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Lattice Perturbation Theory

Why lattice perturbation theory?
® Explore qualitative features
® Matching to the continuum
® Calculate important quantities in the large §/small go regime
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Figure: Non-perturbative determination of csy (data points), one-loop value (dashed line) and
rational fit (solid line). Graphic from Liischer et al. 1996 [hep-lat/9609035]
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Lattice Perturbation Theory

® Principle of Lattice perturbation theory:
Relate link variables U,(x) € SU(N.) to gluon fields A,(x) € su(N.)

Uy (X) _ eigo/-\u(X)
N2 -1

Au(x) = Z T7A%(x)

— Insert into action and expand to needed order in go.

— Feynman Rules
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Lattice Perturbation Theory

® At Oth order — Propagators
e.g. Gluon propagator (plaquette action)

) ) R
Gu(k) = —H =~ k, = 2sin (2k
B ST Py S
Fermion propagator (Wilson action)
_iz)\ Y sin(ak,\)+2rzp sin2(§kp)
S, sin(aky) +4r2( Y sin?(2k,))

S(k)=a
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Lattice Perturbation Theory

® At order gy — quark-quark-n-gluon-vertex.

~ gOTa

p v, b Na'ggTaTb

~ a2 'ggTaTch

— I'go’yﬂ T?
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Lattice Perturbation Theory

® Example: Wilson fermion action

q

pa

» *goTa(i'Yucos (S(Pﬁqu)) + rsin (g(p“+q“))>

Sggéw TaTP (i’Yu sin (%(Pu + qu)) — rcos (S(Pu + qu)))

%ggéwéw T2TbTC (i’m cos (g(pu + qM)) + rsin (§(Pu 4 qu)))
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Lattice Perturbation Theory

® Example: Clover improvement term

csw 3 ST 30 Fan (I9()

x p<v

igo TQ%CS)/\)/ > O Cos (S(Pu - qﬂ)) sin (a(py B qy))

v

fabcTcaCSW <5H,,ZUM, oot ou. )
p

—/go TCSW TTh TC< )
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Lattice Perturbation Theory

® Example: Liischer-Weisz gauge action

SelU]l = —— Z Re [Co Z Tr Uplaq(x)) +a Z Ty (1 - Urect(x)):l

plaq rect
v, b
k2\ K
I, a
/s
i (0 1)
p,c go fFabe (c Vg3),wp(k17 ko, k3) +a Vg(3 ;U/p(k17 ka, k3))

8/23



Brillouin Fermions

® Wilson operator with standard derivatives — 9-point stencil

Dw(x.y) = Y% Vi'(y) = 347 (xy)
I

® Brillouin operator with 81-point stencil

iso r ri
Do(x,y) = Y wVily) = 587 (xy) .
1
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Brillouin Fermions

® Brillouin operator with 81-point stencil

+4
A A N
Dﬂ&yﬁr4§5&m%+g (mw—rf)wﬂﬂﬂx+mﬂ

p==x1

+4
A2 oA
+ 37 (oo = 1) Wl + i+ 2. y)
pv==1
[nl#|v|

p3 A3
+ § (EW u) Wi (x)6(x + o+ 0+ P, y)
v,p==%1
IMI#I [#|pl

+4
P A A A A A
Y (B - ) W (08 + i D+ 8.y)

v, p,0=+1
[ul#lvI#]pl#| o]
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Brillouin Fermions

® Brillouin operator with 81-point stencil

+4
A A N
Dﬂ&yﬁr4§5&m%+g (mw—rf)wﬂﬂﬂx+mﬂ

p==x1

+4
A2 oA
+ 37 (oo = 1) Wl + i+ 2. y)
pv==1
[nl#|v|

+4
p3 A3
+ E: (Eﬂ/ u) Wi (x)6(x + o+ 0+ P, y)
v,p==%1
IMI#I [#|pl
+4

P A4 A A A A
* Zﬂ (6“%fr48)Wwpo(x)é(x+u+v+p+o,y)
WV, p,0=

[ul#v|Zlpl#lo|

(p1,p2, p3, p2) = 5(1,0,0,0), (X0, A1, A2, A3, Aa) = (— 81,0.0, 0) —Wilson
(p17p27p3,p4) = L(64—716 ) ()\0,)\17)\2,)\3,)\4) ( 240 8 4 2 1) — Brillouin
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Perturbation Theory with Brillouin Fermions

The propagator of the free Brillouin fermion

k)= (Zwi:"(k) - ;Ab“(k)) 7

X V() — 58" (k)
a2 - (X2, Vio(k2)

with the Fourier transforms of the “free” derivative Vifo and Laplace operator AP

with

V(0 = 575060 [[ (@) +2)

vFp

AP (k) = 4(c(kl)2c(k2)2c(k3)2c(k4)2 - 1)

s(ky) =si (l ku)
5(ku) = sin(ky)
S(k) =) s(ka)’

c(ky) = cos(zku)
¢(ku) = cos(k,.)
(k)= _5(k)’
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Perturbation Theory with Brillouin Fermions

® The propagator of the free Brillouin fermion
—1 iso r A bri
o ro b =22, WV (k) = 547 (k)
K= (Zwu (- Lo (k)) - -
P TAbrl(k)Z _ (ZM V};O(k)Z)
with the Fourier transforms of the “free” derivatives

Vi () = 5-50k) [[(2(k) +2)

v#u

A" (k) = 4( (k) el clka)c(ke)” ~ 1)

Thus

—% >, (ws(k) I, (€(k) +2 c(ka)c(ke)c(ks)c(ke)? — 1)

Se(k) = ) ( ( (
4r2(c(k1)2c(kz) c(hkoRelkef —1) + 25 30, (302 L, (ko) +2))
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Perturbation Theory with Brillouin Fermions

® The qqg-vertex

Vi (p.q) = —gT’ {rhs(pu + qu) + 2iprc(pu + Gu)vu

—|—Z{r)\2 (p. q) + 2ip2(KS (P, @) —Kfis)(p,q)%)}

V#u
Z { MK (b, 0) + 2i0 (KIS (P, @) — 2K (. )72) }
#?:P:L)
1 4
by X {0 + 2in (45 a1 - 3K ) )|
A

with K5 (p, q) = s(pu + qu)[e(pv) + E(u)] etc.
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Perturbation Theory with Brillouin Fermions

® The qqgg- and qqggg-vertices

e 1 )
Vil (prg. ki k) = agiT 7*{ = NGy + ) + 191850+ )%

Mz((l — S LG (g k) a,,,/zw < (p,q) )

Pt
o

+rA ( (1= 6) LG (p.q. ka) = =0, Z K (p, 41))

Ao Py
1
+rA\(E(1—5,W Z L“WUH,A;)——A,,, Z 1\,;;;,;(,,.4))
N

Y iy ) Fopai)

i (200 = ) [ L b + L )

+ 0w Z (K. g+ K5, u)])

i
4

L[4 e sss)
+ms<§(1 o) > [L}../,, (P, @ k) + LGy (0, a, kv — L) (1, 11-kz)v,,]
et
#z'w )
w15 KGO (p, )7 + 2K (9, q)
30w o) (9, )7+ 2K (0, 0)70

#lunu)

+im( (1= d) Z [L‘IW‘J,’ 0y kv + Lises) (0, a, k) — 2L s (9,4, ka) 7

oo

.
1 ~(cese
DS [I\L::;;mq)wu+3A,€m’<1~m,,])}

apo=1

Fap.op)
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Self energy of the Brillouin fermion

k p—k
N POt
® Tadpole and Sunset diagrams ? ? ﬂ
P P P k P

® Expand to order 1/a

2
8 Cr [ 2o 0 0
Yy = —_— = —Mecri )

1672 < p +0(a ,p)) merie + O(a", p)

® Evaluate corresponding integrals

™

a ole d4k aa
ggCF):(()t dpole) _ / W Z [GW(k)V2W(p,p, k,—k)}

W,v,a

p=0
—T

sunse [ d4k a a
gerrfm) = [ ST (Vi (p 6o - DSUOVE. (K. p)]

wv,a

p=0

-7
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Self energy of the Brillouin fermion

0
+ Wil/Plag —— Fit—10.15-20.55-r—1.29 -2
=3 X Bri/Plag —— Fit—10.73-17.56-r—2.85-r2
_104 ® Wil/Sym —— Fit —7.69—1524-r—0.92r2
Bri / Sym Fit —7.97 —12.69-r—2.06-r?
_15 B
_20 4
-
12
_25 4
_30 .
_35 4
_40 .
-45 ; : : ; .
0.6 0.8 1.0 1.2 1.4
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csw at tree level

Perturbative determination of csw
® Perturbative expansion
Csw = cg\),\), + ggcg,\), +0(g5)
® Consider vertex function
L L
AP, a) =& NP (p,q)
L=0

® Tree level — qqg-vertex
N (p,q) = Vi, (ap, aq) = —go T° (iw (2p1 + 12p2 + 24p3 + 16ps)

+a 2(p,u, + qu)(Al + 6A2 + 12A3 + 8)\4 7CSW ZO-}LV Pv :| + O( ))
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csw at tree level

® On-shell
DWM§quM@)@Tﬁwwym@m+lhz+ﬂm+1®0

+ g {r()\l +6X + 1223 + 8)\4) — cé?,\),} (p. + qu)> u(p) + O(a%)

® = Improvement condition

&=

As ()\1 + 62 + 12A3 + 8)\4) = 1 needs to be fulfilled for the action to have the
correct continuum limit.
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csw at one loop

® One-loop vertex function

go3/\z(1) = g7’ (WH + agvuFa 4 avupFs + a(py + qu) G + a(py — qM)Hl)

F1, F> do not contribute on-shell, H; = 0 due to symmetry arguments.

(Aoki, Kuramashi 2003)

® On-shell
— a a a
1(q) (ECS/&(W +q.)T° + N (p, q)) u(p)

33— . a (1) a 2 2 2

~&3a(q) (i + 5 (P + 9)(ch) — 260 T7) u(p) + O, ) + O(&")
® — Improvement condition

Cg/\)/ = 2G1

® Extract G;

“#v
3rag - L 0 0 N (09 \pa !
& 176G = 8T{<8pu + 3qu>/\“ o 9q ARG M

p,q=0
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csw at one loop

® Six one-loop diagrams

(a)
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csw at one loop

Construct Feynman integrals corresponding to the diagrams
e.g. diagram (c):

a(l)(c) b,c
A (W > ;vw(p, 9k, = p = K)Guo (k) Gpr(p — g+ K)
e v,p,0,T c
X Vighor(a = p,—k,p— g+ k)
Insert Wilson/Brillouin fermion rules and Plaquette/Liischer-Weisz gluon rules
Extract G;

Add all diagrams
Perform integration over k
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aSsw

at one loop

Construct Feynman integrals corresponding to the diagrams
e.g. diagram (c):

v,p,o0,T b,c

A1) _ bc - )
/\l—L (271')4 Z Zv21/p(p7q7k7q 1% k)Gyg(k)GpT(p q_|_k)

X V3agb2.0‘r(q - P, _k7 P—q + k)
Insert Wilson/Brillouin fermion rules and Plaquette/Liischer-Weisz gluon rules
Extract G:
Add all diagrams
Perform integration over k

Action cé\l,\),

Wilson/Plaq. | 0.26858825(1)

Brillouin/Plaqg. | 0.12362580(1)

Wilson/Sym. 0.1962445(1)

Brillouin/Sym. | 0.088601(1)
(for No =3 and r = 1)

In the Wilson case the numbers agree with

(Aoki,Kuramashi 2003), (Horsley et al. 2008)
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csw at one loop

0.6

+ Wil /Plag —— Fit 0.0450+0.2220r+0.0018 - r?

05 X Bri / Plag —— Fit 0.0005+0.1336-r—0.0105"r2

' ® Wil/Sym —— Fit 0.0282+0.1681r

Bri / Sym Fit —0.0024 + 0.1000 - r — 0.0091 - r?
0.4 A
0.3
0.2 1
0.1

0.6 0.8 1.0 1.2 1.4
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csw at one loop

® Calculate diagrams individually
— Logarithmic divergencies in all but one diagram
— Regulate by subtracting simple logarithmically divergent lattice integral with
appropriate pre-factor

™

o]

-

1 1

e Ba() = oy (— () + Fo ) + O()

(2m)* (k2y2’

Diag. B> Wilson /Plag. Brillouin/Plaq. Wilson/Sym. Brillouin/Sym.
(a) —1/3 | 0.009852153(1) | 0.0100402212(1) 0.01048401(1) 0.0108335(1)
(b) | —9/2 | 0.125895883(1) 0.098371668(1) 0.1285594(1) 0.102829(1)
(¢) | +9/2 | —0.124125079(1) | —0.100558858(1) —0.1337781(1) —0.1098254(1)
(d) 0 0.297304534(1) | 0.142461144(1) 0.2354388(1) 0.1120815(1)
(e) +1/6 | —0.020214623(1) | —0.013344189(1) | —0.022229808(1) | —0.013659(1)
(F) | +1/6 | —0.020214623(1) | —0.013344189(1) | —0.022229808(1) | —0.013659(1)
Sum 0 0.26858825(1) 0.12362580(1) 0.1962445(1) 0.088601(1)
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csw at one loop

® Calculate diagrams individually

— Logarithmic divergencies in all but one diagram

— Regulate by subtracting simple logarithmically divergent lattice integral with
appropriate pre-factor

™

d*k 1 1 > >
62/(%)4(/22)2’ Balh) = Jgz (= (1) + Fo =€) + O
-7

Diag. B> Wilson /Plag. Brillouin/Plaq. Wilson/Sym. Brillouin/Sym.
(a) —1/3 | 0.009852153(1) | 0.0100402212(1) 0.01048401(1) 0.0108335(1)
(b) | —9/2 | 0.125895883(1) 0.098371668(1) 0.1285594(1) 0.102829(1)
(¢) | +9/2 | —0.124125079(1) | —0.100558858(1) —0.1337781(1) —0.1098254(1)
(d) 0 0.297304534(1) | 0.142461144(1) 0.2354388(1) 0.1120815(1)
(e) +1/6 | —0.020214623(1) | —0.013344189(1) | —0.022229808(1) | —0.013659(1)
(F) | +1/6 | —0.020214623(1) | —0.013344189(1) | —0.022229808(1) | —0.013659(1)
Sum 0 0.26858825(1) 0.12362580(1) 0.1962445(1) 0.088601(1)

— More detail in arXiv:2302.11261
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