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Neutrino-nucleus cross section systematics
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Current oscillation experiments report large systematic uncertainties associated with neutrino- 
nucleus interaction models. 
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Hamiltonian and Currents
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At low energy, the effective degrees of freedom are pions and nucleons:
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 The electromagnetic current is constrained by the Hamiltonian through the continuity equation

r · JEM + i[H, J
0
EM] = 0

 The above equation implies that the current operator includes one and two-body contributions
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• AV18+IL7

• local chiral 
interactions 
(Piarulli et al)
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Variational Monte Carlo
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In variational Monte Carlo, one assumes a suitable form for the trial wave function

The best parameters are found by optimizing the variational energy 

| T i = F|�i
: Mean field component; slater determinant of single-particle orbitals�

F : correlations (2b & 3b) induced by H
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The correlation operator reflects the spin-isospin dependence of the nuclear interaction
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Green’s Function Monte Carlo

B. Pudliner et al., PRC 56, 1720 (1997)
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The computational cost of the calculation is 
2A x A!/(Z!(A-Z)!) 

lim
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e�(H�E0)⌧ | T i = lim
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X

n

cn e
�(En�E0)⌧ | ni = c0| 0i

GFMC overcomes the limitations of the variational wave-function by using an imaginary-time  
projection technique to projects out the exact lowest-energy state

Any trial wave function can be expanded in the complete set of eigenstates of the the Hamiltonian 
according to

| T i =
X

n

cn| ni H| ni = En| ni
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Green’s Function Monte Carlo
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Nuclear response function involves evaluating a number of transition amplitudes. 

Valuable information can be obtained from the integral transform of the response function
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Z
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Inverting the integral transform is a complicated problem A. Lovato et al, PRL117 (2016), 082501, 
PRC97 (2018), 022502 

Same problem applies to different realm physics for example lattice QCD
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Cross sections: Green’s Function Monte Carlo
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FIG. 6. T2K flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for different ranges of cos θµ. The experimental data and their shape uncertainties are
from Ref. [48]. Calculated cross sections are obtained with ΛA =1.0 GeV.

vector form factors in agreement with experimental data
which are of course quite accurate. These calculations
suggest a larger value of ΛA may be appropriate. We
investigate the implications of this finding by presenting
in Fig. 7 the flux-folded cross sections (for MiniBooNE
and selected bins in cos θµ), obtained by replacing in the
dipole parametrization the cutoff ΛA ≈ 1 GeV with the
value Λ̃A ≈ 1.15 GeV. As expected, this leads generally
to an increase of the GFMC predictions over the whole
kinematical range. Since the dominant terms in the cross
section proportional to the transverse and interference re-
sponse functions tend to cancel for νµ, the magnitude of
the increase turns out to be more pronounced for νµ than
for νµ—as a matter of fact, the νµ cross sections are re-
duced at backward angles (0.1 ≤ cos θµ ≤ 0.2). Overall,
it appears that the harder cutoff implied by the LQCD
calculation of GA(Q2) improves the accord of theory with
experiment, marginally for νµ and more substantially for
νµ. In view of the large errors and large normalization un-
certainties of the MiniBooNE and T2K data, however, we

caution the reader from drawing too definite conclusions
from the present analysis. Indeed more precise nucleon
form factors can be obtained through further lattice QCD
calculations or experiments on the nucleon and deuteron,
respectively.

Of course, many challenges remain ahead, to mention
just three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [71], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the ∆-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal effectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [28, 72] or on

T2K

MEC 
enhancement

A. Lovato, NR et al , PRX. 10 (2020) 3, 031068

Exact results for v-cross sections in the quasi-elastic region up 
to moderate values of q. 

GFMC accurately obtain the properties of nuclei to 12C using high 
performance computing
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FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [47].
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FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [47].
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This paper is organized as follows. In Section II,
we outline the connection between inclusive neutrino-
nucleus cross sections and electroweak response func-
tions, review the Lorentz transformations to di↵erent ref-
erence frames, and apply them to the GFMC electroweak
response functions. In Section III, we gauge the role of
relativistic e↵ects in the charged-changing response func-
tions, while inclusive cross-section results are discussed in
Section IV. Finally, in Section V, we draw our conclusions
and outline future perspectives of this work.

II. IMPLICATIONS OF RELATIVITY FOR

NUCLEAR RESPONSES

A. Nuclear responses and charged-current cross

section

The di↵erential cross section for inclusive charged-
current (CC) scattering of a neutrino with the nucleus
can be written as

d�

dEld⌦l
=

G2

4⇡2
klEl(vCCRCC � vCLRCL + vLLRLL

+ vTRT + vT 0RT
0), (1)

with G = GF cos ✓c, and El, kl denote the energy and
momentum of the final-state lepton, respectively. The
decomposition into factors vX that depend only on the
lepton kinematics, and nuclear responsesRX follows from
considering a single boson exchange. The expressions for
the lepton factors can be found in Refs. [25]. The inclu-
sive nuclear electroweak response functions correspond to
specific elements of the hadron tensor, defined as

Rµ⌫ =
X

f

h 0|Jµ†(!,q)| f ih f |J⌫(!,q)| 0i

⇥ � (! + E0 � Ef ) , (2)

where | 0i and | f i denote the nuclear initial ground-
state, and final bound- or scattering-state of energies E0

and Ef . The nuclear electroweak current Jµ(!,q) de-
pends upon the energy and momentum transferred to the
nuclear system ! = E⌫ � El, and q = k⌫ � kl. Without
loss of generality, we take q to be parallel to the z-axis,
so that the five inclusive nuclear responses in Eq. (1) can
be expressed as

RCC(!, q) = R00(!, q),

RCL(!, q) = 2ReR0z(!, q),

RLL(!, q) = Rzz(!, q),

RT (!, q) =
Rxx +Ryy

2
(!, q),

RT 0(!, q) = 2 ImRxy(!, q) , (3)

where q = |q|. The longitudinal contribution to the cross
section can be written to make the dependence on lepton

mass explicit as

vCCRCC � vCLRCL + vLLRLL =

vCCRL � m2
l

qEl
RCL +

m2
l

q2


2
E⌫

El
� vCC

�
RLL. (4)

Hence, the following combination of response functions

RL ⌘ RCC � !

q
RCL +

✓
!

q

◆2

RLL, (5)

yields the leading longitudinal contribution when the mo-
mentum transfer and lepton energy are large compared
to the outgoing lepton mass.

B. Lorentz transformations to di↵erent reference

frames

The laboratory frame (LAB) is the reference frame in
which the initial nucleus is at rest, Pi = 0. In this work,
we evaluate the electroweak response functions in dif-
ferent reference frames which move with respect to the
LAB frame along the direction specified by the momen-
tum transfer q.
Since the inclusive electroweak currents transform as

four-vectors under a Lorentz-boost, the hadron tensor
elements transform as

Rµ⌫
LAB(!, q) = Bµ

↵ [�]B⌫
� [�]R

↵�
fr (!

fr,qfr) . (6)

In the last equation, B indicates a Lorentz boost, and
Rfr the response evaluated in a frame that moves with
relative velocity � with respect to the LAB frame. For
boosts along q, one can write B in matrix notation as

Bµ
⌫ =

0

B@

� 0 0 ��
0 1 0 0
0 0 1 0
�� 0 0 �

1

CA , (7)

where � = |�| and � = 1/
p

1� �2. Whilst the trans-
verse responses are unchanged by a boost along q, the
longitudinal responses transform as

RLAB
CC =�2

h
Rfr

CC + �2Rfr
LL + �Rfr

CL

i
(8)

RLAB
LL =�2

h
Rfr

LL + �2Rfr
CC + �Rfr

CL

i
(9)

RLAB
CL =�2

h
2�

⇣
Rfr

CC +Rfr
LL

⌘
+ (1 + �2)Rfr

CL

i
. (10)

The energy and momentum transfer in the moving
frame are connected to the ones in the LAB frame by
the inverse boost

qfr = �(q� �!), !fr = �(! � �q), (11)

thus one can write the boost parameter as

� =
!q + !frqfr

!qfr + !frq
, (12)

Lorentz Boost connects the two frames

The momentum and energy transfer in the different reference frames are connected:
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• Same position of the quasielastic peak
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FIG. 1. Longitudinal and transverse electroweak response functions of 12C for di↵erent active-nucleon frames, parametrized
by di↵erent values of ⇣ = 1, 3/4, 1/2, 1/4. The top panels do not use the two-fragment model while the bottom panels do.
The dashed black line in the bottom panels corresponds to the ANB result which does not include the fragment model.

energy of the hadronic final system can be written in a
relativistically correct fashion as

Efr
f =

q
m2 + (pfr

f + (µ/MA�1)Pfr
f )

2

+
q
M2

A�1 + (pfr
f � (µ/m)Pfr

f )
2 ; (21)

where µ = mMA�1

m+MA�1
is the reduced mass, Pfr

f and pfr are
the center of mass and relative momentum, respectively.
Following the arguments of Ref. [16, 21], we assume that
both Pfr

f and pfr are directed along qfr. The value of pfr

can be obtained by solving this equation and it has to be
replaced in the definition of the intrinsic energy

✏f =
(pfr

f )
2

2µ
+ ✏A�1

0 (22)

where ✏A�1
0 is the energy of the remnant nucleus. A de-

tailed discussion on how to rewrite the energy conserving
� as a function of ✏f can be found in Ref. [16].

III. RESULTS FOR TRANSFORMED

RESPONSES

Figure 1 shows the CC electroweak response functions
of 12C computed in di↵erent active nucleon ⇣-frames and
boosted back to the LAB fram applying the Lorentz
transformation of Eq. (15). The left panels display the
longitudinal responses defined in Eq. (5). For momen-
tum transfers where relativistic e↵ects become impor-
tant, the mass terms in Eq. (4) are negligible even for
muon-neutrino interactions, and RL determines the lon-
gitudinal cross section.

The results obtained in this work are consistent
with those reported in Ref. [21], which focused on the
electromagnetic response functions of 4He. The two-
fragment model is suitable to mitigate most of the frame-
dependence in the nonrelativistic calculations, as the re-
sponses computed in di↵erent frames collapse onto a sin-
gle curve. This behavior has to be confronted with the
top panels, in which the the two fragment model is not
applied. There, a significant frame dependence is visi-
ble, in both the logitudinal and transverse channel. As
expected, the longitudinal and transverse CC responses
obtained in the ANB-frame (⇣ = 1/2) are largely unaf-
fected by the use of the two fragment model. To better
appreciate this behavior, the dashed black line in the bot-
tom panels of Fig. 1 corresponds to the results obtained
in the ANB frame without employing the two-fragment
model.

As shown in the rightmost panel of Fig. 1, displaying
the CC transverse response functions, the same behavior
persists even when two-body current contributions are
significant. Similarly to the one-body case, we observe
that applying the two-fragment model to the total trans-
verse response reduces the frame dependence of the cal-
culation, with all curves aligning on the ANB frame one.
Hence, we can infer that the single-nucleon knockout re-
mains the dominant reaction mechanism even when two-
body contributions are included in the current operator.
This finding is is consistent with Refs. [27, 28], whose
Authors argue that the transverse enhancement is pri-
marily due to the constructive interference between one-
and two-body currents, leading to single-nucleon knock-
out final states. Notably, these works are based on com-
pletely di↵erent models of nuclear dynamics, namely the
correlated basis function theory and the relativistic mean
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can be obtained by solving this equation and it has to be
replaced in the definition of the intrinsic energy

✏f =
(pfr

f )
2

2µ
+ ✏A�1

0 (22)

where ✏A�1
0 is the energy of the remnant nucleus. A de-

tailed discussion on how to rewrite the energy conserving
� as a function of ✏f can be found in Ref. [16].
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RESPONSES

Figure 1 shows the CC electroweak response functions
of 12C computed in di↵erent active nucleon ⇣-frames and
boosted back to the LAB fram applying the Lorentz
transformation of Eq. (15). The left panels display the
longitudinal responses defined in Eq. (5). For momen-
tum transfers where relativistic e↵ects become impor-
tant, the mass terms in Eq. (4) are negligible even for
muon-neutrino interactions, and RL determines the lon-
gitudinal cross section.

The results obtained in this work are consistent
with those reported in Ref. [21], which focused on the
electromagnetic response functions of 4He. The two-
fragment model is suitable to mitigate most of the frame-
dependence in the nonrelativistic calculations, as the re-
sponses computed in di↵erent frames collapse onto a sin-
gle curve. This behavior has to be confronted with the
top panels, in which the the two fragment model is not
applied. There, a significant frame dependence is visi-
ble, in both the logitudinal and transverse channel. As
expected, the longitudinal and transverse CC responses
obtained in the ANB-frame (⇣ = 1/2) are largely unaf-
fected by the use of the two fragment model. To better
appreciate this behavior, the dashed black line in the bot-
tom panels of Fig. 1 corresponds to the results obtained
in the ANB frame without employing the two-fragment
model.

As shown in the rightmost panel of Fig. 1, displaying
the CC transverse response functions, the same behavior
persists even when two-body current contributions are
significant. Similarly to the one-body case, we observe
that applying the two-fragment model to the total trans-
verse response reduces the frame dependence of the cal-
culation, with all curves aligning on the ANB frame one.
Hence, we can infer that the single-nucleon knockout re-
mains the dominant reaction mechanism even when two-
body contributions are included in the current operator.
This finding is is consistent with Refs. [27, 28], whose
Authors argue that the transverse enhancement is pri-
marily due to the constructive interference between one-
and two-body currents, leading to single-nucleon knock-
out final states. Notably, these works are based on com-
pletely di↵erent models of nuclear dynamics, namely the
correlated basis function theory and the relativistic mean
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energy of the hadronic final system can be written in a
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where µ = mMA�1

m+MA�1
is the reduced mass, Pfr

f and pfr are
the center of mass and relative momentum, respectively.
Following the arguments of Ref. [16, 21], we assume that
both Pfr

f and pfr are directed along qfr. The value of pfr
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boosted back to the LAB fram applying the Lorentz
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longitudinal responses defined in Eq. (5). For momen-
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tant, the mass terms in Eq. (4) are negligible even for
muon-neutrino interactions, and RL determines the lon-
gitudinal cross section.

The results obtained in this work are consistent
with those reported in Ref. [21], which focused on the
electromagnetic response functions of 4He. The two-
fragment model is suitable to mitigate most of the frame-
dependence in the nonrelativistic calculations, as the re-
sponses computed in di↵erent frames collapse onto a sin-
gle curve. This behavior has to be confronted with the
top panels, in which the the two fragment model is not
applied. There, a significant frame dependence is visi-
ble, in both the logitudinal and transverse channel. As
expected, the longitudinal and transverse CC responses
obtained in the ANB-frame (⇣ = 1/2) are largely unaf-
fected by the use of the two fragment model. To better
appreciate this behavior, the dashed black line in the bot-
tom panels of Fig. 1 corresponds to the results obtained
in the ANB frame without employing the two-fragment
model.

As shown in the rightmost panel of Fig. 1, displaying
the CC transverse response functions, the same behavior
persists even when two-body current contributions are
significant. Similarly to the one-body case, we observe
that applying the two-fragment model to the total trans-
verse response reduces the frame dependence of the cal-
culation, with all curves aligning on the ANB frame one.
Hence, we can infer that the single-nucleon knockout re-
mains the dominant reaction mechanism even when two-
body contributions are included in the current operator.
This finding is is consistent with Refs. [27, 28], whose
Authors argue that the transverse enhancement is pri-
marily due to the constructive interference between one-
and two-body currents, leading to single-nucleon knock-
out final states. Notably, these works are based on com-
pletely di↵erent models of nuclear dynamics, namely the
correlated basis function theory and the relativistic mean
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energy of the hadronic final system can be written in a
relativistically correct fashion as
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f =
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m2 + (pfr

f + (µ/MA�1)Pfr
f )
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+
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A�1 + (pfr
f � (µ/m)Pfr
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2 ; (21)

where µ = mMA�1

m+MA�1
is the reduced mass, Pfr

f and pfr are
the center of mass and relative momentum, respectively.
Following the arguments of Ref. [16, 21], we assume that
both Pfr

f and pfr are directed along qfr. The value of pfr

can be obtained by solving this equation and it has to be
replaced in the definition of the intrinsic energy

✏f =
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where ✏A�1
0 is the energy of the remnant nucleus. A de-

tailed discussion on how to rewrite the energy conserving
� as a function of ✏f can be found in Ref. [16].
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Figure 1 shows the CC electroweak response functions
of 12C computed in di↵erent active nucleon ⇣-frames and
boosted back to the LAB fram applying the Lorentz
transformation of Eq. (15). The left panels display the
longitudinal responses defined in Eq. (5). For momen-
tum transfers where relativistic e↵ects become impor-
tant, the mass terms in Eq. (4) are negligible even for
muon-neutrino interactions, and RL determines the lon-
gitudinal cross section.

The results obtained in this work are consistent
with those reported in Ref. [21], which focused on the
electromagnetic response functions of 4He. The two-
fragment model is suitable to mitigate most of the frame-
dependence in the nonrelativistic calculations, as the re-
sponses computed in di↵erent frames collapse onto a sin-
gle curve. This behavior has to be confronted with the
top panels, in which the the two fragment model is not
applied. There, a significant frame dependence is visi-
ble, in both the logitudinal and transverse channel. As
expected, the longitudinal and transverse CC responses
obtained in the ANB-frame (⇣ = 1/2) are largely unaf-
fected by the use of the two fragment model. To better
appreciate this behavior, the dashed black line in the bot-
tom panels of Fig. 1 corresponds to the results obtained
in the ANB frame without employing the two-fragment
model.

As shown in the rightmost panel of Fig. 1, displaying
the CC transverse response functions, the same behavior
persists even when two-body current contributions are
significant. Similarly to the one-body case, we observe
that applying the two-fragment model to the total trans-
verse response reduces the frame dependence of the cal-
culation, with all curves aligning on the ANB frame one.
Hence, we can infer that the single-nucleon knockout re-
mains the dominant reaction mechanism even when two-
body contributions are included in the current operator.
This finding is is consistent with Refs. [27, 28], whose
Authors argue that the transverse enhancement is pri-
marily due to the constructive interference between one-
and two-body currents, leading to single-nucleon knock-
out final states. Notably, these works are based on com-
pletely di↵erent models of nuclear dynamics, namely the
correlated basis function theory and the relativistic mean

• Charge Current electroweak responses of 12C:

• Residual frame dependence when boosting back to the LAB-frame
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pfr = µ
⇣ pfrN
mN

� pfrX
MX

⌘

P fr
f = pfrN + pfrX

• The relative momentum is derived in a relativistic fashion

!fr = Efr
f � Efr

i

Efr
f =

q
m2

N + [pfr + µ/MXPfr
f ]2 +

q
M2

X + [pfr � µ/mNPfr
f ]2

• And it is used as input in the non relativistic kinetic energy

efrf = (pfr)2/(2µ)

• The frame dependence can be drastically reduced if one assumes a two-body breakup model with 
relativistic kinematics to determine the input to the non relativistic dynamics calculation

N,pN

X,pX

Two fragment model:
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energy of the hadronic final system can be written in a
relativistically correct fashion as
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f =
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m2 + (pfr

f + (µ/MA�1)Pfr
f )
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+
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A�1 + (pfr
f � (µ/m)Pfr

f )
2 ; (21)

where µ = mMA�1

m+MA�1
is the reduced mass, Pfr

f and pfr are
the center of mass and relative momentum, respectively.
Following the arguments of Ref. [16, 21], we assume that
both Pfr

f and pfr are directed along qfr. The value of pfr

can be obtained by solving this equation and it has to be
replaced in the definition of the intrinsic energy

✏f =
(pfr

f )
2

2µ
+ ✏A�1

0 (22)

where ✏A�1
0 is the energy of the remnant nucleus. A de-

tailed discussion on how to rewrite the energy conserving
� as a function of ✏f can be found in Ref. [16].
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Figure 1 shows the CC electroweak response functions
of 12C computed in di↵erent active nucleon ⇣-frames and
boosted back to the LAB fram applying the Lorentz
transformation of Eq. (15). The left panels display the
longitudinal responses defined in Eq. (5). For momen-
tum transfers where relativistic e↵ects become impor-
tant, the mass terms in Eq. (4) are negligible even for
muon-neutrino interactions, and RL determines the lon-
gitudinal cross section.

The results obtained in this work are consistent
with those reported in Ref. [21], which focused on the
electromagnetic response functions of 4He. The two-
fragment model is suitable to mitigate most of the frame-
dependence in the nonrelativistic calculations, as the re-
sponses computed in di↵erent frames collapse onto a sin-
gle curve. This behavior has to be confronted with the
top panels, in which the the two fragment model is not
applied. There, a significant frame dependence is visi-
ble, in both the logitudinal and transverse channel. As
expected, the longitudinal and transverse CC responses
obtained in the ANB-frame (⇣ = 1/2) are largely unaf-
fected by the use of the two fragment model. To better
appreciate this behavior, the dashed black line in the bot-
tom panels of Fig. 1 corresponds to the results obtained
in the ANB frame without employing the two-fragment
model.

As shown in the rightmost panel of Fig. 1, displaying
the CC transverse response functions, the same behavior
persists even when two-body current contributions are
significant. Similarly to the one-body case, we observe
that applying the two-fragment model to the total trans-
verse response reduces the frame dependence of the cal-
culation, with all curves aligning on the ANB frame one.
Hence, we can infer that the single-nucleon knockout re-
mains the dominant reaction mechanism even when two-
body contributions are included in the current operator.
This finding is is consistent with Refs. [27, 28], whose
Authors argue that the transverse enhancement is pri-
marily due to the constructive interference between one-
and two-body currents, leading to single-nucleon knock-
out final states. Notably, these works are based on com-
pletely di↵erent models of nuclear dynamics, namely the
correlated basis function theory and the relativistic mean

ζ=1/2  Active nucleon Breit frame 

Minimizes momentum of incoming and 
outgoing nucleons

pfri ≃-qfr/2   ,   pfrf≃ qfr/2

!QE = !nr
QE = 0

Two-fragment model

Reduces the frame dependence ⇒includes 
relativistic corrections kinematics

Final results ≣ ANB calculation

A.Nikolakopoulos, A.Lovato, NR, arXiv:2304.11772

mailto:nrocco@fnal.gov


Noemi Rocco, nrocco@fnal.gov

Cross sections: Green’s Function Monte Carlo

13

7

III. RESULTS

Muon neutrino and antineutrino flux-averaged cross
sections are obtained from

⌧
d�

dTµ d cos ✓µ

�
=

Z
dE⌫ �(E⌫)

d�(E⌫)

dTµ d cos ✓µ
, (9)

where �(E⌫) is the normalized ⌫µ or ⌫µ flux—those
for MiniBooNE and T2K are shown in Fig. 3—and
d�(E⌫)/(dTµ d cos ✓µ) are the corresponding inclusive
cross sections of Eq. (2). The experimental data are
binned in cos ✓µ bins of constant width (0.1) for Mini-
BooNE, and varying widths for T2K; when comparing
to these data, the calculated cross sections are averaged
over the relevant cos ✓µ bin.
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FIG. 3. Normalized ⌫µ fluxes of MiniBooNE and T2K, and
normalized ⌫µ flux of MiniBooNE.

Predictions for the flux-averaged cross sections on 12C
corresponding to the two experiments and obtained by
including one-body only, and one- and two-body, cur-
rents are shown by, respectively, dashed (green) and
solid (blue) lines in Figs. 4–6. The shaded areas re-
sult from combining statistical errors associated with the
GFMC evaluation of the Euclidean response functions,
uncertainties in the maximum-entropy inversion of them,
and uncertainties due to extrapolation of the response
functions outside the calculated (q,!) range, which is
100 MeV  q  700 MeV and ! from threshold to ! . q.
This extrapolation is carried out by exploiting the scaling
property of the various response functions, as outlined at
the end of the previous section. The large cancellation
between the dominant terms proportional to vxx Rxx and
vxy Rxy in antineutrino cross sections leads to somewhat
broader error bands than for the neutrino cross sections,
for which those terms add up. Furthermore, we note
that the cross-section scales in Figs. 4 and 5 are di↵er-
ent, those for the ⌫µ-CCQE data being a factor of about
2 to 10 smaller than for the ⌫-CCQE data as the muon
scattering angle increases from 0� to 90�.

Overall, the MiniBooNE ⌫µ and ⌫µ, and T2K ⌫µ, data
are in good agreement with theory, when including the

contributions of two-body currents. This is especially no-
ticeable in the case of the MiniBooNE ⌫µ data at forward
scattering angles. However, the calculated cross sections
underestimate somewhat the MiniBooNE ⌫µ data at pro-
gressively larger muon kinetic energy Tµ and backward
scattering angles ✓µ, and the ⌫µ data at forward ✓µ over
the whole Tµ range. By contrast, the full theory (with
one- and two-body currents) appears to provide a good
description of the T2K ⌫µ data over the whole measured
region.
For a given initial neutrino energy E⌫ , the calculated

cross section is largest at the muon energy Tµ correspond-
ing to that of the quasielastic peak,

T
qe
µ

+mµ ⇡ E⌫

1 + 2 (E⌫/m) sin2 ✓µ/2
, (10)

wherem is nucleon mass, and on the r.h.s. of the equation
above we have neglected the muon mass. The position
of the quasielastic peak then moves to the left, towards
lower and lower T

qe
µ
, as ✓µ changes from the forward to

the backward hemisphere. The general trend expected on
the basis of this simple picture is reflected in the calcula-
tion and data, even though the cross sections in Figs. 4-6
result from a folding with the neutrino flux, which is far
from being monochromatic. Nevertheless, the correlation
between peak location in the flux-averaged cross sections
and ✓µ remains. For example, the T2K flux is largest
at E⌫ ⇡ 560 MeV and fairly narrow; hence, one would
expect the T2K flux-averaged cross section be peaked at
the muon momentum p

qe
µ

⇡ 550 MeV for cos ✓µ =1, and
p
qe
µ

⇡ 450 MeV for cos ✓µ =0.65, in reasonable accord
with the data of Fig. 6.
In Figs. 4 and 5 we also present the flux-folded ⌫µ

and ⌫µ cross sections obtained in plane-wave-impulse-
approximation (PWIA) for three di↵erent bins in cos ✓µ
(corresponding to the forward, intermediate, and back-
ward region) of the MiniBooNE data. We have adopted
here the most naive (non-relativistic) formulation of
PWIA based on the single-nucleon momentum distri-
bution rather than the spectral function.3 Hence, the
PWIA response functions follow from

R
PWIA
↵�

(q,!)=

Z
dpN(p)x↵�(p,q,!)

⇥ �

 
! � E � |p+ q|2

2m
� p

2

2mA�1

!
, (11)

where the factors x↵�(p,q,!) denote appropriate combi-
nations of the CC components (the same single-nucleon
CC utilized in the GFMC calculations), and N(p) is the
nucleon momentum distribution in 12C (as calculated in
Ref. [69]). The e↵ects of nuclear interactions are sub-
sumed in the single parameter E, which can be inter-
preted as an average separation energy (we take the value

3 It should be noted here that ab initio calculations of the 12C
spectral functions are not currently available.

First microscopic calculation of 
neutrino-nucleus cross section
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FIG. 4. MiniBooNE flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for different ranges of cos θµ. The experimental data and their shape uncertainties
are from Ref. [46]. The additional 10.7% normalization uncertainty is not shown here. Calculated cross sections are obtained
with ΛA =1.0 GeV.

E ≈ 20 MeV). The remaining terms in the δ-function
are the final energies of the struck nucleon and recoiling
(A–1) system of mass mA−1. From these RPWIA

αβ we ob-
tain the corresponding flux-folded cross sections shown
in Figs. 4 and 5 by the short-dashed (black) line labeled
PWIA. Also shown in this figure by the dot-dashed (pur-
ple) line (labeled PWIA-R) are PWIA cross sections ob-
tained by first fixing the nucleon electroweak form factor
entering xαβ(p,q,ω) at Q2

qe, and then rescaling the vari-
ous response functions by ratios of these form factors, as
indicated in Sec. II B.

A couple of comments are in order. First, the cross
sections in PWIA are to be compared to those obtained
with the GFMC method by including only one-body cur-
rents (curves labeled GFMC 1b): they are found to be
systematically larger than the GFMC predictions, par-
ticularly at forward angles. Furthermore, it appears that
the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-

crease produced by two-body currents in the GFMC cal-
culations (difference between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ν case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as θµ changes from 0◦ to about 90◦, the ν cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.
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FIG. 4. MiniBooNE flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed
as a function of the muon kinetic energy (Tµ) for different ranges of cos θµ. The experimental data and their shape uncertainties
are from Ref. [46]. The additional 10.7% normalization uncertainty is not shown here. Calculated cross sections are obtained
with ΛA =1.0 GeV.

E ≈ 20 MeV). The remaining terms in the δ-function
are the final energies of the struck nucleon and recoiling
(A–1) system of mass mA−1. From these RPWIA

αβ we ob-
tain the corresponding flux-folded cross sections shown
in Figs. 4 and 5 by the short-dashed (black) line labeled
PWIA. Also shown in this figure by the dot-dashed (pur-
ple) line (labeled PWIA-R) are PWIA cross sections ob-
tained by first fixing the nucleon electroweak form factor
entering xαβ(p,q,ω) at Q2

qe, and then rescaling the vari-
ous response functions by ratios of these form factors, as
indicated in Sec. II B.

A couple of comments are in order. First, the cross
sections in PWIA are to be compared to those obtained
with the GFMC method by including only one-body cur-
rents (curves labeled GFMC 1b): they are found to be
systematically larger than the GFMC predictions, par-
ticularly at forward angles. Furthermore, it appears that
the (spurious) excess strength in the PWIA cross sections
(in the same forward-angle kinematics) matches the in-

crease produced by two-body currents in the GFMC cal-
culations (difference between the GFMC 1b and GFMC
12b curves). This should be viewed as accidental.

Second, the PWIA and PWIA-R cross sections are
very close to each other, except in the ν case at back-
ward angles. In this kinematical regime there are large
cancelations between the dominant terms proportional
to the transverse and interference response functions; in-
deed, as θµ changes from 0◦ to about 90◦, the ν cross
section drops by an order of magnitude. As already
noted, these cancellations are also observed in the com-
plete (GFMC 12b) calculation, and lead to the rather
broad uncertainty bands in Fig. 5. Aside from this qual-
ification, however, the closeness between the PWIA and
PWIA-R results provides corroboration for the validity
of the rescaling procedure of the electroweak form fac-
tors, needed to carry out the GFMC computation of the
Euclidean response functions.
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FIG. 6. T2K flux-folded double differential cross sections per target neutron for νµ-CCQE scattering on 12C, displayed as a
function of the muon momentum pµ for different ranges of cos θµ. The experimental data and their shape uncertainties are
from Ref. [48]. Calculated cross sections are obtained with ΛA =1.0 GeV.

vector form factors in agreement with experimental data
which are of course quite accurate. These calculations
suggest a larger value of ΛA may be appropriate. We
investigate the implications of this finding by presenting
in Fig. 7 the flux-folded cross sections (for MiniBooNE
and selected bins in cos θµ), obtained by replacing in the
dipole parametrization the cutoff ΛA ≈ 1 GeV with the
value Λ̃A ≈ 1.15 GeV. As expected, this leads generally
to an increase of the GFMC predictions over the whole
kinematical range. Since the dominant terms in the cross
section proportional to the transverse and interference re-
sponse functions tend to cancel for νµ, the magnitude of
the increase turns out to be more pronounced for νµ than
for νµ—as a matter of fact, the νµ cross sections are re-
duced at backward angles (0.1 ≤ cos θµ ≤ 0.2). Overall,
it appears that the harder cutoff implied by the LQCD
calculation of GA(Q2) improves the accord of theory with
experiment, marginally for νµ and more substantially for
νµ. In view of the large errors and large normalization un-
certainties of the MiniBooNE and T2K data, however, we

caution the reader from drawing too definite conclusions
from the present analysis. Indeed more precise nucleon
form factors can be obtained through further lattice QCD
calculations or experiments on the nucleon and deuteron,
respectively.

Of course, many challenges remain ahead, to mention
just three: the inclusion of relativity and pion-production
mechanisms, and the treatment of heavier nuclei (no-
tably 40Ar). While some of these issues, for example the
implementation of relativistic dynamics via a relativistic
Hamiltonian along the lines of Ref. [71], could conceiv-
ably be incorporated in the present GFMC approach, it
is out of the question that such an approach could be uti-
lized to describe the ∆-resonance region of the cross sec-
tion or, even more remotely, extended to nuclei with mass
number much larger than 12, at least for the foreseeable
future. In fact, it maybe unnecessary, as more approxi-
mate methods exist to deal effectively with some of these
challenges, including factorization approaches based on
one- and two-nucleon spectral functions [28, 72] or on

T2K

MEC 
enhancement

A. Lovato, NR et al , Phys. Rev. X. 10 (2020) 3, 031068
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FIG. 5. T2K flux folded GFMC results, nonrelativistic (nr), and in the ANB, both including one- and two-body current
contributions. The black data points are from Ref. [39], while the data from the analysis reported in Ref. [40] is shown by the
gray data points.

overall 10% normalization error which is not taken into
account in the error-bars.

The e↵ect of the relativistic corrections implemented
through the ANB response is a reduction of the peak
strength with a redistribution towards larger values of
Tµ. It is interesting to note that the calculations tend to
saturate the data at small Tµ, while leaving space at large
Tµ, as has been previously pointed out in Refs. [25, 35].
The present calculations use a dipole parametrization of
the axial form factor with a cut-o↵ MA = 1 ⇠ GeV.
However, recent Lattice-QCD calculations suggest a sig-
nificantly larger axial form factor at Q2 = q2 � !2 ⇠ 1
GeV2 [52–54]. Including an axial form factors consistent
with these Lattice-QCD results in GFMC and spectral-
function calculations [55] increases the inclusive cross
sections at high-Tµ, compared to a dipole with MA =
1 ⇠ GeV. This enhancement is consistent with earlier
works [32] based on simplified models of nuclear dynam-
ics. On the other hand, a number of neutrino event gener-
ators that use a dipole form with MA ⇡ 1 ⇠ GeV provide
a reasonable description of the MiniBooNE data, once the
model-dependent background is added [41]. Notably, in
this latter comparison, the data points seem to be shifted

to smaller Tµ.
The relativistic corrections computed in this work

are critical to perform meaningful comparisons between
GFMC calculations and MiniBooNE data [25]. In partic-
ular, including relativistic e↵ects is critical to test di↵er-
ent parameterizations of the axial form factor. However,
the uncertainties in the MiniBooNE analysis hamper a
firm conclusions in a theory-data comparison. In view
of the statistical significance of the MiniBooNE dataset,
the unresolved tensions with other experiments, and the
possible importance for informing modeling in the SBN
program at Fermilab, a reanalysis of the MiniBooNE
dataset(s) would be immensely beneficial [41].

B. T2K

Fig. 5 displays our results for the T2K experiment
using the flux tabulated in Ref. [56]. The GFMC cal-
culations again include one and two-body terms in the
charged-current operator. The two sets of data corre-
spond to the original analysis of Ref. [40] and the more
recent one reported in Ref. [39]. As expected, the dif-

T2K results including relativistic corrections A.Nikolakopoulos, A.Lovato, NR, arXiv:2304.11772
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FIG. 4. Flux averaged double di↵erential cross section for MiniBooNE. The nonrelativistic GFMC results (nr) are compared
to the results obtained in the ANB. They both include one- and two-body current contributions. The open circles are the cross
section to which the background reported in Ref. [32] is added.

applying the two-fragment model in the LAB frame in
the limit of large A, i.e. using the kinetic energy derived
from the relativistic momentum as discussed above.

IV. FLUX-AVERAGED CROSS SECTIONS

We compute the CC inclusive cross sections for di↵er-
ent kinematic setups, relevant for the MiniBooNE [22],
T2K [23], and MINER⌫A [24] experiments. Their in-
coming neutrino fluxes are characterized by average en-
ergies ranging from 700 MeV for T2K up to 6 GeV of the
medium-energy NuMI beam in MINER⌫A. Therefore,
the cross section receives contributions from the high mo-
mentum region of the phase space, where a proper treat-
ment of relativistic e↵ects become relevant. We account
for the latter by evaluating the GFMC electroweak re-
sponses in the ANB frame and boosting them back to
the LAB fram. As argued above, since the ANB frame
minimizes relativistic e↵ects, we find that applying the
two-fragment model brings about minimal di↵erences.

A. MiniBooNE

Our theoretical calculations for the flux averaged dou-
ble di↵erential cross section for the MiniBooNE kinemat-
ics are shown in Fig. 4. Both the nonrelativistic and
ANB results include one- and two-body current contri-
butions. The black squares correspond to the ‘CCQE-
like’ data reported in Ref. [32], whose extraction from
experimental measurements entails some model depen-
dence [41]. In particular, an irreducible ’non-CCQE’
background, mainly consisting of the production of a sin-
gle ⇡+ which is either absorbed or remains otherwise un-
detected [8, 42, 43], is estimated using the NUANCE
generator [44], and subtracted from the data. This
background is partly constrained by their own measure-
ment [45], but inconsistencies in the description of the
MiniBooNE ⇡+ production data and data from T2K [46]
and MINER⌫A [47] have been pointed out [41, 48–50].
Hence, to better gauge the uncertainties associated with
this procedure, it is best practice to add this background
back to the data points; we show the resulting distribu-
tion in Fig. 4 as empty circles. Finally, one should keep
in mind that the MiniBooNE collaboration reports an

A.Nikolakopoulos, A.Lovato, NR, arXiv:2304.11772
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Electron scattering results including relativistic corrections for some kinematics covered by the 
calculated responses
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Unprecedented accuracy in the 
determination of neutrino-argon cross 
section  is required to achieve design 
sensitivity to CP violation at DUNE 

More than 60% of the interactions at 
DUNE are non-quasielastic
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 For sufficiently large values of |q|, the factorization scheme can be applied under the assumptions

 The nuclear cross section is given in terms of the one 
describing the interaction with individual bound 
nucleons 

J↵ =
X

i

ji↵

 The intrinsic properties of the nucleus are 
described by the Spectral Function➝ EFT 
and nuclear many-body methods

| f i ! |pi ⌦ | f iA�1

d�A =

Z
dEd3k d�NP (k, E)

| 0i | f iA�1

|pi

O. Benhar et al, Rev.Mod.Phys. 80 (2008)
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Figure 1: VMC mean-field and full momentum distributions of 4He.
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3
k

(2⇡)3
Pn(k, E) =

Z
d
3
k

(2⇡)3
nn(k) = A� Z , (4)

where Z is the number of protons and A is the number of nucleons of a given
nucleus. This normalization is consistent with the one of the variational
Monte Carlo (VMC) single-nucleon momentum distribution reported in [2].

Spectral function of
4
He

For clarity, let us deal with the proton spectral function first. The single-
nucleon (mean-field) contribution P

MF

p (k, E) corresponds to identifying | A�1

n i
with | 3

H

0
i, the ground-state of 3H

P
MF

p (k, E) = n
MF

p (k)�
⇣
E � B4He +B3H � k

2

2m3H

⌘
. (5)

where B4He ' 28.30 MeV and B3H ' 8.48 MeV are the binding energies of
4He and 3H, respectively and m3H is the mass of the recoiling nucleus. In the
above equation we introduced the mean-field proton momentum distribution

n
MF

p (k) = |h 4
He

0
|[|ki ⌦ | 3

H

0
i]|2 , (6)

in which h 4
He

0
|[|ki ⌦ | 3

H

0
i is the Fourier transform of the single-nucleon

radial overlap that can be computed within both VMC and Green’s function
Monte Carlo (GFMC) [3].

2

PMF

p (k, E) = nMF

p (k)�
⇣
E �B4He +B3H � k2

2m3H

⌘

|h 
4
He

0
|[|ki ⌦ | 

3
H

0
i]|2

• The single-nucleon overlap has been computed 
within VMC ( center of mass motion fully 
accounted for)0 2 4 6 8 100.0
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4He(0+) -> 3H(1/2
+)+p - AV18+UX

SF s1/2 = 1.62

Pp,n(k, E) =
X

n

���h A
0 |
⇥
|ki| A�1

n i
⇤���

2

⇥ �(E + EA
0 � EA�1

n )

=PMF (k, E) + P corr(k, E)

• Single-nucleon spectral function:
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P corr
p (k, E) =

X

n

Z
d3k0

(2⇡)3
|h A

0 |[|ki |k0i | A�2
n i]|2�(E + EA

0 � e(k0)� EA�2
n )

��Ј
��φ
��ϵ
��ϯ
��Κ
��Θ
��ϩ

� ��� � ��� � ��� � ��� �

ԝ ։	Ԡ~ Ԇ
����
U

7K
ϯ V

Ԡ U7K�V

ԝ։	Ԡ ~Ԇ
ԝ։	Ԡ ~Ԇ
	ԡքօ � ���
ԝ։	Ԡ ~Ԇ
	ԡքօ � ���
ԝ։	Ԡ ~Ԇ	ԡքօ � ���


 Only SRC pairs should be considered:              and                       be orthogonalized | 

3
H

0 i |k0i| A�2
n i

 We introduce cuts on the 
relative distance between the 
particles in the two-body 
momentum distribution 

X

⌧k0=p,n

np,⌧k0 (k,k
0)�

⇣
E �B4He � e(k0) +BA�2 �

(k+ k0)2

2mA�2

⌘

QMC Spectral function of nuclei with A=3,4
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• The p-shell contribution has been obtained 
by FT the radial overlaps:

12C(0+) !11 B(3/2�) + p
12C(0+) !11 B(1/2�) + p
12C(0+) !11 B(3/2�)⇤ + p .

• The quenching of the spectroscopic factors automatically emerges from the VMC calculations

17

Extended Data Fig. 8. | Radiative and coulomb corrections. The combined radiative and Coulomb corrections,
RCA/d(xB), for (e, e

0p) events for nucleus A relative to the deuteron for (a) carbon, (b) aluminum, (c) iron, and (d) lead. The
points show the correction factors and the error bars show the 1� or 68% confidence limits.

Extended Data Fig. 9. | Calculated nucleon momentum distributions in
12
C. The filled blue circles represent the

total momentum distribution n(k) of 12C computed within the VMC method. The solid orange line shows the sum of the p-wave
overlaps between the 12C and 11B+p VMC wave functions. The momentum distributions obtained by adding to the p-wave
overlaps the di↵erent prescription for the s-wave contribution are displayed by the green dashed line (harmonic oscillator),
dotted red line (Wood-Saxon) and dash-dotted purple line (s-wave overlaps between 4He and the 3H+p VMC wave functions).

Computing the s-shell contribution is non trivial 
within VMC. We explored different alternatives:

• Quenched Harmonic Oscillator

• Quenched Wood Saxon 

• VMC overlap associated for the 
  transition

4
He(0

+
) ! 3

H(1/2+) + p

R. Crespo, et al, Phys.Lett.B 803 (2020) 135355

Korover, et al, CLAS collaboration submitted (2021)
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|fi ! |pp0ia ⌦ |fA�2i

Wµ⌫
2b (q,!) /

Z
dE

d3k

(2⇡)3
d3k0

(2⇡)3
d3p

(2⇡)3
Ph(k,k

0, E)2
X

ij

hk k0|jµij
†|p p0ia

⇥ hp p0|j⌫ij |k k0i�(! � E + 2mN � e(p)� e(p0)) .

The hadronic tensor for two-body current processes reads

5

k k
0

p
0p

p�

q

k
0
⇡

p
0p

k
0
⇡q

p�

k k
0

(a) (b)

FIG. 1. Feynman diagrams describing of the first two contri-
butions to the two-body currents associated with�-excitation
processes. Solid, thick green, and dashed lines correspond to
nucleons, deltas, pions, respectively. The wavy line represents
the vector boson.

⇥ F⇡NN (k0
⇡
)F⇡N�(k0

⇡
)(jµ

b
)(1)

#
⇧(k0

⇡
)(2) + (1 $ 2)

)

(16)

where k
0 and p

0 are the initial and final momentum of
the second nucleon, respectively, while k

0
⇡

= p
0
� k

0 is
the momentum of the ⇡ exchanged in the two depicted
diagrams of Fig. 1, f

⇤=2.14, and

⇧(k⇡) =
�5/k⇡

k2
⇡
� m2

⇡

, (17)

F⇡N�(k⇡) =
⇤2

⇡N�

⇤2
⇡N� � k2

⇡

, (18)

F⇡NN (k⇡) =
⇤2

⇡
� m

2
⇡

⇤2
⇡
� k2

⇡

, (19)

with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
In Eq. (16), j

µ

a
and j

µ

b
denote the N ! � transition

vertices of diagram (a) and (b) of Fig. 1, respectively.
The expression of j

µ

a
is given by

j
µ

a
= (jµ

a
)V + (jµ

a
)A ,

(jµ

a
)V = (k0

⇡
)↵

G↵�(p�)
h

C
V

3

mN

⇣
g

�µ
/q � q

�
�

µ

⌘

+
C

V

4

m
2
N

⇣
g

�µ
q · p� � q

�
p

µ

�

⌘

+
C

V

5

m
2
N

⇣
g

�µ
q · k � q

�
k

µ + C
V

6 g
�µ

⌘i
�5 ,

(jµ

a
)A = (k0

⇡
)↵

G↵�(p�)
h

C
A

3

mN

⇣
g

�µ
/q � q

�
�

µ

⌘

+
C

A

4

m
2
N

⇣
g

�µ
q · p� � q

�
p

µ

�

⌘

+ C
A

5 g
�µ +

C
A

6

m
2
N

q
µ
q

↵

i
, (20)

where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
V

)2
1

1 � q2/(4M
2
V

)
, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
⇥

1

1 � q2/(3MA�)2)
, (22)

with MA� = 1.05 GeV.
The Rarita-Schwinger propagator

G
↵�(p�) =

P
↵�(p�)

p
2
� � M

2
�

, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2

12⇡m2
⇡

|d|3
p

s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
p

m
2
N

+ d2 is the associated energy. The ad-
ditional factor

R(r2) =

✓
⇤2

R

⇤2
R
� r2

◆
, (26)

depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
m2

⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)

Diagrams including the Delta current depend on 
many parameters. Axial and vector ff: C3V, C5A
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FIG. 1. Feynman diagrams describing of the first two contri-
butions to the two-body currents associated with�-excitation
processes. Solid, thick green, and dashed lines correspond to
nucleons, deltas, pions, respectively. The wavy line represents
the vector boson.

⇥ F⇡NN (k0
⇡
)F⇡N�(k0

⇡
)(jµ

b
)(1)

#
⇧(k0

⇡
)(2) + (1 $ 2)

)

(16)

where k
0 and p

0 are the initial and final momentum of
the second nucleon, respectively, while k

0
⇡

= p
0
� k

0 is
the momentum of the ⇡ exchanged in the two depicted
diagrams of Fig. 1, f

⇤=2.14, and
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, (19)

with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
In Eq. (16), j

µ

a
and j

µ

b
denote the N ! � transition

vertices of diagram (a) and (b) of Fig. 1, respectively.
The expression of j
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is given by
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
V

)2
1

1 � q2/(4M
2
V

)
, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
⇥

1

1 � q2/(3MA�)2)
, (22)

with MA� = 1.05 GeV.
The Rarita-Schwinger propagator

G
↵�(p�) =

P
↵�(p�)

p
2
� � M

2
�

, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2

12⇡m2
⇡

|d|3
p

s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
p

m
2
N

+ d2 is the associated energy. The ad-
ditional factor

R(r2) =
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, (26)

depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
m2

⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)

Delta decay width:
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FIG. 1. Feynman diagrams describing of the first two contri-
butions to the two-body currents associated with�-excitation
processes. Solid, thick green, and dashed lines correspond to
nucleons, deltas, pions, respectively. The wavy line represents
the vector boson.
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where k
0 and p

0 are the initial and final momentum of
the second nucleon, respectively, while k

0
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0
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0 is
the momentum of the ⇡ exchanged in the two depicted
diagrams of Fig. 1, f
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with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
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The expression of j
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
V

)2
1

1 � q2/(4M
2
V

)
, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
⇥

1

1 � q2/(3MA�)2)
, (22)

with MA� = 1.05 GeV.
The Rarita-Schwinger propagator

G
↵�(p�) =

P
↵�(p�)

p
2
� � M

2
�

, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2

12⇡m2
⇡

|d|3
p

s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
p

m
2
N

+ d2 is the associated energy. The ad-
ditional factor

R(r2) =

✓
⇤2

R

⇤2
R
� r2

◆
, (26)

depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
m2

⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)
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• Production of real π in the final state

|fi ! |p⇡pi ⌦ |fA�1i

Wµ⌫
1b1⇡(q,!) /

Z
d3k

(2⇡)3
dEPh(k, E)

d3p⇡
(2⇡)3

X

i

hk|jµi
†|p⇡pihp⇡p|j⌫i |ki

⇥ �(! � E +mN � e(p)� e⇡(p⇡))

Pion production elementary amplitudes derived within the extremely sophisticated Dynamic Couple 
Chanel approach; includes meson baryon channel and nucleon resonances up to W=2 GeV


The hadronic tensor for two-body current processes reads

✐ S.X.Nakamura et al, PRD 92, 074024 (2015)

✐ H. Kamano et al, PRC 88, 035209 (2013)

✐ NR, et al, PRC100 (2019) no.4, 045503 

• The diagrams considered resonant and non resonant π production

+

�

⇡ ⇡
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Spectral function formalism: unified framework able 
to describe the different reaction mechanisms 
retaining an accurate treatment of nuclear dynamics
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Rocco Ab initio calculations of lepton-nucleus scattering

Figure 8. Left panel: Inclusive 12C(e,e’) cross sections at 620 MeV and 36� scattering angle. The red and
blue curves correspond to the CBF and SCGF SF calculations, respectively. The dashed lines correspond
to the IA calculation in which the outgoing nucleon is free while in the solid ones FSI corrections have
been taken into account. Right panel: inclusive Ar(e,e’) cross section at 2.2 GeV and 15.5� scattering angle.
The solid (dashed) line shows the quasielastic cross section without (with) the inclusion of FSI obtained
utilizing the SCGF spectral function calculations. Experimental data are taken from Ref. [100, 101] and
show both the quasielastic peak and the contribution from meson production at larger missing energies.

range ~⌦ = 14 � 20 MeV–which from the analysis of Ref. [98] turns out to be the optimal one for the
convergence of radii and energies– and taking the differences between the results. The authors of Ref. [97]
interpreted this band as a conservative estimate for the theoretical errors due to model space convergence.
The right panel of Fig. 7 displays the computed hole (particle) P h(p)

s (p, E) spectral function for neutron
removal (addition) from 40Ar.

The dominant peaks at small values of E carry information on the momentum distribution of nucleons
occupying the valence ‘orbits’ near the Fermi surface, in analogy with P h

MF
(k, E) introduced in the

discussion of the CBF results. In the high momentum and removal energy region, which is typically
associated with short range correlation physics, the SCGF spectral function presents a mild tail (not
shown in Fig. 7). In this regards, it has to be noted that the CBF spectral function relies on the semi-
phenomenological AV18 Hamiltonian, which naturally encompass short-range correlations. On the other
hand, the NNLOsat interaction is a relatively soft interaction, with a cutoff of 450⇠MeV which still
predicts the presence of larger momentum components but are clearly weaker than the ones obtained using
AV18 [99].

5.2 Results

In this Section we present different scattering results obtained using the CBF and SCGF spectral function.
In the left panel of Fig. 8 we gauge the differences between the two spectral functions comparing with
the double-differential cross section of electron-12C scattering for Ee = 620 MeV and ✓e = 36

�. In the
theoretical results we focused on the quasielastic region, only including the one-body current operator of
Eq. (17). The dashed and solid curve correspond to the CBF and SCGF SFs, the blue and red lines have
been obtained with and without including FSI effects. Calculations carried out employing the two different
many-body approaches are in remarkably good agreement, although they are obtained from different,
albeit realistic, input hamiltonians. FSI effects have been introduced following the procedure discussed in
Eq. (60). The overall effect is a shift in the position of the quasielastic peak to the left and a redistribution of
the strength which leads to a correct reproduction of the experimental data. The right panel of Fig. 8 shows
the inclusive electron scattering on 40Ar at the energy and kinematics of the E12-14-012 JLab experiment
compared with the SCGF results with and without FSI displayed by the dot-dashed blue and solid red

Frontiers 23

Contributions missing: interference 
effects, 2π emission, DIS

Cross sections e-: Spectral function approach 

NR, Frontiers in Phys. 8 (2020) 116 

• Good agreement with electron scattering data 
when all reaction mechanisms are included

mailto:nrocco@fnal.gov


Noemi Rocco, nrocco@fnal.gov

Comparing different many-body methods

25

• e -3H: inclusive cross section

• Comparisons among QMC, SF, and STA approaches: first step to precisely quantify the 
uncertainties inherent to the factorization of the final state. 

• Gauge the role of relativistic effects in the energy region relevant for neutrino experiments. 
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FIG. 5: Inclusive double-di↵erential cross sections for electron scattering on 3H.
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MiniBooNE 0.2 < cos ✓µ < 0.3 0.5 < cos ✓µ < 0.6 0.8 < cos ✓µ < 0.9
GFMC/SF di↵erence in d�peak (%) 22.8 20.3 5.6

T2K 0.0 < cos ✓µ < 0.6 0.80 < cos ✓µ < 0.85 0.94 < cos ✓µ < 0.98
GFMC/SF di↵erence in d�peak (%) 13.4 7.3 10.0

TABLE I. Di↵erence in value of d�(E⌫)
dTµd cos ✓µ

at the quasielastic peak computed using GFMC and SF methods for MiniBooNE

and T2K flux-averaged double-di↵erential cross sections.

FIG. 4. Breakdown into one- and two-body current contributions of the ⌫µ flux-averaged di↵erential cross sections for Mini-
BooNE: 1b and 2b denotes one- and two-body current contributions while 12b denotes the total sum of these contributions.
The top panel shows Spectral Function predictions in three bins of cos ✓µ with the one-body contributions in orange, two-body
contributions in red, and the total in blue. The lower panel shows GFMC predictions with the same breakdown between one-
and two-body current contributions, although the two-body results include interference e↵ects only in the GFMC case. The
D2 Meyer et al. z expansion results for FA are used in both cases [65].

122] and pioneering LQCD calculations [118, 123], and
⇤R, which is a parameter that renormalizes the self en-
ergy of the �. These parameters have been chosen be-
cause they a↵ect the � piece of the two-body current,
which we have seen provides the largest contribution, as
well as because they are highly unconstrained.

contributions to neutrino-nucleus cross sections from C6 are sup-
pressed by lepton masses and therefore sub-dominant. A relation
between C6 and C5 analogous to Eq. (8) is also predicted by lead-
ing order chiral perturbation theory. See Refs. [85, 119] for more
details.

Each parameter was varied by ±5, 10% and the e↵ect
on the flux-averaged cross section at the peak of the two-
body contribution was computed. The e↵ect can be seen
in Fig. 6 where we have plotted the percent change in
the MiniBooNE cross section versus the percent change
in each parameter for 0.5 < cos ✓µ < 0.6, Tµ = 325 MeV.
This was fit to a line so that as in Sec. IIIA the ex-
tracted slope is an estimate of the derivative of the cross
section with respect to each parameter. The derivative
with respect to C

A

5 (0) is estimated to be 0.31, mean-
ing that achieving a given cross-section uncertainty re-
quires C

A

5 (0) to be known with . 3 times that uncer-
tainty. A similar though slightly smaller slope of 0.29 is

MiniBooNE results; breakdown into one- and two-body contributions for the SF and GFMC
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Each parameter was varied by ±5, 10% and the e↵ect
on the flux-averaged cross section at the peak of the two-
body contribution was computed. The e↵ect can be seen
in Fig. 6 where we have plotted the percent change in
the MiniBooNE cross section versus the percent change
in each parameter for 0.5 < cos ✓µ < 0.6, Tµ = 325 MeV.
This was fit to a line so that as in Sec. IIIA the ex-
tracted slope is an estimate of the derivative of the cross
section with respect to each parameter. The derivative
with respect to C
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ing that achieving a given cross-section uncertainty re-
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5 (0) to be known with . 3 times that uncer-
tainty. A similar though slightly smaller slope of 0.29 is
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FIG. 5. Breakdown into one- and two-body current contributions of the ⌫µ flux-averaged di↵erential cross sections for T2K.
The color code is as in Fig. 4.

FIG. 6. Percent change in the value of the MiniBooNE flux-averaged cross section for 0.5 < cos ✓µ < 0.6 vs. percent change in
two parameters describing � resonance production and decay entering calculations of two-body current (MEC) e↵ects: CA

5 (Q2)
is the dominant N ! � transition form factor, and ⇤R renormalizes the self energy of the � as described in Sec. II B.

found for ⇤R. Current extractions of C5(0) rely on single
pion production data from deuterium bubble chamber
experiments [10–12], and due to limited statistics model
assumptions on the relations between N ! � transition
form factors are typically included to reduce the number

of fit parameters. Depending on the model assumptions
used, the resulting uncertainty on C5(0) is estimated
to be 10-15% in the analysis of Ref. [122], with similar
though slightly less conservative uncertainties estimated
in Refs. [85, 121]. Note that all of these analysis assume a
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Each parameter was varied by ±5, 10% and the e↵ect
on the flux-averaged cross section at the peak of the two-
body contribution was computed. The e↵ect can be seen
in Fig. 6 where we have plotted the percent change in
the MiniBooNE cross section versus the percent change
in each parameter for 0.5 < cos ✓µ < 0.6, Tµ = 325 MeV.
This was fit to a line so that as in Sec. IIIA the ex-
tracted slope is an estimate of the derivative of the cross
section with respect to each parameter. The derivative
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Refs. [126,127] also find that the transverse enhancement observed in electron scattering is 411

primarily due to the constructive interference between one- and two-body currents, leading 412

to single-nucleon knockout final states. 413

Recently [34], relativistic corrections to GFMC calculations for flux-averaged neutrino 414

cross sections has been determined using the method described in Sec. 3.1.1. The influence 415

on T2K results shown in Fig. 7, is small and generally falls within the uncertainty bands due 416

to the axial form factor. For MiniBooNE kinematics, relativistic effects are non-negligible, 417

they tend to bring the GFMC results in closer agreement with the spectral function results 418

of Ref. [37]. For MINERnA data [38] taken with the medium-energy NuMI beam, which 419

peaks at around 6 GeV [128], relativistic corrections are crucial. The GFMC one-body results 420

for MINERnA kinematics are found to compare favourably to other approaches that are 421

either manifestly relativistic [129] or include relativistic corrections [13,130–132], as shown 422

in Ref. [34]. We compare the GFMC results to the SF calculations including both the one- 423

and two-body contributions in Fig. 8. 424

The charged-current flux-averaged cross section is presented in terms of muon mo- 425

mentum parallel and perpendicular to the beam direction 426

pk = |pµ| cos qµ, (54)

and 427

p? = |pµ| sin qµ =
q

p2
µ � p2

k
, (55)

respectively. 428

Relativistic corrections are included in the GFMC results by performing the calculation 429

in the active-nucleon Breit frame (ANB) as discussed in Sec. 3.1.1 The agreement between 430

the one-body contribution in the GFMC and SF approaches is evident when the former are 431

computed in the ANB. 432

The total increase of the cross section due to two-body contributions is twice as large 433

in the SF calculations compared to the GFMC. This difference can be attributed to the same 434

motivations discussed above. 435

Figure 8. Comparison with MINERvA Medium Energy CCQE-like data on CH. Cross section per
nucleon is measured double differential against pT (momentum transervse to beam direction) in
bins of p|| (momentum parallel to beam direction). Top panels show QMC SF prediction broken
down into one-body (red) and one+two-body (blue) in different bins of p||. Bottom panels show
GFMC predictions again broken down into one- and one+two-body results, with response functions
computer in the LAB frame (dashed lines) and ANB frame (solid lines).

N. Steinberg, A. Nikolakopoulos, A. Lovato, NR, submitted to Universe
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The first steps towards getting few-% cross-section uncertainties are understanding what input 
parameters we will need and what precision we will need them at. 

There is no EFT that coverages over all of DUNE kinematics 

Lattice QCD can provide inputs to be included in EFTs and nuclear many-body methods

Getting to “Known Unknowns”

10

νA

The first steps towards getting few-% cross-section uncertainties are understanding what 
input parameters we will need and what precision we will need them at.

Nucleon form 
factors

Resonance 
production

Two-body 
currents

Quark and gluon 
PDFs

• There is no EFT that coverages over all of DUNE kinematics 

• We need data-driven nuclear models exploiting the generic hierarchy 
N-nucleon effects >> (N+1)-nucleon effects

• We need several few-nucleon observables (at …% precision) as inputs to 
anchor these models in experimental data + Standard Model theory

Courtesy of M. Wagman
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FIG. 2. The nucleon axial form factor FA(Q
2) determined us-

ing fits to neutrino-deuteron scattering data using the model-
independent z expansion from Ref. [65] (D2 Meyer et al.)
are shown as a blue band in the top panel. LQCD results
are shown for comparison from Ref. [30] (LQCD Bali et al.,
green), Ref. [34] (LQCD Park et al., red) and Ref. [35] (LQCD
Djukanovic et al., purple). Bands show combined statistical
and systematic uncertainties in all cases, see the main text
for more details. A dipole parameterization with MA = 1.0
GeV and a 1.4% uncertainty [107] is also shown for compari-
son (black). The lower panel shows the absolute value of the
di↵erence between D2 Meyer et al. and LQCD Bali et al.
results divided by their uncertainties added in quadrature,
denoted �FA/�; very similar results are obtained using the
other LQCD results.

factor results determined from experimental neutrino-
deuteron scattering data in Ref. [65]. Fits were performed
using results with Q

2
 1 GeV2 in Refs. [30, 34, 65] and

with Q
2
 0.7 GeV2 in Ref. [35] with the parameteri-

zation provided by the z expansion used to extrapolate
form factor results to larger Q

2. Clear agreement be-
tween di↵erent LQCD calculations can be seen. However,
the LQCD axial form factor results are 2-3� larger than
the results of Ref. [65] for Q

2 & 0.3 GeV2. The e↵ects of
this form factor tension on neutrino-nucleus cross section
predictions is studied using nuclear many-body calcula-
tions with the GFMC and SF methods in Sec. IV below.
The LQCD results of Refs. [30, 34] lead to nearly in-
distinguishable cross-section results that will be denoted
“LQCD Bali et al./Park et al.” or “LQCD” below and
used for comparison with the deuterium bubble-chamber
analysis of Ref. [65], denoted “D2 Meyer et al.” or “D2”
below.

IV. FLUX-AVERAGED CROSS SECTION
RESULTS

To evaluate both the nuclear model and nucleon axial
form factor dependence of neutrino-nucleus cross-section
predictions and their agreement with data, the GFMC
and spectral function methods are used to predict flux-
averaged cross sections that can be compared with data
from the T2K and MiniBooNE experiments. The Mini-
BooNE data for this comparison is a double di↵eren-
tial CCQE measurement where the main CC1⇡+ back-
ground has been subtracted using a tuned model [13],
and the T2K data is a double di↵erential CC0⇡ measure-
ment [114]. Muon neutrino flux-averaged cross sections
were calculated from

d�

dTµd cos ✓µ

=

Z
dE⌫�(E⌫)

d�(E⌫)

dTµd cos ✓µ

, (43)

where �(E⌫) are the normalized ⌫µ fluxes from Mini-
BooNE and T2K. Details on the neutrino fluxes for
each experiment can be found in the references above.

d�(E⌫)
dTµd cos ✓µ

are the corresponding inclusive cross sections

computed using the GFMC and SF methods as described
in Sec. II.

The fractional contribution of the axial form factor
to the one-body piece of the MiniBooNE flux-averaged
cross section is determined by including only pure axial
and axial-vector interference terms in the cross section
and shown in Fig. 3. These pure axial and axial-vector
interference terms account for half or more of the to-
tal one-body cross section for most Tµ and cos ✓µ, which
emphasizes the need for an accurate determination of the
nucleon axial form factor.

Figures 4 and 5 show the GFMC and SF predictions for
MiniBooNE and T2K, respectively, including the break-
down into one-body and two-body contributions. For
these comparisons we use the D2 Meyer et al. z expan-
sion for FA. Two features of the calculations should be
noted before discussing the results of these comparisons.
First, the uncertainty bands in the SF come only from the
axial form factor, while the GFMC error bands include
axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.
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averaged cross sections that can be compared with data
from the T2K and MiniBooNE experiments. The Mini-
BooNE data for this comparison is a double di↵eren-
tial CCQE measurement where the main CC1⇡+ back-
ground has been subtracted using a tuned model [13],
and the T2K data is a double di↵erential CC0⇡ measure-
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computed using the GFMC and SF methods as described
in Sec. II.

The fractional contribution of the axial form factor
to the one-body piece of the MiniBooNE flux-averaged
cross section is determined by including only pure axial
and axial-vector interference terms in the cross section
and shown in Fig. 3. These pure axial and axial-vector
interference terms account for half or more of the to-
tal one-body cross section for most Tµ and cos ✓µ, which
emphasizes the need for an accurate determination of the
nucleon axial form factor.

Figures 4 and 5 show the GFMC and SF predictions for
MiniBooNE and T2K, respectively, including the break-
down into one-body and two-body contributions. For
these comparisons we use the D2 Meyer et al. z expan-
sion for FA. Two features of the calculations should be
noted before discussing the results of these comparisons.
First, the uncertainty bands in the SF come only from the
axial form factor, while the GFMC error bands include
axial form factor uncertainties as well as a combination
of GFMC statistical errors and uncertainties associated
with the maximum-entropy inversion. Secondly, the axial
form factor enters into the SF only in the one-body term,
in contrast to the GFMC prediction where it enters into
both the one-body and one and two-body interference
term.

Below in Table I we quantify the di↵erences between
GFMC and SF predictions for both MiniBooNE and
T2K. The percent di↵erence in the di↵erential cross sec-
tions at each model’s peak are shown. The GFMC predic-
tions are up to 20% larger in backwards angle regions for
MiniBooNE and 13% larger for T2K in the same back-
ward region. The agreement between GFMC and SF
predictions is better at more forward angles but a 5-10%
di↵erence persists.

D2 Meyer et al: fits to neutrino-deuteron scattering data

LQCD result: general agreement between the different calculations

LQCD results are 2-3σ larger than D2 Meyer ones for Q2 > 0.3 GeV2

Different parametrization of the axial form factor:

7

is in contrast with the nucleon vector form factors in
Eq. (12), which can be precisely determined using high-
statistics electron scattering experiments [101–105]. Cur-
rent experimental constraints on nucleon axial form fac-
tors come from beta decay measurements, neutrino scat-
tering on nuclear targets, and pion electroproduction [4–
8, 10–12, 64, 65]. These give weak constraints on FA

in comparison to the vector form factors, as beta decay
is only sensitive the absolute normalization gA = FA(0)
and neutrino scattering and pion electroproduction ex-
periments are limited by both statistics and nuclear mod-
eling uncertainties.

As LQCD calculations of nucleon form factors ma-
ture [27, 28, 30–35], it becomes increasingly important to
quantify the level of axial form factor precision required
to achieve a given level of neutrino-nucleus cross-section
accuracy. This is challenging because axial form factor
e↵ects on flux-averaged neutrino-nucleus cross sections
can be di�cult to disentangle from nuclear e↵ects such
as two-body currents, as evident for example in the dif-
ferences between theoretical descriptions of MiniBooNE
data with either an unexpectedly slow fallo↵ of the ax-
ial form factor with increasing momentum transfer [13]
or with larger than anticipated contributions from two-
body current e↵ects [15–21]. This ambiguity between
one- and two-body current e↵ects on flux-averaged cross
sections makes it essential to quantify the role of the nu-
cleon axial form factor in neutrino-nucleus cross-section
calculations using nuclear e↵ective theories that provide
a consistent theoretical decomposition between one- and
two-body current contributions. The remainder of this
section discusses how to quantify nucleon axial form fac-
tor e↵ects on neutrino-nucleus cross-section calculations
based on the model-independent z expansion and how to
estimate nucleon axial form faction precision needs us-
ing the GFMC and spectral function methods discussed
above.

A. Parametrization

Historically a dipole parametrization has often been
used for the axial form factor

FA(Q2) =
gA

(1 + Q2/M2
A
)2

, (33)

where gA = 1.2723(23) has been measured from neutron
beta decay [106], and MA = 1.014 ± 0.014 GeV [107].
However, this one-parameter form is not expressive
enough to describe the shape of the axial form factor pre-
dicted by QCD. It has been demonstrated in Refs. [64, 65]
that assuming that the dipole parameterization is valid
when fitting to experimental results can lead to form fac-
tor fits with uncertainties that are underestimated by a
factor of ⇠ 5 in comparison to those determined using
fits based o↵ a model-independent z expansion.

Axial form factors in QCD are analytic functions of
Q

2 for Q
2 = �t > �tc, where tc is the location of the

t-channel cut, which enables an analytic function z(Q2)
to be defined as [62–64]

z(Q2) =

p
tc + Q2 �

p
tc � t0p

tc + Q2 +
p

tc � t0

, (34)

where t0 is an arbitrary parameter whose choice is dis-
cussed in Sec. III B below. For FA the cut starts at
tc = 9m

2
⇡
. Because |z| < 1, the axial form factor can

be expanded as a power series in z(Q2) for the Q
2

> 0
domain of interest for neutrino-nucleus scattering,

FA(Q2) =
1X

k=0

ak z(Q2)k
⇡

kmaxX

k=0

ak z(Q2)k
, (35)

where the z expansion coe�cients ak include nucleon
structure information and kmax is a truncation parame-
ter required to make the number of expansion parameters
finite. The parameter a0 can be fixed by the sum rule

kmaxX

k=0

akz(0)k = gA. (36)

Constraints on the ak are also obtained by enforcing the
correct large Q

2 behavior of the axial form factor, which
is predicted by perturbative QCD to be Q

�4 up to loga-
rithmic corrections [108]. This asymptotic Q

�4 behavior
can be enforced by demanding that FA(Q2) and its first
three derivatives with respect to 1/Q vanish for asymp-
totically large Q

2, corresponding to z = 1, which is equiv-
alent to

d
n

dzn
FA

����
z=1

= 0 ; n = 0, 1, 2, 3, (37)

and therefore leads to the sum rules [109]

kmaxX

k=n

k!

(k � n)!
ak = 0 ; n = 0, 1, 2, 3. (38)

In practice, these constraints can be satisfied by first de-
termining the kmax and a1, . . . , akmax preferred by a fit to
data (with a0 either treated as an additional independent
parameters or as being fixed by the constraint Eq. (36)),
and then replacing kmax with kmax + 4 and solving for
the four unconstrained coe�cients using Eq. (38). The
remaining ak must then be fixed by information on the
Q

2-dependence of the axial form factor determined the-
oretically using LQCD calculations or experimentally by
fitting neutrino-nucleus scattering and/or pion electro-
production data.

The z expansion can be used to provide a model-
independent definition of the dependence of neutrino-
nucleus cross-section uncertainties on nucleon axial form
factor uncertainties. Any function �(FA, X) that de-
pends on the axial form factor, as well as any number
of additional independent form factors and parameters
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is in contrast with the nucleon vector form factors in
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tering on nuclear targets, and pion electroproduction [4–
8, 10–12, 64, 65]. These give weak constraints on FA
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calculations using nuclear e↵ective theories that provide
a consistent theoretical decomposition between one- and
two-body current contributions. The remainder of this
section discusses how to quantify nucleon axial form fac-
tor e↵ects on neutrino-nucleus cross-section calculations
based on the model-independent z expansion and how to
estimate nucleon axial form faction precision needs us-
ing the GFMC and spectral function methods discussed
above.

A. Parametrization

Historically a dipole parametrization has often been
used for the axial form factor

FA(Q2) =
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A
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, (33)

where gA = 1.2723(23) has been measured from neutron
beta decay [106], and MA = 1.014 ± 0.014 GeV [107].
However, this one-parameter form is not expressive
enough to describe the shape of the axial form factor pre-
dicted by QCD. It has been demonstrated in Refs. [64, 65]
that assuming that the dipole parameterization is valid
when fitting to experimental results can lead to form fac-
tor fits with uncertainties that are underestimated by a
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where t0 is an arbitrary parameter whose choice is dis-
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. Because |z| < 1, the axial form factor can
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domain of interest for neutrino-nucleus scattering,

FA(Q2) =
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ak z(Q2)k
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k=0

ak z(Q2)k
, (35)

where the z expansion coe�cients ak include nucleon
structure information and kmax is a truncation parame-
ter required to make the number of expansion parameters
finite. The parameter a0 can be fixed by the sum rule

kmaxX

k=0

akz(0)k = gA. (36)

Constraints on the ak are also obtained by enforcing the
correct large Q

2 behavior of the axial form factor, which
is predicted by perturbative QCD to be Q

�4 up to loga-
rithmic corrections [108]. This asymptotic Q

�4 behavior
can be enforced by demanding that FA(Q2) and its first
three derivatives with respect to 1/Q vanish for asymp-
totically large Q

2, corresponding to z = 1, which is equiv-
alent to

d
n

dzn
FA
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= 0 ; n = 0, 1, 2, 3, (37)

and therefore leads to the sum rules [109]

kmaxX

k=n
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In practice, these constraints can be satisfied by first de-
termining the kmax and a1, . . . , akmax preferred by a fit to
data (with a0 either treated as an additional independent
parameters or as being fixed by the constraint Eq. (36)),
and then replacing kmax with kmax + 4 and solving for
the four unconstrained coe�cients using Eq. (38). The
remaining ak must then be fixed by information on the
Q

2-dependence of the axial form factor determined the-
oretically using LQCD calculations or experimentally by
fitting neutrino-nucleus scattering and/or pion electro-
production data.

The z expansion can be used to provide a model-
independent definition of the dependence of neutrino-
nucleus cross-section uncertainties on nucleon axial form
factor uncertainties. Any function �(FA, X) that de-
pends on the axial form factor, as well as any number
of additional independent form factors and parameters

UQ independent on assumptions about the shape 
of the axial form factor.
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MiniBooNE 0.2 < cos ✓µ < 0.3 0.5 < cos ✓µ < 0.6 0.8 < cos ✓µ < 0.9
SF Di↵erence in d�peak (%) 16.3 17.1 9.3

GFMC Di↵erence in d�peak (%) 18.6 17.1 12.2

T2K 0.0 < cos ✓µ < 0.6 0.80 < cos ✓µ < 0.85 0.94 < cos ✓µ < 0.98
SF di↵erence in d�peak (%) 15.3 8.2 3.3

GFMC di↵erence in d�peak (%) 15.8 8.0 4.6

TABLE II. Percent increase in d�
dTµd cos ✓µ

at the quasielastic peak between predictions using LQCD Bali et al./Park et al.

z expansion versus D2 Meyer et al. z expansion nucleon axial form factor results.

FIG. 7. The ⌫µ flux-averaged di↵erential cross sections for MiniBooNE. The top panel shows Spectral Function predictions in
three bins of cos ✓µ with the D2 Meyer et al. z expansion FA in blue, as well as the LQCD Bali et al./Park et al. z expansion
FA in green. The dipole parameterization with MA = 1.0 GeV is shown without uncertainties as a black line. The lower
panel shows GFMC predictions using the same set of axial form factors, although in the GFMC case systematic uncertainties
including those arising from inversion of the Euclidean response functions are included in all results and the MA = 1.0 GeV
dipole form factor results are therefore shown as a black band.

dipole parameterization of FA as well as modified dipole
parameterizations of C

A

5 , and therefore it is possible that
these uncertainties are still underestimated. Even less is
known about the uncertainty in determining ⇤R [89]. A
15% variation in either C

A

5 (0) or ⇤R changes the flux-
averaged cross section by roughly 5%, and it will there-
fore be important to obtain more information on these
parameters in order to achieve few-percent precision on
cross-section predictions.

Focusing now on FA, Figs. 7 and 8 compare flux-
averaged cross sections with di↵erent axial form factor
determinations: a dipole form factor with MA = 1.0
GeV, the D2 Meyer et al. z expansion, and the LQCD
Bali et al./Park et al. z expansion. One can see that

the LQCD z expansion increases the normalization of
the cross section across the whole phase space, with sig-
nificantly more enhancement in the bins of low cos ✓µ

corresponding to backward angles and higher Q
2. This

is quantified in Table II, which shows the percentage dif-
ference in the peak values of d�

dTµd cos ✓µ
for the LQCD

and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
discrepancy growing at backwards angles.

To investigate the sensitivity of the flux-averaged dif-
ferential cross section to variations in the axial form fac-
tor, derivatives of the MiniBooNE cross section with re-
spect to the model-independent z expansion parameters
ak are computed as described in Sec. III A. Figure 9
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parameterizations of C

A

5 , and therefore it is possible that
these uncertainties are still underestimated. Even less is
known about the uncertainty in determining ⇤R [89]. A
15% variation in either C

A

5 (0) or ⇤R changes the flux-
averaged cross section by roughly 5%, and it will there-
fore be important to obtain more information on these
parameters in order to achieve few-percent precision on
cross-section predictions.

Focusing now on FA, Figs. 7 and 8 compare flux-
averaged cross sections with di↵erent axial form factor
determinations: a dipole form factor with MA = 1.0
GeV, the D2 Meyer et al. z expansion, and the LQCD
Bali et al./Park et al. z expansion. One can see that

the LQCD z expansion increases the normalization of
the cross section across the whole phase space, with sig-
nificantly more enhancement in the bins of low cos ✓µ

corresponding to backward angles and higher Q
2. This

is quantified in Table II, which shows the percentage dif-
ference in the peak values of d�

dTµd cos ✓µ
for the LQCD

and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
discrepancy growing at backwards angles.

To investigate the sensitivity of the flux-averaged dif-
ferential cross section to variations in the axial form fac-
tor, derivatives of the MiniBooNE cross section with re-
spect to the model-independent z expansion parameters
ak are computed as described in Sec. III A. Figure 9
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FIG. 8. The ⌫µ flux-averaged di↵erential cross sections for T2K. Details are as in Fig. 7.

FIG. 9. Percent change in peak value of MiniBooNE flux-averaged cross section for 0.5 < cos ✓µ < 0.6 vs. percent change in
the z expansion parameters ak. Results are shown for predictions using SF (black) and GFMC (blue) methods, including the
slopes extracted from linear fits.

shows the percent di↵erences in flux-averaged cross sec-
tions evaluated at the quasielastic peak that have been
computed using both GFMC and SF methods after in-
dependently varying each ak by ±5, 10%. The slopes of
the resulting linear fits provide model-independent deter-
minations of the sensitivity of the peak cross section to
variations in FA. It is clear that the impact of varying

each ak decreases as k increases, as expected since the
contribution of each ak is suppressed by the k-th power
of z(Q2) < 1. In particular, a 10% change in a0 results
in a 10% change to the peak cross section, while a 10%
change in a1 results in a 1% change in the peak cross
section, and 10% variation of ak with k � 2 leads to
sub-percent changes in the peak cross section. It is note-
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and D2 z expansion results. The LQCD prediction in-
creases the peak cross section between 10-20%, with the
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FIG. 1. Feynman diagrams describing of the first two contri-
butions to the two-body currents associated with�-excitation
processes. Solid, thick green, and dashed lines correspond to
nucleons, deltas, pions, respectively. The wavy line represents
the vector boson.
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where k
0 and p

0 are the initial and final momentum of
the second nucleon, respectively, while k

0
⇡

= p
0
� k

0 is
the momentum of the ⇡ exchanged in the two depicted
diagrams of Fig. 1, f

⇤=2.14, and
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with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
In Eq. (16), j

µ

a
and j

µ

b
denote the N ! � transition

vertices of diagram (a) and (b) of Fig. 1, respectively.
The expression of j
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a
is given by
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
V

)2
1

1 � q2/(4M
2
V

)
, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
⇥

1

1 � q2/(3MA�)2)
, (22)

with MA� = 1.05 GeV.
The Rarita-Schwinger propagator

G
↵�(p�) =

P
↵�(p�)

p
2
� � M

2
�

, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2

12⇡m2
⇡

|d|3
p

s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
p

m
2
N

+ d2 is the associated energy. The ad-
ditional factor

R(r2) =

✓
⇤2

R

⇤2
R
� r2

◆
, (26)

depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
m2

⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)

Diagrams including the Delta current depend on many parameters.
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
V

)2
1

1 � q2/(4M
2
V

)
, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
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1

1 � q2/(3MA�)2)
, (22)

with MA� = 1.05 GeV.
The Rarita-Schwinger propagator
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, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2
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|d|3
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s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
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+ d2 is the associated energy. The ad-
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depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
m2

⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)
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where k
0 and p
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with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
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1

1 � q2/(4M
2
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, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
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1 � q2/(3MA�)2)
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with MA� = 1.05 GeV.
The Rarita-Schwinger propagator

G
↵�(p�) =

P
↵�(p�)

p
2
� � M

2
�

, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
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In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
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is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
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+ d2 is the associated energy. The ad-
ditional factor

R(r2) =
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depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
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⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)
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experiments; estimated uncertainty ~ 15 %
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with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13
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with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
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1

1 � q2/(3MA�)2)
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with MA� = 1.05 GeV.
The Rarita-Schwinger propagator
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is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2
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|d|3
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s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
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is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)
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+ d2 is the associated energy. The ad-
ditional factor
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depending on the ⇡N three-momentum r, with r2 =
(Ed �
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+ d2)2 � 4d2 and ⇤2
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= 0.95 m
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, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)
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where k
0 and p

0 are the initial and final momentum of
the second nucleon, respectively, while k
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with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
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where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j

µ

b
; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
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3 =
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with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
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5 =
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1 � q2/(3MA�)2)
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with MA� = 1.05 GeV.
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is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
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In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
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+ d2 is the associated energy. The ad-
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depending on the ⇡N three-momentum r, with r2 =
(Ed �
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+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
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, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)
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with ⇤⇡N� = 1150 MeV and ⇤⇡ = 1300 MeV. The term
⌧± = (⌧x±i⌧y)/2 is the isospin raising/lowering operator.
In Eq. (16), j

µ

a
and j

µ

b
denote the N ! � transition

vertices of diagram (a) and (b) of Fig. 1, respectively.
The expression of j

µ

a
is given by

j
µ

a
= (jµ

a
)V + (jµ

a
)A ,

(jµ

a
)V = (k0

⇡
)↵

G↵�(p�)
h

C
V

3

mN

⇣
g

�µ
/q � q

�
�

µ

⌘

+
C

V

4

m
2
N

⇣
g

�µ
q · p� � q

�
p

µ

�

⌘

+
C

V

5

m
2
N

⇣
g

�µ
q · k � q

�
k

µ + C
V

6 g
�µ

⌘i
�5 ,

(jµ

a
)A = (k0

⇡
)↵

G↵�(p�)
h

C
A

3

mN

⇣
g

�µ
/q � q

�
�

µ

⌘

+
C

A

4

m
2
N

⇣
g

�µ
q · p� � q

�
p

µ

�

⌘

+ C
A

5 g
�µ +

C
A

6

m
2
N

q
µ
q

↵

i
, (20)

where k is the momentum of the initial nucleon which ab-
sorbs the incoming momentum q̃ and p� = q̃+k, yielding
p
0
� = e(k) + !̃. We introduced q̃ = (!̃,q) to account for

the fact that the initial nucleons are o↵-shell. A similar
definition can be written down for j
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; more details are

reported in Ref. [23, 24]. For C
V

3 we adopted the model
of Ref. [87], yielding

C
V

3 =
2.13

(1 � q2/M2
V

)2
1

1 � q2/(4M
2
V

)
, (21)

with MV = 0.84 GeV. Following the discussion of
Ref. [86], we neglected the terms C

V

4 and C
V

5 which are
expected to be suppressed by O(k/mN ), while C

V

6 = 0 by
conservation of the vector current. However, it is worth
mentioning that including these terms in the current op-
erator would not pose any conceptual di�culty. To be
consistent, in the axial part we only retain the leading
contribution of Eq. (20), which is the term proportional
to C

A

5 defined as [88]

C
A

5 =
1.2

(1 � q2/MA�)2
⇥

1

1 � q2/(3MA�)2)
, (22)

with MA� = 1.05 GeV.
The Rarita-Schwinger propagator

G
↵�(p�) =

P
↵�(p�)

p
2
� � M

2
�

, (23)

is proportional to the spin 3/2 projection operator
P

↵�(p�). In order to account for the possible decay
of the � into a physical ⇡N , we replace M� ! M� �

i�(p�)/2 [89, 90] where the last term is the energy de-
pendent decay width given by

�(p�) =
(4f⇡N�)2

12⇡m2
⇡

|d|3
p

s
(mN + Ed)R(r2) . (24)

In the above equation, (4f⇡N�)2/(4⇡) = 0.38, s = p
2
�

is the invariant mass, d is the decay three-momentum in
the ⇡N center of mass frame, such that

|d|2 =
1

4s
[s � (mN + m⇡)2][s � (mN � m⇡)2] (25)

and Ed =
p

m
2
N

+ d2 is the associated energy. The ad-
ditional factor

R(r2) =

✓
⇤2

R

⇤2
R
� r2

◆
, (26)

depending on the ⇡N three-momentum r, with r2 =
(Ed �

p
m2

⇡
+ d2)2 � 4d2 and ⇤2

R
= 0.95 m

2
N

, is in-
troduced to improve the description of the experimental
phase-shift �33 [89]. The medium e↵ects on the � prop-
agator are accounted for by modifying the decay width
as

��(p�) ! ��(p�) � 2Im[U�(p�, ⇢ = ⇢0)], (27)

The largest contributions to two-body currents arise from 
resonant  transitions yielding pion productionN ! �

12

FIG. 5. Breakdown into one- and two-body current contributions of the ⌫µ flux-averaged di↵erential cross sections for T2K.
The color code is as in Fig. 4.

FIG. 6. Percent change in the value of the MiniBooNE flux-averaged cross section for 0.5 < cos ✓µ < 0.6 vs. percent change in
two parameters describing � resonance production and decay entering calculations of two-body current (MEC) e↵ects: CA

5 (Q2)
is the dominant N ! � transition form factor, and ⇤R renormalizes the self energy of the � as described in Sec. II B.

found for ⇤R. Current extractions of C5(0) rely on single
pion production data from deuterium bubble chamber
experiments [10–12], and due to limited statistics model
assumptions on the relations between N ! � transition
form factors are typically included to reduce the number

of fit parameters. Depending on the model assumptions
used, the resulting uncertainty on C5(0) is estimated
to be 10-15% in the analysis of Ref. [122], with similar
though slightly less conservative uncertainties estimated
in Refs. [85, 121]. Note that all of these analysis assume a

The normalization of the dominant  transition 
form factor needs be known to 3% precision to achieve 
1% cross-section precision for MiniBooNE kinematics 

N ! �

State-of-the-art determinations of this form factor from 
experimental data on pion electroproduction achieve 
10-15% precision (under some assumptions) 

Hernandez et al, PRD 81 (2010) 

Further constraints on  transition relevant for 
two-body currents and π production will be necessary to 
achieve few-percent cross-section precision 

N ! �

D.Simons, N. Steinberg 
et al arXiv:2210.02455
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• PRD 105 (2022) 9, 096006 
• PRC 103 (2021) 1, 015502 

The propagation of nucleons through the nuclear medium is crucial in the analysis of electron-nucleus 
scattering and neutrino oscillation experiments.


• Charge exchange

• Elastic scattering

• Pion Production

• Absorption

• ….

• Develop a theory driven, modular event generator
• Provide automated BSM calculations for neutrino 

experiments
• Uses realistic QMC nuclear calculations as inputs
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Algorithm Overview

AMi`Q/m+iBQM >�`/ AMi2`�+iBQM *�b+�/2 *QM+HmbBQMb

�H;Q`Bi?K Pp2`pB2r

EB+F Mm+H2QM S`QT�;�i2
Mm+H2QMUbV U�tV AMi2`�+iBQM\ S�mHB

"HQ+F2/\ lT/�i2 T�`iB+H2b

:2M2`�i2 *QM};m`�iBQM _2p2`i BMi2`�+iBQM

PmibB/2
Mm+H2mb\

_2KQp2
T�`iB+H2 7`QK HBbi

u2b LQ

LQ
u2b

u2b

LQ

(S?vbX_2pX* Ryj UkykRV R- yR88yk)
propagating

hit?

CX Ab��+bQM �+?BHH2b, � JQ/2`M h?2Q`Bbi@.`Bp2M 1p2Mi :2M2`�iQ` Rd f kk 62`KBH�#

|M({k} ! {p})|2 '
XZ

p0
|V({k} ! {p0})|2 ⇥ |P({p0} ! {p})|2

• Primary Interaction
• Evolution out of the nucleus (intra-nuclear) cascade

Approximate as incoherent product of primary interaction and cascade
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tic NN and 3N potentials, and consistent one- and two-
body meson-exchange currents [50]. GFMC begins with
the construction of a trial wave function  T that is a
symmetrized product of two- and three-body correla-
tion operators acting on an antisymmetric A-body single-
particle wave function that has the proper quantum num-
bers for the state of interest. The variational parameters
in  T are found by minimizing the energy expectation
value

E0  ET =
h T |H| T i
h T | T i

, (2)

where E0 is the true ground-state energy of the system.
The calculation of ET requires the numerical solution of
a multidimensional integral that is carried out employing
standard Metropolis Monte Carlo sampling in configura-
tion space.

GFMC then projects out the lowest eigenstate  0 of
the given quantum numbers starting from  T by per-
forming a propagation in imaginary time ⌧

| 0i = lim
⌧!1

exp[�(H � E0)⌧ ]| T i. (3)

The propagation | (⌧)i = exp[�(H � E0)⌧ ]| T i is car-
ried out as a series of many small imaginary-time steps
�⌧ . Expectation values of operators are evaluated as
mixed matrix elements O(⌧) = h T |O| (⌧)i, and the
behavior as a function of ⌧ analyzed to obtain con-
verged results. Because H and exp[�(H � E0)⌧ ] com-
mute, the mixed estimate is the exact expectation of
h (⌧/2)|O| (⌧/2)i but linear extrapolations are used to
evaluate other quantities.

In addition to binding energies the GFMC provides
detailed information on the distribution of nucleons in a
nucleus in both coordinate and momentum space, which
are interesting in multiple experimental settings. For ex-
ample, the mixed-estimate of the single-nucleon density
is calculated as

⇢N (r) =
1

4⇡r2
⌦
 T

��
X

i

�(r � |ri|)PN

�� (⌧)
↵
, (4)

where N = p, n; PNi =
1±⌧zi

2 is the neutron or proton
projector operator; and, ⇢N integrates to the number of
protons or neutrons. The two-body density distribution,
yielding the probability of finding two nucleons with sep-
aration r, is defined as

⇢NN (r) =
1

4⇡r2
⌦
 T

��
X

i<j

�(r � |rij |)PNiPNj

�� (⌧)
↵
. (5)

The positions of the constituents protons and neutrons
utilized in the nuclear cascade algorithm are sampled
from 36000 GFMC configurations. We employ the so-
called constrained-path approximation [59] to make sure
that their Monte Carlo weights remain positive, thereby
facilitating their usage in the cascade algorithm. As a
consequence, the single-proton distribution displayed by

FIG. 3: Nucleon density in carbon from Green’s
function Monte Carlo (red) and mean field (blue)

configurations.

the blue solid circles of Fig. 3 is slightly di↵erent from the
results reported in Ref. [60], which have been obtained
performing fully unconstrained imaginary-time propaga-
tions. Since we neglect the charge-symmetry breaking
terms in the Hamiltonian, and since 12C is isospin sym-
metric, the single-neutron distribution is identical to that
of the proton.
For benchmark purposes, we also sample 36000 mean-

field (MF) configurations from the single-proton distribu-
tion. The corresponding single-proton densities coincide
by construction with the GFMC one, as shown in Fig. 3.
However, the di↵erences between GFMC and MF con-
figurations become apparent when comparing the corre-
sponding two-body density distributions represented in
Fig. 4. The short-range repulsive core of the NN in-
teraction prevents two nucleons from being close to each
other. As a consequence, the pp and np GFMC density
distributions are small at short separation distances. Fur-
thermore, the di↵erence between the GFMC pp and np
density distributions around r = 1 fm can be attributed
to the strong tensor correlations induced by the one-pion-
exchange part of the NN interaction, which is further en-
hanced by the two-pion-exchange part of the 3N poten-
tial. Note that the short-range behavior of ⇢NN , which is
largely nucleus independent, does depend strongly on the
NN interaction model [61]. On the other hand, the MF
ones do not exhibit this rich behavior as the correlations
among nucleons are entirely disregarded.

B. Nucleon momentum distribution

As mentioned above, when a nucleon is struck, its mo-
mentum is obtained assuming either a local or global
Fermi gas distribution. In the case of the local Fermi gas,

5

FIG. 4: Proton-proton (top panel) and proton-neutron
(bottom panel) correlation functions in carbon from
Green’s function Monte Carlo (red) and mean field

(blue) configurations.

the magnitude of the three-momentum is randomly sam-
pled in the interval [0, kN

F (r)] where kN
F (r) is the Fermi

Momentum defined in terms of the single nucleon den-
sity kN

F (r) = (⇢N (r)3⇡3)1/3 and N = p, n. In the case
of the global Fermi gas, the momentum is determined in
the same way, but kN

F is position independent. The lo-
cal Fermi gas model is known to provide a more realistic
nucleon momentum distribution for finite nuclei than the
global Fermi gas. For this reason, although both mod-
els are implemented in our code, we only present results
based on the local Fermi gas predictions. In the future,
we plan to include more accurate nucleon momentum dis-
tribution, based on state-of-the-art many-body calcula-
tions that properly account for nuclear correlations.

C. Nucleon-nucleon interaction algorithm

To check if an interaction between nucleons occurs,
an accept-reject test is performed on the closest nu-
cleon according to a probability distribution P (b) (see
e.g. Ref. [62] for similar considerations) where b is the
impact parameter. We impose two conditions on this
probability,

P (0) = 1 and

Z 2⇡

0

Z 1

0
d' bdbP (b) = �, (6)

where the cross section � depends on the incoming parti-
cle content and the center-of-mass energy, which is sam-
pled from the nuclear configuration. The second condi-
tion ensures that the mean free path of a nucleon trav-
eling in a medium of uniform density is �mfp = 1/�⇢̄,
where ⇢̄ is the number density.
Two implementations of P (b) have been studied here.

The first we dub the cylinder interaction probability,

Pcyl(b) = ⇥(�/⇡ � b2), (7)

where ⇥(x) = 1 if x � 0, else ⇥(x) = 0. This probability
mimics a more classical, billiard ball like system, where
each billiard ball has a radius ⇡

p
�/⇡. The second

implementation is the Gaussian interaction probability

PGau(b) ⌘ exp

✓
�⇡b2

�

◆
, (8)

which is inspired by the work of Ref. [62]. Both
Pcyl and PGau satisfy the conditions in Eq. (6). We
use the nucleon-nucleon cross sections from the SAID
database [63] obtained using GEANT4 [64], or from the
NASA parametrization [65].

D. Phase space, Pauli blocking and
after-interaction

If an interaction occurred, the phase space of the
outgoing particles is generated using fully di↵erential
nucleon-nucleon cross sections. Note that, at the mo-
ment, we only include protons and neutrons in our INC
model. Pauli blocking enforces Fermi-Dirac statistics for
the nucleons and amounts to testing whether their final-
state momenta are above the Fermi momentum. Two dif-
ferent models of the Pauli exclusion principle have been
approximately implemented. The global and local Pauli
blocking routines essentially forbid a scattering if the mo-
mentum of any of the final state particles is below the av-
erage Fermi momentum (for the global Fermi gas model)
or the local Fermi momentum (for the local Fermi gas
model), respectively. We emphasize again that, although
we have implemented the global Fermi gas model, we do
not report any results using it.
If the interaction took place, the outgoing particles are

both treated as propagating particles, and a formation

The nucleons’ positions utilized in the INC are sampled from 36000 GFMC configurations. 
For benchmark purposes we also sampled 36000 mean-field (MF) configurations from the 
single-proton distribution.

The differences between GFMC and MF configurations are apparent when comparing the 
two-body density distributions: repulsive nature of two-body interactions reduced the 
probability of finding two particles close to each other
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FIG. 7: Carbon transparency as a function of the
proton kinetic energy. The di↵erent curves indicate
di↵erent approaches used as described in Fig. 6. The
experimental data are taken from Refs. [4, 6, 7, 74–76]

energy and scattering angle of the electron, one can un-
ambiguously define the momentum q transferred to the
target nucleus. The direction and the momentum of the
nucleon in the final state has to be determined apply-
ing energy- and momentum-conservation relations and
accounting for the Fermi motion of the struck nucleon in
the initial state. It follows that defining the kinematics of
the hadronic final state after the hard scattering depends
on the nuclear model of choice. However, in the analysis
of di↵erent experiments, the data are given as a function
of the average nucleon momentum (and kinetic energy)
given by p = q (Tp =

p
|q|2 + m2

N � mN ).
In Fig. 7 we compare the nuclear transparency data

from Refs. [4, 74] to our predictions. The di↵erent lines
are the same as for Fig. 6. We find an overall satis-
factory agreement between the Gaussian and cylinder
curves with the experimental data once inelastic e↵ects
are taken into consideration; this corresponds to the re-
sults using the NASA parametrization for the nucleon-
nucleon cross sections. For moderate to large values of
the proton kinetic energy, pions play an important role
in quenching the transparency. Moreover, the Gaussian
and cylinder curves exhibit correct behavior consistent
with the data also for small Tp where the simplified MFP
model described above fails. As in Fig. 6, we observe
very small di↵erences between the QMC and MF calcu-
lations. For low and intermediate kinetic energies, the
transparency obtained from the MFP approach is much
smaller than the corresponding results for the cylinder
and Gaussian curves.

Finally, we discuss the origin of the discrepancies be-
tween the MFP and the cylinder algorithm with MF
configurations for the p-carbon cross section and carbon
transparency. Both approaches rely on the single-nucleon
density distribution to sample the initial nucleon posi-

p
�/⇡

d`

r1
p

�/⇡

d`
x
r1

FIG. 8: Left panel: a schematic picture of an external
proton scattering o↵ the nucleus. The distance from the

proton to the center of the nucleus is r1, and the
propagation step is d`. The radius of the cylinder is

given by
p

�/⇡ where � is the interaction cross section
between the proton and a background particle; d` is

also the height of the cylinder. Right panel: same as for
the left one, but for a nucleon kicked inside the nucleus.
This follows what is done in the nuclear transparency

event simulations.

tions (nuclear correlations are neglected) but use di↵er-
ent definitions of the interaction probability. The left
panel of Fig. 8 schematically shows one contribution to
the p-carbon cross section in which the proton is at a dis-
tance r1 larger than the nuclear radius. In the cylinder
algorithm, the interaction probability is equal to one if a
particle is present in the volume defined by: V = d` · �.
Both �pp and �np have a maximum for low proton mo-
mentum values. Hence, for low momenta, the probability
of interaction could be non-vanishing even when the pro-
jectile proton is far from the center of the nucleus.
On the other hand, within the MFP approach, if the
probe is outside the nucleus then the approximation of a
constant density ⇢(r1) = 0 within the volume V = d` · �
yields a vanishing interaction probability. This di↵erent
behaviour leads to a lower p-carbon cross section using
the MFP approach, as observed in Fig. 6. When com-
puting the nuclear transparency we kick a nucleon which
is located inside the nucleus as displayed in the right
panel of Fig. 8. In this case, assuming a constant density
is more likely to overestimate the interaction probabil-
ity, especially for low momenta where the cross section is
larger. This observation is consistent with Fig. 7 where
the MFP curves predict a larger number of interactions,
and therefore a lower nuclear transparency, for small Tp.

D. Correlation e↵ects

The role played by nuclear correlations in final state in-
teractions of the recoiling nucleon has been investigated

To check if an interaction between nucleons occurs an accept-reject test is 
performed on the closest nucleon according to a probability distribution.

We use a cylinder probability distribution, this mimics a more classical 
billiard ball like system where each billiard ball has a radius 

For benchmark purposes, we also implemented the mean free path approach, used in some event 
generators

P = �⇢̄d` ⇢(r1) ⇠ ⇢(r1 + d`) ⇠ ⇢̄where a constant density is assumed 

we sample a number 0  x  1 { x < P

x > P ❌

the interaction occurred, check Pauli blocking

the interaction DID NOT occur
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path, allowing us to proceed to more complex tests of our
INC.

B. Proton-carbon Scattering Data

Reproducing the proton-nucleus cross section measure-
ments is an important test of the accuracy of the INC
model. Proton-nucleus scattering probes the nucleon-
nucleon cross section which is typically divided into two
pieces, the reaction and the elastic cross sections,

�tot = �R + �el. (12)

In the elastic part, no energy is transferred into nuclear
excitation and the nucleus remains unbroken, that is n+
A ! n+A. The reaction cross section includes transition
to nuclear excited states, n + A ! n + A⇤, as well as
inelastic reactions n + A ! X.

Several experiments have been carried out to deter-
mine the total reaction cross section, see for example
Refs. [66–71]. The latter is typically obtained by measur-
ing the total cross section from the change in intensity of
a calibrated proton beam traversing a carbon target and
then subtracting the calculated elastic cross section.

We compute �R neglecting Coulomb interactions, as
they are expected to contribute mostly to �el. We obtain
the proton-carbon scattering cross section by the follow-
ing simulation (with a di↵erent setup from the proposed
algorithm of Fig. 2). We define a beam of protons with
energy E, uniformly distributed over an area A (orthogo-
nal to the proton momenta). Note that A � ⇡R2, where
R is the radius of the carbon nucleus. The carbon nucleus
is situated in the center of the beam. We propagate each
proton in time and check for scattering at each step. The
Monte Carlo reaction cross section is then defined as the
area of the beam times the fraction of scattered events,
namely,

�MC = A
Nscat

Ntot
. (13)

This is not exactly the experimentally measured reaction
cross section. Angular and/or momentum acceptances
for the attenuated beam are finite, and we do not in-
clude these e↵ects in our calculation. Nevertheless, we
do not expect such e↵ects to change our results signif-
icantly, and thus �MC should be a good approximation
of the reaction cross section. Moreover, imposing Pauli
blocking on both outgoing nucleons will e↵ectively sup-
press the contribution of elastic transitions.

The two panels of Fig. 6 display the proton-carbon
scattering cross sections as a function of the proton ki-
netic energy. In the upper panel our Monte Carlo simu-
lations are compared with experimental data in the en-
tire energy region in which data are available [71], while
the lower panel focuses on proton kinetic energies below
200 MeV. The curves correspond to di↵erent implemen-
tations of the INC. These implementations are composed
of three ingredients, namely,

FIG. 6: Proton-carbon scattering total cross section as
a function of the incoming proton kinetic energy. In the

upper panel the entire energy range for which
experimental data are available is shown. In the lower
panel the low energy region is magnified. The red and
blue curves correspond to the cylinder algorithm where
the mean field (MF) and quantum Monte Carlo (QMC)
configurations have been used, respectively. The green
and orange curves are the same but for the Gaussian
interaction probability. The results displayed in purple
refers to the mean free path (MFP) calculations. The
solid and dashed curves corresponds to the use of the

GEANT4 [64] and NASA [65] parametrization of the cross
section in the interaction probability, respectively. The

data points are from Ref. [71]

1. Nuclear configuration: quantum Monte Carlo
(QMC) or mean field (MF);

2. Interaction model: cylinder (cyl), Gaussian
(Gauss), or mean free path (MFP);

3. Nucleon-nucleon cross section: elastic (El) or total
(Tot).

Reproducing proton-nucleus cross section 
measurements is an important test of the 
accuracy of the INC model.

• The Monte Carlo cross section is defined as:


�MC = A
Nscat

Ntot

9

FIG. 7: Carbon transparency as a function of the
proton kinetic energy. The di↵erent curves indicate
di↵erent approaches used as described in Fig. 6. The
experimental data are taken from Refs. [4, 6, 7, 74–76]

energy and scattering angle of the electron, one can un-
ambiguously define the momentum q transferred to the
target nucleus. The direction and the momentum of the
nucleon in the final state has to be determined apply-
ing energy- and momentum-conservation relations and
accounting for the Fermi motion of the struck nucleon in
the initial state. It follows that defining the kinematics of
the hadronic final state after the hard scattering depends
on the nuclear model of choice. However, in the analysis
of di↵erent experiments, the data are given as a function
of the average nucleon momentum (and kinetic energy)
given by p = q (Tp =

p
|q|2 + m2

N � mN ).
In Fig. 7 we compare the nuclear transparency data

from Refs. [4, 74] to our predictions. The di↵erent lines
are the same as for Fig. 6. We find an overall satis-
factory agreement between the Gaussian and cylinder
curves with the experimental data once inelastic e↵ects
are taken into consideration; this corresponds to the re-
sults using the NASA parametrization for the nucleon-
nucleon cross sections. For moderate to large values of
the proton kinetic energy, pions play an important role
in quenching the transparency. Moreover, the Gaussian
and cylinder curves exhibit correct behavior consistent
with the data also for small Tp where the simplified MFP
model described above fails. As in Fig. 6, we observe
very small di↵erences between the QMC and MF calcu-
lations. For low and intermediate kinetic energies, the
transparency obtained from the MFP approach is much
smaller than the corresponding results for the cylinder
and Gaussian curves.

Finally, we discuss the origin of the discrepancies be-
tween the MFP and the cylinder algorithm with MF
configurations for the p-carbon cross section and carbon
transparency. Both approaches rely on the single-nucleon
density distribution to sample the initial nucleon posi-

p
�/⇡

d`

r1
p

�/⇡

d`
x
r1

FIG. 8: Left panel: a schematic picture of an external
proton scattering o↵ the nucleus. The distance from the

proton to the center of the nucleus is r1, and the
propagation step is d`. The radius of the cylinder is

given by
p

�/⇡ where � is the interaction cross section
between the proton and a background particle; d` is

also the height of the cylinder. Right panel: same as for
the left one, but for a nucleon kicked inside the nucleus.
This follows what is done in the nuclear transparency

event simulations.

tions (nuclear correlations are neglected) but use di↵er-
ent definitions of the interaction probability. The left
panel of Fig. 8 schematically shows one contribution to
the p-carbon cross section in which the proton is at a dis-
tance r1 larger than the nuclear radius. In the cylinder
algorithm, the interaction probability is equal to one if a
particle is present in the volume defined by: V = d` · �.
Both �pp and �np have a maximum for low proton mo-
mentum values. Hence, for low momenta, the probability
of interaction could be non-vanishing even when the pro-
jectile proton is far from the center of the nucleus.
On the other hand, within the MFP approach, if the
probe is outside the nucleus then the approximation of a
constant density ⇢(r1) = 0 within the volume V = d` · �
yields a vanishing interaction probability. This di↵erent
behaviour leads to a lower p-carbon cross section using
the MFP approach, as observed in Fig. 6. When com-
puting the nuclear transparency we kick a nucleon which
is located inside the nucleus as displayed in the right
panel of Fig. 8. In this case, assuming a constant density
is more likely to overestimate the interaction probabil-
ity, especially for low momenta where the cross section is
larger. This observation is consistent with Fig. 7 where
the MFP curves predict a larger number of interactions,
and therefore a lower nuclear transparency, for small Tp.

D. Correlation e↵ects

The role played by nuclear correlations in final state in-
teractions of the recoiling nucleon has been investigated

Nuclear transparency is measured in 
(e,e’p) scattering experiments

Simulation: we randomly sample a 
nucleon with Tp and propagate it through 
the nuclear medium

TMC = 1� Nhits

Ntot

mailto:nrocco@fnal.gov


Noemi Rocco, nrocco@fnal.gov

Inclusion of the Real Optical Potential 

43

The presence of a mean-field nuclear potential may trap struck nucleons or deflect their trajectory, 
effectively changing the number, momentum and direction of outgoing particles. 

We introduced two different background potentials, depending on r and p

real part of the potential is included, since the imaginary
part is captured by the hard scattering in the intranuclear
cascade. A similar approach of including the potential into
cascades was studied in Ref. [108]. The first potential
considered is a nonrelativistic potential defined by a three-
parameter fit to single-particle energy of infinite nuclear
matter [69], which is consistent with the variational ground-
state calculations of Wiringa, Fiks, and Fabrocini (WFF)
[109]. Its functional form is given as

Uðp0; rÞ ¼ α½ρðrÞ% þ β½ρðrÞ%
1þ ðp0=Λ½ρðrÞ%Þ2

; ð22Þ

where p0 is the modulus of the three-momentum of
the propagating nucleon, while α, β, and Λ are fit to
reproduce the single-particle energy of nuclear matter as
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matter. The other potential we adopted is based on the work
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cross-section data are fitted to determine global proton-
nucleus optical potentials for energies between 20 and
1040 MeV for several nuclear targets, including carbon.
The fitting can be done with potentials in a Dirac equation
or Schrödinger equation. For the former case, the Dirac
equation was used in the formö

fα · p0 þ β½mþ Usðr; E0Þ% þ U0ðr; E0Þ þ VcðrÞ%gψðrÞ
¼ E0ψðrÞ;

FIG. 2. The proposed algorithm for the INC model. This figure is reproduced from Ref. [45].
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• Wiringa, Fiks, Fabrocini, PRC 38, 1010 (1988):

• Effective Optical Potential — (fitting done using Schroedinger 
equation) Cooper et al PRC 80, 034605 (2009)

The mean-field nuclear potential enters in two different places:

where VcðrÞ denotes the Coulomb potential at a given
nuclear radius r, which is either computed from Woods-
Saxon–like charge distribution [110] or taken from data
when they are available, and E0 is the energy of the
propagating nucleon. The quantities determined by the
fitting procedure are Usðr; E0Þ and U0ðr; E0Þ, the scalar and
vector optical potentials, respectively; they include a real
and an imaginary part. To obtain an effective optical
potential for the Schrödinger equation, it is helpful to write
down a standard reduction of the Dirac equation to second-
order form. The equation for the upper two components is

fp02 þ 2E0ðUeffðr; E0Þ þUSOðr; E0ÞL · SÞgψuðrÞ
¼ ½ðE0 − VcðrÞÞ2 −m2&ψuðrÞ; ð26Þ

where S and L are the total spin and angular momentum
of the nucleus, respectively. We can identify Ueff and USO
as effective Schrödinger-equation central and spin-orbit
potentials that can be constructed from Usðr; E0Þ and
U0ðr; E0Þ. Note that the Schrödinger-equation central
potential also includes the Darwin term accounting for
relativistic corrections, and its effect is more pronounced in
the nuclear interior [111]. The spin-orbit term is signifi-
cantly smaller than the central one, and for this reason it has
been neglected in the present work. In the remainder of this
paper, we will denote the potential obtained from Ref. [70]
retaining only the central contribution as the Schrödinger
potential.
There are two ways that the potential plays a role within

the cascade algorithm. Firstly, the potential modifies the
hard interactions that occur between nucleons, often
referred to as in-medium modifications in the literature.
In this work, we only consider the nonrelativistic in-
medium corrections as implemented in Ref. [112]. To
account for in-medium corrections due to the nuclear
potential, we modify the differential cross section using

dσ0
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¼ jp0

1 − p0
2j

m

!!!!
p0
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1; ρÞ

−
p0
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$
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dσ
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; ð27Þ

where p0
1; p

0
2 are the momenta of the incoming propagating

nucleons, and p0
3; p

0
4 are the momenta of the outgoing

propagating nucleons. The effective nucleon mass m' is
given as

m'ðp0; ρÞ ¼ p0
%
p0

m
þ dUðp0; ρÞ

dp0

&−1
: ð28Þ

This in-medium correction approximates the in-medium
matrix element to be the same as the free matrix element,
and that Uðp0

1; ρÞ þ Uðp0
2; ρÞ ≈Uð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp02

1 þ p02
2 Þ=2

p
; ρÞ. We

leave the expansion to the relativistic case to a future work.

Note that we assume the potential to remain the same
regardless of INC dynamics. While this is certainly an
approximation that will fail when the nucleus suffers a
“hard” breakdown, it should be reasonable when the
number of exiting nucleons is much lower than the number
of nucleons in the nucleus.
We also consider the long-distance effect of a back-

ground potential on the nucleon as it propagates through
the nucleus. We simulate a particle propagating by classical
Hamiltonian evolution of the system. The equations of
motion can be written as

dp
dt

¼ −
∂H
∂q

¼
%

ðUs þmÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p ∂Us
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&
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dq
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¼
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p2 þ ðUs þmÞ2

p þ ∂U0

∂jpj

&
p̂: ð29Þ

The equations above are clearly a set of coupled differential
equations. In order to maintain conservation of energy, a
symplectic integrator is used for the evolution. Since these
differential equations are coupled, traditional symplectic
integrators will not work. It was shown in Ref. [113] that it
is possible to use symplectic integrators by working with an
augmented Hamiltonian in an extended phase space.
Appendix C provides technical details.

V. COMPARISON WITH EXCLUSIVE
OBSERVABLES

We now proceed to the analysis of exclusive observables
in electron-carbon scattering. Exclusive quantities are
particularly relevant for neutrino experiments, especially
those that are capable of tracking and identification of
individual particles with good precision, for example liquid
argon time-projection chambers, like the SBN [114] and
DUNE [3] detectors, and other detector technologies like
the gas argon time-projection chambers [115] or 3D
scintillation trackers [116]. This capability allows these
detectors to reject backgrounds and optimize searches
more efficiently. If we take as an example the recent
MicroBooNE search for single photons [117] as an
explanation of the MiniBooNE low-energy excess [118],
we can appreciate the importance of exclusive quantities:
the one-photon–zero-proton sample has a background rate
7 times higher than the one-photon–one-proton sample, and
this can largely be attributed to the inability to reconstruct
theΔ → Nγ invariant mass in the absence of a proton track.
Several other examples can be made, but the point is that
describing correctly exclusive observables will be crucial in
current and future neutrino experiments.
The CLAS and e4v Collaborations have recently

reported a study of energy reconstruction in electron-
nucleus scattering data, using methods employed in
neutrino experiments [76]. The collaborations analyzed
electron scattering data taken with CLAS at JLab for three
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symplectic integrator is used for the evolution. Since these
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integrators will not work. It was shown in Ref. [113] that it
is possible to use symplectic integrators by working with an
augmented Hamiltonian in an extended phase space.
Appendix C provides technical details.

V. COMPARISON WITH EXCLUSIVE
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in electron-carbon scattering. Exclusive quantities are
particularly relevant for neutrino experiments, especially
those that are capable of tracking and identification of
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argon time-projection chambers, like the SBN [114] and
DUNE [3] detectors, and other detector technologies like
the gas argon time-projection chambers [115] or 3D
scintillation trackers [116]. This capability allows these
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more efficiently. If we take as an example the recent
MicroBooNE search for single photons [117] as an
explanation of the MiniBooNE low-energy excess [118],
we can appreciate the importance of exclusive quantities:
the one-photon–zero-proton sample has a background rate
7 times higher than the one-photon–one-proton sample, and
this can largely be attributed to the inability to reconstruct
theΔ → Nγ invariant mass in the absence of a proton track.
Several other examples can be made, but the point is that
describing correctly exclusive observables will be crucial in
current and future neutrino experiments.
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• Symplectic integrator to solve the equation of motion of the particle, curved trajectories
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CLAS/e4! collaboration
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(e,e’) Data-Theory Disagreements

Khachatryan, Papadopoulou, and Ashkenazi et al. 
(CLAS & e4ν collaborations), Nature 599, 565 (2021).

• Mimics energy reconstruction 
techniques used in Cherenkov 
detectors

Ecal =
X

i

(Ei + ✏i)

• Mimics energy reconstruction 
techniques used in LArTPC 
detectors: ionization energy
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• Exclusive observables that are sensitive to final state interactions: proton multiplicity energy 
spectrum

collaborations to present such observables that will ulti-
mately serve to validate lepton-nucleus interaction models.
Let us start with an exclusive differential observable that

is highly sensitive to final-state interactions: the proton
multiplicity energy spectrum. As we currently do not have
pions propagating in our intranuclear cascade modeling in
ACHILLES, we focus on np0π events. Taking the 2.257-
GeV electron beam as an example, for every event, we
count the number of protons that pass experimental cuts
(see Sec. V). Then we take all leading-energy protons in
events with at least one proton and build their energy
spectrum. We repeat the procedure for all second- and

third-leading protons, in events with at least two or three
protons, respectively.
The results of this procedure are the proton energy

spectra shown in Fig. 10, from the leading proton in the
upper panel to the third-leading proton in the lower panel.
We would expect this distribution to be highly sensitive to
the intranuclear cascade model. INCs may raise the proton
multiplicity, contributing to the spectra of second and
third protons, and tend to distribute the energy among

FIG. 9. Comparison of δϕT for an electron beam of 1159 MeV
(top), 2257 MeV (middle), 4453 MeV (bottom). Data are taken
from Ref. [76]. The definition of δϕT can be found in Eq. (35).

FIG. 10. Energy spectra of the nth most energetic proton, from
the most (upper panel) to the third-most energetic protons (lower
panel) for a beam energy of 2.257 GeV.
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• We consider the 2.257- GeV electron beam, for every event, we count the number of protons that 
pass experimental cuts 

• We take all leading-energy protons in events with at least one proton and build their energy 
spectrum. Apply the same procedure for all second and third leading protons


• This observable is sensitive to INC and also other reaction mechanisms
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Nuclear Hamiltonians: different efforts in place to provide UQ in chiral EFT

Different sources of uncertainties can be considered:

Form factors: one- and two-body currents. 

Error of factorizing the hard interaction vertex / using a non relativistic approach

These errors need to be consistently propagated / combined through the intra-nuclear cascade

Achilles is a theory driven, modular event generator. Provides automated BSM calculations for 
neutrino experiments. Work is currently underway to incorporate pion degrees of freedom

GFMC and QMC SF are microscopic approaches able to accurately describe neutrino cross sections

LQCD will be crucial in providing inputs for form factors and π-production amplitudes
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