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Outline
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An overview of Brillouin fermions

Outline

• Motivation 

• Brillouin operator construction — 2D case  

• Eigenvalue spectra in 2D 

• Proof-of-concept investigation in quenched QCD 

• Overlap construction 

• Summary, conclusions, outlook

‣ S. Durr & G. K., arXiv:1012.3615 

‣ S. Durr,  G. K., & T. Lippert, arXiv:1208.6270 

‣ S. Durr & G. K., arXiv:1701.00726
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Motivation
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Consider the first derivative and the laplacian term

• Perfect actions 

– Extended operators, O(100) times more expensive  

• Truncation 

– Parameter tuning for each set of new action parameters 

• Here: 

– Consider more “geometric improvements”, e.g. rotational symmetry 

– Consider effect on eigenvalue spectrum
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Construction – Laplacian
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Consider linear combinations of the “standard” and “tilted” laplacian

“Standard” laplacian stencil “Tilted” laplacian stencil
<latexit sha1_base64="0giFu4CBE5N++d88YA+tnoyiSfk="></latexit>

0 1 0
1 -4 1
0 1 0

/1

<latexit sha1_base64="c9r01RqtpY4p2lCPVfmHAs9Kq7Y="></latexit>

1 0 1
0 -4 0
1 0 1

/2
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�s = 2 cos(k1) + 2 cos(k2)- 4
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�t = 2 cos(k1) cos(k2)- 2
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Construction – Laplacian
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Two notable linear combinations of

“Brillouin” laplacian, a=1/2 “Isotropic” laplacian, a=2/3 

<latexit sha1_base64="j5Fn/bYefzx4YIEKOV2CtI9tjLw="></latexit>

↵�s + (1- ↵)�t
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1 2 1
2 -12 2
1 2 1

/4

<latexit sha1_base64="ZtxWEWZVBKUo5a4iYI4kjiG33bc="></latexit>

1 4 1
4 -20 4
1 4 1

/6

Doublers “lifted” equally Isotropic around origin
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Construction – Derivative term
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“Brillouin” (in , x–direction) “Isotropic” (in , x–direction)
<latexit sha1_base64="MY8ey6iKXs4Dywc93sIcQoRvXZ8="></latexit>

-1 0 1
-2 0 2
-1 0 1

/8

<latexit sha1_base64="kju9bUx4+WWEhnuAkJg4XLpI9os="></latexit>

-1 0 1
-4 0 4
-1 0 1

/12

Compare to standard case:

<latexit sha1_base64="CCW3eSohQ5LG0yotDcGqcMgKsX0="></latexit>
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Construction – Full operator
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Here for U(1), 16×16, β=4.4, cSW=1
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Construction – Full operator
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Here for U(1), 16×16, β=4.4, cSW=1
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Brillouin Laplacian, isotropic derivative
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Here for U(1), 16×16, β=4.4, cSW=1
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Brillouin Laplacian, 
Isotropic derivative,  

⇒ our “Brillouin” operator
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Brillouin Laplacian, isotropic derivative
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U(1), 24×24, β=4.4
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Expectations 

• Smaller condition number 

• Smaller additive mass renormalisation  

• Smaller rotational symmetry violation
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Free-field quark dispersion relation
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Noticeable improvement in dispersion relation for Brillouin improved fermions 
compared to standard Wilson 

Wilson Brillouin

More during Stephan’s later today
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Test case in quenched QCD
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• Constant L≃1.6 fm 

• 1 iteration APE, α=0.72 

• cSW=1 

<latexit sha1_base64="0AmyXcjE+WP7n4avh12I0qEXSGE="></latexit>

size � a (fm) a-1 (GeV)
103⇥20 5.72 0.160 1.236
123⇥24 5.80 0.133 1.479
163⇥32 5.95 0.100 1.978
203⇥40 6.08 0.080 2.463
243⇥48 6.20 0.067 2.964

Compare to standard Wilson: 

• Cut-off effects for pseudo-scalar decays 

• Inversion iteration count (or condition number) 

• Eigenvalue spectrum

S. Durr & G. K., arXiv:1012.3615
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Test case in quenched QCD
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• Horizontal line: target κ for both Wilson and Brillouin: 

 (r0MPS)2 = 1.252, 2.1252 = 5002, 8602 MeV2
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Critical κ
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• Fits to rational ansatz
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BiCGstab iteration count
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• 1.7× less iterations for Brillouin compared to Wilson

0.0015 0.0020 0.0025 0.0030
1/nBiCGStab

0

100

200

300

400

500

600

700 BrillouinStandard



NOVEL2023, 6th – 10th March 2023, Mainz

Eigenvalues
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• Comparing smallest to largest eigenvalue
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Eigenvalues
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• Comparing 10th smallest to largest eigenvalue 

• May be more amenable to deflation
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Meson decay constants
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• ZA available for Wilson only 

• Similar approach to continuum (note vs αa)

• Investigated scaling of pseudo scalar decay constants, fπ,         , 

• Five values of a at matched pseudo scalar masses

<latexit sha1_base64="pW6xJxyGpSdR/nZ/eO/84rIi3r4=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4GmYG7Yy7ghuXFewDOqVk0jttaOZBkhHK0L1f4Fa/wJ249Tf8AP/DdFrBih4IHM7Jubk5QcqZVJb1YZTW1jc2t8rblZ3dvf2D6uFRWyaZoNCiCU9ENyASOIuhpZji0E0FkCjg0Akm13O/cw9CsiS+U9MU+hEZxSxklCgt+eEgl35ARC5ns0G1Zpm2a9UdF2viOVduQVzPsxxsm1aBGlqiOah++sOEZhHEinIiZc+2UtXPiVCMcphV/ExCSuiEjKCnaUwikP282HmGz7QyxGEi9IkVLtSfiRwyDmJlSE4iKadRoMMRUWP525uLf3m9TIVeP2dxmimI6eLtMONYJXjeCR4yAVTxqSaECqbXx3RMBKFKN1fRvXx/Hv9P2o5p183L24taw1s2VEYn6BSdIxu5qIFuUBO1EEUpekRP6Nl4MF6MV+NtcbVkLDPHaAXG+xcYfJp3</latexit>

fss̄
<latexit sha1_base64="5O+gg0NNbIt5EGysiXgYnZa4IzM=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4GmYG7Yy7ghuXFewDOqVk0jttaOZBkhHK0L1f4Fa/wJ249Tf8AP/DdFrBih4IHM7Jubk5QcqZVJb1YZTW1jc2t8rblZ3dvf2D6uFRWyaZoNCiCU9ENyASOIuhpZji0E0FkCjg0Akm13O/cw9CsiS+U9MU+hEZxSxklCgt+eEgp35ARE5ns0G1Zpm2a9UdF2viOVduQVzPsxxsm1aBGlqiOah++sOEZhHEinIiZc+2UtXPiVCMcphV/ExCSuiEjKCnaUwikP282HmGz7QyxGEi9IkVLtSfiRwyDmJlSE4iKadRoMMRUWP525uLf3m9TIVeP2dxmimI6eLtMONYJXjeCR4yAVTxqSaECqbXx3RMBKFKN1fRvXx/Hv9P2o5p183L24taw1s2VEYn6BSdIxu5qIFuUBO1EEUpekRP6Nl4MF6MV+NtcbVkLDPHaAXG+xfk7ZpX</latexit>

fcc̄
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Meson decay constants
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• Charmed pseudo scalar meson decay 

• Milder approach to continuum when using Brillouin fermions compared to 
standard Wilson
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Meson decay constants
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• Ratio – eliminate ZA 

• Fit including αa term:  

• Left: excluding coarsest a, right: all points included

<latexit sha1_base64="j0OhUirwOGcMwqBshhcFE+Hc1Io="></latexit>

fcc̄/fss̄ = d0 + d1↵(a)a+ d2a
2
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Normality check
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‣ Clover term increases 
violation for both cases 

‣ Considerably smaller 
violation for Brillouin

Normality “violation”: 

where η are Gaussian 
random vectors 
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Ginsparg – Wilson “violation”
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• Here for κ = κcrit (only known here for cSW=1) 

• Note the magnitude of the y-axes
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Using a QCDSF Nf=2, (L/a)3=403 ensemble, mπ≈280 MeV, a≈0.073 fm

Meson and baryon dispersion relations
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• Tuning of Wilson and Brillouin κ to same light and strange pseudo-scalar meson 
masses 

• Target values (horizontal dashed lines) correspond to:

S. Durr,  G. K., & T. Lippert, arXiv:1208.6270
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• Left: pseudo scalar meson, Right: vector meson 

• Solid line: continuum dispersion relation
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Sea: Wilson Nf=2, (L/a)3=403, mπ≈280 MeV, a≈0.073 fm (by QCDSF)
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Meson and baryon dispersion relations
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• Left: strange Omega, Right: charm Omega 

• Solid line: continuum dispersion relation
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Overlap with a Brillouin kernel
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• The massless Overlap operator:

<latexit sha1_base64="fZhYdF6spohuiZqdJxgdvGTLOX4="></latexit>
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i
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h
�5 sign(�5aD-⇢/a) + 1

i

where there is a choice of the kernel operator D-ρ/a

• Approximate the sign function via Kenney-Laub iterates∗:

<latexit sha1_base64="jR7PyhJYQUIsw0PgyEeunuxOVwg="></latexit>

Xk+1 = Xk
pmn(I-X2

k)

qmn(I-X2
k)

⌘ fmn(Xk)

<latexit sha1_base64="TZerlFQDrpSfTvsFUvLzKkY5/Bk="></latexit>

rmn(t) =
pmn(t)

qmn(t)
                                                the (m, n) Padé 

approximant to:  h(t) = (1-t)1/2

<latexit sha1_base64="XRcUyH3W3EVnhV2TF1Gmttn1HoY="></latexit>
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∗C.S. Kenney and A.J. Laub, SIAM J. Matrix Anal. Appl. 12, 273 (1991)

S. Durr & G. K., arXiv:1701.00726
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Kenney-Laub iterates
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• Fast convergence to the 
unit circle 

• For what follows: restrict 
to diagonal, n = m
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Kenney-Laub iterates
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• Nesting, e.g. f 
• In a more practical setting, consider a “zero-mode” λ = 0.2 

– Via overlap prescription, shift by -1 

– Take the sign (here, apply KL) 

– Shift back by +1

<latexit sha1_base64="lLsEx2CU0LgUkl6yfkhyBBCFGQo="></latexit>

f
(3)
11 (x) ⌘ f11(f11(f11(x))) = f13,13(x)

<latexit sha1_base64="4FFpReEnP4Etv7D7x5Z3VzJ85J0="></latexit>

f
(k)
1,1 f

(k)
2,2 f

(k)
3,3 f

(k)
4,4 f

(k)
5,5

k = 1 2.7 10-3 3.4 10-5 4.2 10-7 5.2 10-9 6.3 10-11

k = 2 5.2 10-9 2.8 10-24 3.5 10-47 1.0 10-77 6.9 10-116

k = 3 3.4 10-26 1.0 10-119 1.0 10-327 4.6 10-696 1.6 10-1270
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Overlap with a Brillouin kernel
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• Same five quenched ensembles as prior analysis 
• Ginsparg-Wilson “violation” 

• Single iteration of f1,1
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Overlap with a Brillouin kernel

30

• Fall-off of overlap operator                          with η Gaussian noise 
• Single iteration of f1,1 

• Right: averaged over equal directions; (L/a)3 = 243
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 = Dov⌘
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Overlap with a Brillouin kernel
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• Fall-off of overlap operator                          with η Gaussian noise 
• Single iteration of f1,1 

• Fitted to e-δ|x|

<latexit sha1_base64="rISHgf9XqVFzGKVx7UP4MEKIF4Y=">AAACDnicdVBLSgNBEO2Jvxh/MS7dNAbBVZgJmhkXQkAXLiOYD2TG0NOpJE16PnT3BMOQO3gCt3oCd+LWK3gA72HnI2jQBwWP96qoqufHnEllmh9GZmV1bX0ju5nb2t7Z3cvvFxoySgSFOo14JFo+kcBZCHXFFIdWLIAEPoemP7yc+s0RCMmi8FaNY/AC0g9Zj1GitNTJF9xYMnyBr+7SaDTBLijSyRfNkmWblbKNNXHK5/aM2I5jlrFVMmcoogVqnfyn241oEkCoKCdSti0zVl5KhGKUwyTnJhJiQoekD21NQxKA9NLZ7RN8rJUu7kVCV6jwTP05kZJAynHg686AqIFc9qbinx4kHMTSctVzvJSFcaIgpPPdvYRjFeFpNrjLBFDFx5oQKpg+H9MBEYQqnWBO5/L9PP6fNMolq1I6uzktVp1FQll0iI7QCbKQjaroGtVQHVF0jx7RE3o2HowX49V4m7dmjMXMAfoF4/0LXI6cEg==</latexit>

 = Dov⌘

0.4 0.6 0.8 1.0 1.2 1.4 1.6
0.5

1.0

1.5

2.0

2.5

3.0

in
|

(x
)|
∝

e
|x

|

NAPE = 3, Wilson
NAPE = 1, Wilson

NAPE = 3, Brillouin
NAPE = 1, Brillouin



NOVEL2023, 6th – 10th March 2023, Mainz

Overlap with a Brillouin kernel
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• Practical tests for massive overlap operator 
• Used a QCDSF Nf=2 ensemble, mπ≈280 MeV, a≈0.073 fm
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• Near-zero additive mass with just two recursions of f11
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• Single-node, OpenMP:  

→ S. Durr, Comput. Phys. Commun. 282 (2023) 108555 arXiv:2112.14640 
• Inversion of a 243×48 quenched lattice

• MPI/OpenMP code [undocumented!] 

→ https://github.com/g-koutsou/qpb
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Summary & Outlook
Brillouin improvement 

• Modified laplacian and derivative operators in Wilson action 

• No parameters tuning needed 

• Motivated by symmetry and value at Brillouin zone 

Practical tests reveal: 

• Reduced condition number 

• Better dispersion relation – verified for hadrons which include heavy quarks 

• Smaller additive mass renormalisation compared to standard Wilson 

Suitability of Brillouin operator as a kernel to Overlap 

• More circular-like spectrum motivates its investigation as an Overlap kernel 

• Here, tests carried out using Kenney-Laub iterates as approximations to the sign 
function – fixed coefficients in ratio 

• Nice features of Brillouin include: smaller violation of Ginsparg-Wilson relation, 
increased locality of operator, few KL-iterates for reaching near-zero additive 
mass
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