the hot Big Bang. If so, preferred initial


onditions for (quantum) inhomogeneities with suÆ
iently

short wavelengths exist { the adiabati
 in-va
uum ones. In

addition, these initial 
onditions represent an attra
tor for a

mu
h larger 
ompa
t open set of initial 
onditions having a

non-zero measure in the spa
e of all initial 
onditions.

2. Predi
tability, proof and/or falsi�
ation

Given equations, this gives a possibility to 
al
ulate all

subsequent evolution of the Universe up to the present time

and even further to the future. Thus, any 
on
rete in
ationary

model 
an be proved or disproved by observational data.



3. Naturalness of the hypothesis

Remarkable qualitative similarity between primordial and

present dark energy.

4. Relates quantum gravity and quantum 
osmology to

astronomi
al observations

Makes quantum gravity e�e
ts observable at the present time

and at very large { 
osmologi
al { s
ales.

5. Produ
es (non-universal) arrow of time for our Universe

Origin { initial quasi-va
uum 
u
tuation with a fantasti
ally

large 
orrelation radius.



Present status of in
ation

Now we have numbers.

P. A. R. Ade et al., arXiv:1502.01589

The primordial spe
trum of s
alar perturbations has been

measured and its deviation from the 
at spe
trum n

s

= 1 in

the �rst order in jn

s

� 1j � N

�1

has been dis
overed (using

the multipole range ` > 40):
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Two fundamental observational 
onstants of 
osmology in

addition to the three known ones (baryon-to-photon ratio,

baryon-to-matter density and the 
osmologi
al 
onstant).

Existing in
ationary models 
an predi
t (and predi
ted, in

fa
t) one of them, namely n

s

� 1.



From "proving" in
ation to using it as a tool

Simple (one-parameter, in parti
ular) models may be good in

the �rst approximation (indeed so), but it is diÆ
ult to expe
t

them to be absolutely exa
t, small 
orre
tions due to new

physi
s should exist (indeed so).

Present status of in
ation: transition from "proving" it in

general and testing some of its simplest models to applying

the in
ationary paradigm to investigate parti
le physi
s at

super-high energies and the a
tual history of the Universe in

the remote past using real observational data on n

s

(k)� 1 and

r(k).

The re
onstru
tion approa
h { determining 
urvature and

in
aton potential from observational data.

The most important quantities:

1) for 
lassi
al gravity { H;

_

H

2) for super-high energy parti
le physi
s { m

2

in


.



Physi
al s
ales related to in
ation

"Naive" estimate where I use the redu
ed Plan
k mass

~

M

Pl

= (8�G )

�1

.

I. Curvature s
ale
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p
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GeV

II. In
aton mass s
ale
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j1� n
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13

GeV

New range of mass s
ales signi�
antly less than the GUT s
ale.



Often another energy s
ale E = (~

3




3

V )

1=4

�

p

HM

Pl

is

introdu
ed whi
h is indeed of the order of the GUT s
ale. But

does this quantity 
orrespond to energy of some physi
al

pro
ess indeed?

Let us apply the same method to water and dis
over

the 
hara
teristi
 energy s
ale of water:

E = (1

g


m

3

� 


2

)

1=4

= 45 keV.

Completely misleading (but instru
tive) result showing that

one has to be 
autious applying su
h an estimate to "
old"

physi
al systems.

The same refers to present dark energy where the


orresponding "energy s
ale" � 10

�3

eV has not yet shown

itself in any physi
al pro
ess.



Out
ome of in
ation

In the super-Hubble regime in the 
oordinate representation:
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� des
ribes primordial s
alar perturbations, g { primordial

tensor perturbations (primordial gravitational waves (GW)).



Quantum-to-
lassi
al transition

In fa
t, metri
 perturbations h

lm

are quantum (operators in

the Heisenberg representation) and remain quantum up to the

present time. But, after omitting of a very small part,

de
aying with time, they be
ome 
ommuting and, thus,

equivalent to 
lassi
al (
-number) sto
hasti
 quantities with

the Gaussian statisti
s (up to small terms quadrati
 in �; g).

Remaining quantum 
oheren
e: deterministi
 
orrelation

between k and �k modes - shows itself in the appearan
e of

a
ousti
 os
illations (primordial os
illations in 
ase of GW).



Visualizing small di�eren
es in the number of

e-folds

Lo
al duration of in
ation in terms of N

tot

= ln

�

a(t

�n

)

a(t

in

)

�

is

di�erent is di�erent point of spa
e: N

tot

= N

tot

(r). Then

�(r) = ÆN

tot

(r)

Corre
t generalization to the non-linear 
ase: the spa
e-time

metri
 after the end of in
ation at super-Hubble s
ales
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First derived in A. A. Starobinsky, Phys. Lett. B 117, 175

(1982) in the 
ase of one-�eld in
ation.



CMB temperature anisotropy
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Theory: averaging over realizations.

Observations: averaging over the sky for a �xed `.

For s
alar perturbations, generated mainly at the last

s
attering surfa
e (the surfa
e or re
ombination) at

z

LSS

� 1090 (the Sa
hs-Wolfe, Silk and Doppler e�e
ts), but

also after it (the integrated Sa
hs-Wolfe e�e
t).

For GW { only the ISW works.



For ` . 50, negle
ting the Silk and Doppler e�e
ts, as well as

the ISW e�e
t due the presen
e of dark energy,

�T (�; �)
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For

�T

T

� 10

�5

, ÆN � 5� 10

�5

, and for H � 10

14

GeV,

Æt � 5t

Pl

!



FLRW dynami
s with a s
alar �eld

In the absen
e of spatial 
urvature and other matter:
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In
ationary slow-roll dynami
s

Slow-roll o

urs if: j

�

�j � Hj

_

�j;
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essary 
onditions: jV

0

j � �V ; jV

00

j � �

2

V . Then

H

2

�

�

2

V

3

;

_

� � �

V

0

3H

; N � ln

a

f

a

� �

2

Z

�

�

f

V

V

0

d�

First obtained in A. A. Starobinsky, Sov. Astron. Lett. 4, 82

(1978) in the V =

m

2

�

2

2


ase and for a boun
ing model.



Spe
tral predi
tions of the one-�eld in
ationary

s
enario in GR

S
alar (adiabati
) perturbations:

P
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where the index k means that the quantity is taken at the

moment t = t

k

of the Hubble radius 
rossing during in
ation

for ea
h spatial Fourier mode k = a(t

k

)H(t

k

). Through this

relation, the number of e-folds from the end of in
ation ba
k

in time N(t) transforms to N(k) = ln

k

f

k
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k

f

= a(t

f

)H(t

f

), t

f

denotes the end of in
ation.

The spe
tral slope
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Tensor perturbations (A. A. Starobinsky, JETP Lett. 50, 844

(1979)):

P
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onsisten
y relation:
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Tensor perturbations are always suppressed by at least the

fa
tor � 8=N(k) 
ompared to s
alar ones. For the present

Hubble s
ale, N(k

H

) = (50� 60).



In
ation in f (R) gravity

The simplest model of modi�ed gravity (= geometri
al dark

energy) 
onsidered as a phenomenologi
al ma
ros
opi
 theory

in the fully non-linear regime and non-perturbative regime.

S =

1

16�G

Z

f (R)

p

�g d

4

x + S

m

f (R) = R + F (R); R � R

�

�

Here f

00

(R) is not identi
ally zero. Usual matter des
ribed by

the a
tion S

m

is minimally 
oupled to gravity.

Va
uum one-loop 
orre
tions depending on R only (not on its

derivatives) are assumed to be in
luded into f (R). The

normalization point: at laboratory values of R where the

s
alaron mass (see below) m

s

� 
onst.

Metri
 variation is assumed everywhere. Palatini variation

leads to a di�erent theory with a di�erent number of degrees

of freedom.



Field equations
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onst is the Newton gravitational 
onstant

measured in laboratory and the e�e
tive energy-momentum

tensor of DE is
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�

F

0

(R) :

Be
ause of the need to des
ribe DE, de Sitter solutions in the

absen
e of matter are of spe
ial interest. They are given by

the roots R = R

dS

of the algebrai
 equation

Rf

0

(R) = 2f (R) :

The spe
ial role of f (R) / R

2

gravity: admits de Sitter

solutions with any 
urvature.



Transformation to the Einstein frame and ba
k

In the Einstein frame, free parti
les of usual matter do not

follow geodesi
s and atomi
 
lo
ks do not measure proper

time.

From the Jordan (physi
al) frame to the Einstein one:
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.



Analogues of large-�eld (
haoti
) in
ation: F (R) � R

2

A(R)

for R !1 with A(R) being a slowly varying fun
tion of R,

namely

jA

0

(R)j �

A(R)

R

; jA

00

(R)j �

A(R)

R

2

:

In parti
ular,

f (R) �

R

2
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2
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2
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2

)

for R � m

2

to have the same n

s

; r as for V = m

2

�

2

=2.

Analogues of small-�eld (new) in
ation, R � R

1

:
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2F (R

1
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R
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00
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)

R
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1

:

Thus, all in
ationary models in f (R) gravity are 
lose to the

simplest one over some range of R.
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The simplest models produ
ing the observed s
alar

slope

I. In the Einstein gravity:

V (�) =

m

2

�

2

2

m � 1:3� 10

�6

�

55

N

�

M

Pl

� 1:6� 10

13

GeV

n

s

� 1 = �

2

N

� �0:036; r =

8

N

� 0:15

H

dS

(N = 55) = 1:0� 10

14

GeV

Almost ex
luded by data.



II. In the modi�ed f (R) gravity:

f (R) = R +

R

2

6M

2

M = 2:6� 10

�6

�

55

N

�

M

Pl

� 3:2� 10

13

GeV

n

s

� 1 = �

2

N

� �0:036; r =

12

N

2

� 0:004

H

dS

(N = 55) = 1:4� 10

14

GeV

The same predi
tion from a s
alar �eld model with

V (�) =

��

4

4

at large � and strong non-minimal 
oupling to

gravity �R�

2

with � < 0; j�j � 1, in
luding the

Brout-Englert-Higgs in
ationary model.

Note similar predi
tions for the masses m and M and for

H

dS

(N = 55).



Smooth potential re
onstru
tion from s
alar power

spe
trum in GR

In the slow-roll approximation:

V

3

V

02

= CP

�

(k(t(�))); C =

12�

2

�

6

Changing variables for � to N(�) and integrating, we get:

1

V (N)
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�

4

12�
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Z
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Z
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r

d lnV
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First derived in H. M. Hodges and G. R. Blumenthal, Phys.

Rev. D 42, 3329 (1990).

An ambiguity in the form of V (�) be
ause of an integration


onstant in the �rst equation. Information about P

g

(k) helps

to remove this ambiguity.



In parti
ular, if primordial GW are not dis
overed in the order

n

s

� 1:

r � 8jn

s

� 1j � 0:3 ;
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This is possible only if V = V

0

+ ÆV ; jÆV j � V

0

{ a

plateau-like potential. Then
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Here, integration 
onstants renormalize V

0

and shift �. Thus,

the unambiguous determination of the form of V (�) without

knowledge of P

g

(k) be
omes possible.



In parti
ular, if n

s

� 1 = �

2

N

� �0:04 for all

N � ln

k

f

k

= 1� 60 and r � 8jn

s

� 1j, then

V (�) = V

0

(1� exp(����))

with ���� 1 but � not very small, and

r =

8

�

2

N

2

More generally, if n

s

� 1 = �

�

N

; � > 1, then

P

�

/ N

�

; r / N

��

� < 2 : ÆV / ��

�

2(��1)

2��

; �!1 - large-�eld in
ation.

� > 2 : ÆV / ��

2(��1)

��2

; �! 0 - small-�eld in
ation.

Permitted 1� interval for �: (1:5; 2:4). The value � = 2 is

aestheti
ally preferred.



Let us omit the assumption r � 8jn

s

� 1j � 0:3, but keep

� = 2 (P

�

= P

0

N

2

). Then:

V = V

0

N

N + N

0

= V

0

tanh

2

��

2

p

N

0

r =

8N

0

N(N + N

0

)

r � 0:003 for N

0

� 1. From the upper limit on r : N

0

< 100

for N = 57. N

0

� 30 is needed to get r � 0:05.

For the one-parametri
 R + R

2

in
ationary model, N

0

= 3=2.



In
ation re
onstru
tion in f (R) gravity

Very simple and equally well possible.

f (R) = R

2

A(R)

A = 
onst �

�

2

96�
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P
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lnR = 
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Z

dN

r

�

2 d lnA

3 dN



Where is the primordial GW 
ontribution to CMB

temperature anisotropy?

For 1� ` . 50, the Sa
hs-Wolfe plateau o

urs for the


ontribution from GW, too:

`(`+ 1)C

`;g

=

�

36

�

1 +

48�

2

385

�

P

g

assuming n

t

= 1 (A. A. Starobinsky, Sov. Astron. Lett. 11,

133 (1985)). So,

C

`

= C

`;s

+ C

`;g

= (1 + 0:775r)C

`;s

.

For larger ` > 50, `(`+ 1)C

`;s

grows and the �rst a
ousti


peak forms at ` � 200, while `(`+ 1)C

`;g

de
reases qui
kly.

Thus, the presen
e of GW should lead to a step-like

enhan
ement of `(`+ 1)C

`

for ` . 50.
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The most 
riti
al argument against r � 0:1:

no sign of GW in the CMB temperature anisotropy power

spe
trum.

Instead of the � 10% in
rease of `(`+ 1)C

`

over the multipole

range 2� ` < 50, a � 10% depression is seen for 20 . ` . 40

(see e.g. Fig. 39 of arXiv:1303.5076). The feature exists even

if r � N

�1

but the presen
e of r � 0:1 makes it larger.

More detailed analysis in D. K. Hazra, A. Sha�eloo,

G. F. Smoot and A. A. Starobinsky, JCAP 1406, 061 (2014),

arXiv:1403.7786 :

the power-law form of P

�

(k) is ex
luded at more than 3� CL.



Next step: studying of lo
al features in the same

range

The e�e
t of at least the same order: an upward wiggle at

` � 40 (the Ar
heops feature) and a downward one at ` � 22.

Lesson: irrespe
tive of the sear
h for primordial GW from

in
ation, features in the anisotropy spe
trum for 20 . ` . 40


on�rmed by WMAP and Plan
k should be taken into a

ount

and studied seriously. Some new physi
s beyond one

slow-rolling in
aton may show itself through them.



A more elaborated 
lass of model suggested by previous

studies of sharp features in the in
aton potential 
aused, e.g.

by a fast phase transition o

urred in another �eld 
oupled to

the in
aton during in
ation:

D. K. Hazra, A. Sha�eloo, G. F. Smoot and A. A. Starobinsky,

JCAP 1408, 048 (2014); arXiv:1405.2012

In parti
ular, the potential with a sudden 
hange of its �rst

derivative:

V (�) = 
�

2

+ ��

p

(�� �

0

) �(�� �

0

)

whi
h generalizes the exa
tly soluble model 
onsidered in

A. A. Starobinsky, JETP Lett. 55, 489 (1992) produ
es

�2� lnL = �11:8 
ompared to the best-�tted power law

s
alar spe
trum, partly due to the better des
ription of wiggles

at both ` � 40 and ` � 22.



Con
lusions

I

In
ation is being transformed into a normal physi
al

theory, based on some natural assumptions 
on�rmed by

observations and used to obtain new theoreti
al

knowledge from them.

I

First quantitative observational eviden
e for small

quantities of the �rst order in the slow-roll parameters:

n

s

(k)� 1 and r(k).

I

The quantitative theoreti
al predi
tion of these quantities

is based on gravity (spa
e-time metri
) quantization and

requires very large spa
e-time 
urvature in the past of our

Universe with a 
hara
teristi
 length only �ve orders of

magnitude larger than the Plan
k one.



I

Using the measured value of n

s

� 1 and assuming a

s
ale-free s
alar power spe
trum leads to the predi
tion

that the region r > 10

�3

is well expe
ted. Under the same

assumptions, r 
an be even larger and 
lose to its present

observational upper limit in two-parametri
 in
ationary

models having large, but not too large N

0

� N. However,

this requires a moderate amount of parameter tuning.

I

Regarding CMB temperature anisotropy, small features in

the multipole range 20 . ` . 40 at the a

ura
y level

� 1 �K whi
h mask the GW 
ontribution to CMB

temperature anisotropy have to be investigated and

understood. They may re
e
t some �ne stru
ture of

in
ation (i.e. fast phase transitions in other quantum

�elds 
oupled to an in
aton during in
ation).

I

Though the Einstein gravity plus a minimally 
oupled

in
aton remains suÆ
ient for des
ription of in
ation with

existing observational data, modi�ed (in parti
ular,

s
alar-tensor or f (R)) gravity 
an do it as well.
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