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Dirac operator roadmap (pedestrian perspective)
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Brillouin Dirac operator:
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:%['Ym%]1 F),,, the hermitean clover-leaf field-strength tensor, separate my, ¢,
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Brillouin operator details

Standard Derivative: V, = isin(k;)
Brillouin Derivative: V, = isin(k)[cos(k2) + 1][cos(ks) + 1][cos(k4) + 1]/8

A

Isotropic Derivative: V, = isin(kq)[cos(k2) + 2][cos(ks) + 2][cos(ky) + 2]/27

2D: der_std for L=24 2D: der_bri for L=24 2D: der_iso for L=24

A

Standard Laplacian: A = 2cos(k1) + 2 cos(ks) + 2 cos(ks) + 2 cos(ky) — 8
Tilted Laplacian: A\ = 2cos(ky) cos(ka) cos(ks) cos(ky) — 2
Brillouin Laplacian: A = 4 cos?(k1/2) cos®(ka/2) cos?(ks/2) cos®(ky/2) — 4

A

Isotropic Laplacian: A = [2¢icoczeq+Tcrcoc3+...+20c1co+ ...+ 25¢1 +... — 250] /54
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2D: lap_std for L=24 2D: lap_til for L=24

0o
2D: lap_bri for L=24 2D: lap_iso for L=24

All 12 options live on [—1:1]* hypercube (81 sites in 4D, ultralocal). Test them
systematically (eigenvalues, dispersion relation). Combination (AP, V%) wins.
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Dispersion relation for overlap with Wilson kernel

Wilson-Overlap with rh0=0.634, am=0

Wilson-Overlap with rh0=0.634, am=0.75
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© strong deviation from continuum for any a|p| > 1

© strong rotational symmetry breaking for any a|p| > 1

sqrt(a 2pf+a 2p§+a ng)

@ mild effect of am < 1 for “magic value” p = 0.634 (neg. mass of D)

See [arXiv:1701.00726] for details.
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Dispersion relation for

overalp with Brillouin kernel

Brillouin-Overlap with rho=0.634, am=0

/

5 Brillouin-Overlap with rho=0.634, am=0.75
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@ mild deviation from continuum up to a|p| ~ 1.5

@ mild rotational symmetry breaking up to a|p| ~ 1.5

sqgrt(a 2pf+a 2p§+a ng)

@ mild effect of am < 1 for “magic value” p = 0.634 (neg. mass of D)

See [arXiv:1701.00726] for details.
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Cut-off effects for Wilson and Brillouin operators

Wilson operator:

(@B~ (ap)? = [(am)® ~ (am)? + T (am)* ~ 2(am)® + .|
+ [~ Sam) + L(am)?] (ap)?
+ — % + %} (; a‘p;p; + ;(api)4) +0(a®)
Brillouin operator:
(@B ~ (ap* = [(am)? — (am)® + 1 (am)* ~ 2 (am)® + .|
+ [0+ @m)?] ap)?
+ :0 + %} (; a*p?p? + ;(api)4) +O(a)

Fermilab reinterpretation manages to get rid of —(am)> + ... part at p = 0.
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Cut-off effects for overlap with Wilson and Brillouin kernel

Overlap operator with Wilson kernel:

2_2p2—6,0+3
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# [ glam? +0]ap)’
2 4.2 2 4 6
+ __§+O} (Za PiP; ‘|‘Z(apz') ) + O(a”)

Overlap operator with Brillouin kernel:

(aB)? = (ap)* = |(am)
+ :O+O: (ap)?

" :O + 0: (Z a’'pip; + Z(apz')4) + O(a®)

1<J

5

p =323 ~ (.634 (“magic value”) establishes 2p* — 6p 4+ 3 = 0 [arXiv:1701.00726].
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Dispersion relations of 4D fermion actions

[
D,y = Z’yuvﬂ—l—m = inMﬁM—I—m
1 i
G . = —1, Vb +m __izu%bﬁ“’_'_m
a (i Zp VoPp + M) (=1, YoPo +m) p* +m?
aFE = \/asinh( Z sin?(ap;) + (am)2)
o

At r = 1 the DR for Wilson fermion simplifies to
2
2 cosh(aF) [d + am — Z cos(api)} =1+ Z sin?(ap;) + {d +am — Z cos(api)]

which one solves for aE > 0 by means of acosh(z) = In(xz + V22 — 1) for z > 1.
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Naive operator, L/a=64, am=0 Naive operator,

L/a=64, am=0.5
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Momentum configurations with |p] = 0, 7, v/2m, /37, 27 realize 1,4,6,4,1 species.

Useful feature for heavy-quark physics: cut-off effects at |ap] = 0 are quadratic:

o = am{ 1~ Gam)? + S (am)" + O((am)*) }

S. Dirr, BUW/JSC MITP workshop, 11.3.2023 10



o s Wilson operator, L/a=64, am=0, r=1 o: Wilson operator, L/a=64, am=0.5, r=1
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Inconvenient feature for heavy-quark physics: cut-off effects at |ap] = 0 are linear:

o = am{l — gam + E(amf _br 8_ 3]T(am)3 + O((am)4)}

6

Non-zero momenta up to |ap] = O(1) seem affected by common mismatch im am.
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o s Karsten-Wilczek, L/a=64, am=0, r=1 Karsten-Wilczek, L/a=64, am=0.5, r=1
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Feature for heavy-quark physics: cut-off effects at |ap] = 0 are quadratic:

aF = am{l — é(am)2 + %(am)4 + O((am)6)}

Non-zero momenta up to |ap] = O(1) seem well represented [arXiv:2003.10803].
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Borici-Creutz operator, L/a=64, am=0, r=1 Borici-Creutz operator, L/a=64, am=0.5, r=1
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Feature for heavy-quark physics: cut-off effects in real/imag part are linear/quadratic
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16
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Questionable features for tiny momenta at am ~ 0.5 [arXiv:2003.10803].
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