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Gravitational Waves

• Spacetime distortions/perturbations

𝑑𝑠2 = −𝑑𝑡2 + 𝛿𝑎𝑏 + 𝒉𝒂𝒃 𝑑𝑥𝑎𝑑𝑥𝑏

• Wave properties:

Carry energy, momentum, 𝑣 ∼ 1 @ 101−3 Hz

• Tells about its sources

e.g., BBH/BNS (LVK), IMRI/EMRI (LISA/TianQin)

• Challenge to overcome:

𝒉𝒂𝒃 ∼ 𝑮𝐍 → 𝐆𝐖 𝐬𝐭𝐫𝐚𝐢𝐧𝐬: 𝒉 ≪ 𝟏
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Stochastic 
Gravitational Wave 
Background

• Results from many GWs from 
various sources;

• Sources tied to early cosmos.

Reggie Bernardo
Testing-nHz-Gravity @ PULSAR-MITP @ 1XAug2023 6



Reggie Bernardo
Testing-nHz-Gravity @ PULSAR-MITP @ 1XAug2023

7

Accessed 031022
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𝜻
Hellings-Downs (1983)



Pulsar Timing
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Pulsar Timing
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GW Correlation/
Overlap Reduction Function

➢ Quantifies SGWB induced correlation 
between pulsars a and b;

➢ A function of the frequency and the 
angle between pulsars across PTA.



(Some) Correlations Theory

✓ 1979-Pulsar timing was proposed for the detection of nanohertz GWs (Detweiler)

✓ 1983-The SGWB (HD) correlation was derived (Hellings & Downs)

✓ 2001-The spectral profiles were derived for SGWB given their sources (Phinney)

✓ 2011-SGWB correlations were derived for non-Einsteinian GW polarizations propagating at the speed of 
light (Chamberlin)

✓ 2014-Power spectrum form of the HD was derived (Gair et al.)

✓ 2018-A power spectrum approach (PSA) was advanced for the calculation of SGWB correlations for non-
Einsteinian GW modes (Qin, Boddy, Kamionkowski)

✓ 2020-PSA was generalized for subluminal SGWB correlations (Qin, Boddy, Kamionkowski)

✓ 2021-SGWB correlations were calculated for the massive gravity degrees of freedom (Liang & Trodden)

✓ 2021-PSA for luminal tensor GW modes was revisited, and generalized to finite pulsar distances (KWN)

✓ 2022-The variance of HD was calculated (Allen)

✓ 2022-HD variance was generalized to consider arbitrary pulsar sky distributions (Allen & Romano)

✓ 2022-The PSA was generalized for subluminal SGWB correlations by non-Einsteinian modes and finite 
pulsar distances (RCB & KWN)

✓ 2022-Variance of non-Einsteinian subluminal SGWB correlations (RCB & KWN)

✓ 2023-…
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~2000s

NANOGrav

EPTA, PPTA,

InPTA, CPTA

No GWB detection yet

~1-2 decades
<100 MSP

Precision PTA era
• GWs beyond (+, x)
• SMBBH
• Non-Gaussianity
• Cosmic strings, PTs, 
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GWB Detection! ☺



SGWB phenomenology
(2018 onwards)
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Gravitational Wave 
Polarizations

ℎ𝑖𝑗 𝜂, Ԧ𝑥 = ෍

𝐴

න𝑑𝑓 න𝑑 ෠𝑘 ෨ℎ𝐴 𝑓, ෠𝑘  𝜺𝒊𝒋
𝑨  𝑒−2𝜋𝑖𝑓 𝜂−𝑣෠𝑘⋅ Ԧ𝑥
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polarization basis tensor
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Accessed 30 June 2022:
https://www.ligo.org/science/GW-Overview/images/GWvisual_tn.jpg



Hellings-Downs Curve

• ORF limit:
TT tensor w/ 𝒗 = 𝟏 and 𝑫 → ∞;

• Mainly the quadrupole;

• Analytic formula by HD;

• In PSF,

𝑪𝒍 ∼
𝟐𝝅

𝒍 − 𝟏 𝒍 𝒍 + 𝟏 𝒍 + 𝟐
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2205.05637 (Allen)
- Theory uncertainty of the HD

2209.14834 (RCB & KWN)
- General GW polarizations
- On/off light cone
- Finite pulsar distances
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Theoretical Uncertainty

Experimental Noise-Free -> Cosmic Variance 



Finite pulsar distance
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• 𝐷 ∼ O 102−3  pc, HD out of 2𝜎CV;

• Accounts for power at small scales;
• Easy to accommodate using PSF

❑ Angular resolution 𝑙 ≤ 𝑙max



GWs
On & Off
Lightcone
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Figure from 1403.1260
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𝐽𝑛 𝑥

Let me see who you really are

GWB correlation

𝑟𝑎𝑟𝑏 ∼ 2𝑙 + 1 න
𝑑𝑥

𝑣
𝑒

𝑖𝑥
𝑣

𝑗𝑙 𝑥

𝑥𝑞
𝑃𝑙 Ƹ𝑒𝑎 ⋅ Ƹ𝑒𝑏



Tensor PS and ORF 𝑣 ∼ 1, near luminal
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∼ න
𝒅𝒙

𝒗
𝒆

𝒊𝒙
𝒗

𝒋𝒍 𝒙

𝒙𝒒=𝟐



Tensor PS and ORF 𝑣 ∼ 1/2, half luminal
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𝐇𝐃 ∼ න
𝒅𝒙

𝒗
𝒆
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𝒗

𝒋𝒍 𝒙
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GW Polarizations: Beyond Einstein
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Accessed 30 June 2022:
https://www.ligo.org/science/Publication-GW170814/images/figure5.png NANOGrav: arXiv:2109.14706
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Gravity Beyond Hellings-Downs
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In preparation (NG15 + CPTA)
Reggie Bernardo
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Scalar/Galileon GWs

• Tensor perturbations -> +, x polarizations

• Scalar perturbations satisfy the massive KG eq.

𝐷2𝜓 − ሷ𝜓 − 𝑚eff
2 𝜇, 𝛼, 𝜆 𝜓 = 0

• Brings in scalar transverse (ST) and longitudinal (SL) pols:

ℎ𝐴𝐵 ∝ 𝜺𝑨𝑩
𝐒𝐓 +

1 − 𝑣 𝑚eff
2

2
𝜺𝑨𝑩

𝐒𝐋 × plane wave
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𝑚eff
2 = 𝜇2

1 −
𝛼𝜆3

𝑀P𝜇2

1 +
3𝛼2

2 −
𝛼𝜆3

𝑀P𝜇2



Scalar ORFs 𝑣 = 1/2, half luminal
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ST SL



Best fit in NG12
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𝒗 = 𝟎. 𝟒𝟒−𝟎.𝟒𝟐
+𝟎.𝟏𝟓 𝒄 → 𝒎𝐞𝐟𝐟 ∼ 𝟏𝟎−𝟐𝟐 𝐞𝐕 𝐆𝐚𝐥𝐢𝐥𝐞𝐨𝐧

2206.01056 (RCB & KWN)

X by NG15 + PTAs

In preparation: HD + phi / T + phi



Testing Nanohertz Gravity

Reggie Bernardo
Testing-nHz-Gravity @ PULSAR-MITP @ 1XAug2023

27



PTA Playbook: Testing Gravity
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𝑺 𝒈, 𝝓 = ∫ 𝒅𝟒𝒙 −𝒈
𝑴𝐩

𝟐

𝟐
𝑹 −

𝟏

𝟐
𝝏𝝓 𝟐 + 𝐇𝐨𝐫𝐧𝐝𝐞𝐬𝐤𝐢 − 𝐆𝐁 𝐭𝐞𝐫𝐦𝐬 + ⋯



Minimal Angle
(2304.02640: Liang, Lin, Trodden)
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CV precise PS measurements

(2306.13593: RCB, Ng)



NG15 + future projections ~ CV-precise
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2306.06168 (Nay, Boddy, Smith, Mingarelli)NANOGrav 15 years detection paper

GWB ;

no question



In preparation: HD + scalar/vector

Reggie Bernardo
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Retrieved 14 Aug 2023
https://media.nature.com/lw767/magazine-assets/d41586-023-02167-7/d41586-023-02167-7_25547166.jpg?as=webp
https://www.ligo.caltech.edu/system/news_items/images/213/page/NANOGrav_PTA_GWB_15yr_wide.jpg?1687824134



An Amazing 
time for PTA GW 

science

33

Wiki: Gravitational Wave Background

Amazing Time
for PTA science!



Outlook 

RCB & KWN:

✓ PS formalism for calculating the mean and variance of SGWB correlations;

✓ PTA phenomenology of subluminal metric polarizations for finite pulsar distances;

✓ analysis of tensor & vector polarizations off the light cone;

✓ Scalar/Galileon constraints;

✓ PTA Playbook for testing gravity.

❑ In preparation: Non-Einsteinian GWs; Fuzzy DM correlations; anisotropies.

Reggie Bernardo
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PTAfast: PTA correlations from stochastic gravitational wave background
[ascl:2211.001]

Glitch in the Matrix (Accessed 16 Aug 2023): 
https://preview.redd.it/660w2zbgch451.jpg?width=950&format=pj
pg&auto=webp&s=4851d6685af2ab704b65d3328e61da2cdf7e453f



Extra Slides
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• Neutron Star:

𝑀 ∼ 100−1 𝑀⊙, 𝐷 ∼ 100−1 km

• Pulsar = NS + magnetic field

• Millisecond pulsar
- spins at ∼100x per sec

Accessed 031022
https://scx1.b-cdn.net/csz/news/800a/2016/millisecondp.jpg

Galactic lighthouses



PSF for 
variances 
(2209.14834, RCB & KWN)

• Mean ORF

𝛾𝑎𝑏
𝐴 𝜁 = ෍

𝑙

2𝑙 + 1

4𝜋
𝐶𝑙

𝐴𝑃𝑙 cos 𝜁

• Total variance [1 PP]

Δ𝛾𝑎𝑏
2 𝜁 = 𝛾𝑎𝑏

𝐴 𝜁
2

+ 𝛾𝑎𝑎
2

• Cosmic variance [Gaussian ensemble]

Δ𝛾𝑎𝑏
2 𝜁 = ෍

𝑙

2𝑙 + 1

8𝜋2
𝐶𝑙

2𝑃𝑙 cos 𝜁
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Tensor PS and ORF (𝑣 ≪ 1, near static)
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∼ න
𝒅𝒙

𝒗
𝒆

𝒊𝒙
𝒗

𝒋𝒍 𝒙

𝒙𝒒=𝟐



Vector PS and ORF 𝑣 ≪ 1, near static
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The Galileon in the nHz GW sky
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Accessed 041022
https://upload.wikimedia.org/wikipedia/commons/thumb/d/d4/Justus_Sustermans_-
_Portrait_of_Galileo_Galilei%2C_1636.jpg/1200px-Justus_Sustermans_-_Portrait_of_Galileo_Galilei%2C_1636.jpg

𝑺𝑮 𝒈𝒂𝒃, 𝝓

= ∫ 𝒅𝟒𝒙 −𝒈 𝟏 +
𝜶𝝓

𝑴𝐏
𝐄𝐇 − 𝚲 − 𝝀𝟑𝝓 + 𝑿 +

𝑿

𝜿𝟑 𝝏𝟐𝝓 +
𝝁𝟐𝝓𝟐

𝟐

EH = Einstein-Hilbert term

𝚲 = cosmological constant

𝜿 = braiding -> Vainshtein mechanism/𝜙 suppression at 𝑅 ≪ 𝐿

𝝁 = bare mass -> 𝜙 suppression at dense environments

𝜶 = conformal coupling -> mixes the tensor and scalar modes

𝝀 = tadpole -> self tuning mechanism (2202.08672, Appleby, RCB)



Metric 
Perturbations

Synchronous gauge:

𝑑𝑠2 = −𝑑𝑡2 + 𝛿𝐴𝐵 − 2𝜓𝛿𝐴𝐵 + 2𝐷𝐴𝐷𝐵𝐸 + 2𝐷(𝐴𝐸𝐵) + 2𝐸𝐴𝐵 𝑑𝑥𝐴𝑑𝑥𝐵

𝜙 = 𝜑 + 𝛿𝜙

Effective mass 𝜔2 = 𝑘2 + 𝑚eff
2 :

𝑚eff
2 = 𝜇2

1 −
𝛼𝜆3

𝑀P𝜇2

1 +
3𝛼2

2 −
𝛼𝜆3

𝑀P𝜇2
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