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Genealogy of lattice fermion actions

Classical lattice fermion actions:

e Naive fermions (2¢ species in d space-time dimensions)

e Wilson fermions (N.AN,N,N,N; x ditto matrix in d = 4 dimensions)

e Staggered fermions (reduction by 24/2 hence size NNy N,N,N; x ditto)

e Overlap/domain-wall fermions (unique unitary part of aDw — p)

Novel lattice fermion actions:
e Minimally doubled fermions (Karsten-Wilczek, Borici-Creutz, twisted ordering)

e Ameliorated Wilson fermions (Brillouin, hypercube, ...)

e Staggered/naive fermions with lifting (Adams, Hoelbling, ...)

Issues to be considered:
e Nielsen-Ninomya theorem (< this talk)
e suitability for heavy quark phyics (dispersion relation, ...)

e suitability for lattice perturbation theory (LPT)
e computational efficiency (MPI/PGAS, OpenMP /OpenACC/cuda, SIMD)
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Introduction: Naive and Wilson fermions
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Introduction: Karsten-Wilczek and Borici-Creutz fermions
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e Karsten-Wilczek free-field eigenvalues versus r in 4D
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Spectrum at r = 0 is naive (i.e. 4-fold staggered) spectrum.

Spectrum at any r is on imaginary axis (chiral symmetry, horizontally displaced).

Spectrum at r = 1 covers range |—7, 7] on imaginary axis (worse CN than staggered).

KW species chain is 16 — 14 — 8 — 2 with transistions at r = %, i,% [SD, JW, 2020].

S. Diirr, BUW/JSC

MITP workshop,

6.3.2023



8 Borici-Creutz eigenvalues versusr, L/a=16 _ Borici-Creutz eigenvalues versus r, L/a=16
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Spectrum at r = 0 is naive (i.e. 4-fold staggered) spectrum.
Spectrum at any r is on imaginary axis (chiral symmetry, horizontally displaced).
Spectrum at 7 = 1 covers range [—4.8284, 2 +21/2] on imaginary axis (worsened CN).

5+ 75 [SD, JW 2020].

BC species chain is 16 — 10 — 2 with transitions at r 73
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Pole position drift for KW fermions in 2D (annihilate at r=0.5)

KW in 2D, log(denominator), r=0.001 KW in 2D, log(denominator), r=0.2 KW in 2D, log(denominator), r=0.4
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Pole position drift for BC fermions in 2D (merge at r=0.57735)

BC in 2D, log(denominator), r=0.001 BC in 2D, log(denominator), r=0.2 BC in 2D, log(denominator), r=0.4
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Myths and mysteries concerning topology

“topology: dark side of staggered fermions” (A.Hasenfratz, Lattice,2003, Tsukuba)

Well known (for vector-like gauge theory):

e topology correctly seen by undoubled non-chiral action (Wilson, Bril./hypercube)
e topology correctly seen by undoubled chiral action (overlap, domain-wall)

To be shown (for vector-like gauge theory):

e topology correctly seen by staggered fermions (known for long, see *)

e topology correctly seen by Adams fermions (known for long)

e topology correctly seen by naive fermions

e topology correctly seen by Adams-like recipe applied to naive fermion

e topology correctly seen by central-branch fermions (Chowdhury, Misumi, ...)
e topology correctly seen by central-branch-squared (+flipped) fermions

e topology correctly seen by min. doubled fermions (KW and BC)

e topology correctly seen by KW /BC fermion plus lifting term

() “figure of merit = chirality” in Hands Teper 1990 and Laursen Smit Vink 1990

Real mystery (to me):
How to put non-vector-like gauge theory on the lattice (S. Catterall on Tue)
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Testbed: Schwinger Model (QED in 2D)

Schwinger Model at Ny =0 simulated with Metropolis/overrelax/instanton-hit/P-hit:
Tint (Qtop) = Tint(Q%,,) = O(1) at any B [..., arXiv:1203.2560, ...

Wilson gauge action per site: GSM: B=12.8, L=64, mass=0.036, n_smear=3
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Two gluonic topological charges:

2t

dh = Ysin(0 (@))/(2m) € R (“maive’) f= 51T T ImT TSI T T
g2 =500 (2)/(2m) € Z (“geometric”) e se s s o sem e o oo oo o
93) is plaquette angle after 3 smearings -8 T . : o Znai
Gopt () is clover-leaf version of quai(z) ™% 200 400 600 800 1000
All subsequent plots on one configuration with g¢,, =1 at

All fermion operators use | step of stout smearing [Morningstar Peardon 2003].
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Eigenvalues and topology with Wilson fermions

ﬁ=3.2. le= 16, le=16. Iq_geo=|1. q_opt= o.gso 5=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

1.5+
D, atr=1, m=0
ll.. \..'-.0 .: .-' :"..f . a Wa i i 1 — {t'li‘ln'%lt"i‘} of DW
.a'.:::;o.' .;.. l- .: .l l. t'. -I.-;. ‘:;..::."..
1t g"'"‘""" B T e
[ l.' .: :. ..l
= e "
.-‘ LI
0.5 4
0 e -
‘0.5 -t vy
o.‘ 2 s™an
'q‘ -: -
'q.‘h-. ™ ™
. N U
LA A 'l. . 2 l.'.|‘ L]
- -k ' »a . as -
-15¢ 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

e |q| would-be zero-modes in physical branch (unchanged in 4D), additive mass shift
e L /R-eigenmode sandwich (|.|v)) = (L|.|R) for non-chiral D [Hipetal 2001]
e all subsequent plots taken from [arXiv:2203.15699] with J. Weber

Proposal: central-branch fermions realize 2 species in 2D (6 in 4D) with same chirality
and without additive mass shift [Misumi Yumoto 2020].
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e cigenvalues of Hyw(m) = v5(Dw + m) at r = 1 versus am
e one species at am ~ 0, two at am ~ —2, one at am ~ —4

e sign of slope for |A\| < 1 reflects chirality (cf. needle down /up)
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Eigenvalues and topology with Brillouin fermions

#=3.2, Nx=16, Ny=16, q_geo=1, q opt= 0.990
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Dp = Zu Y.V, — 5 like Wilson but V,, and A with hypercubic stencil (3%-points)

e |q| would-be zero-modes in physical branch (unchanged in 4D), additive mass shift
e L/R-eigenmode sandwich (¢|.|1)) = (L|.|R) for non-chiral D (compare 1302.0773)

Proposal: use as overlap-kernel, already close to shifted-unitary [arXiv:1701.00726].
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$=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

e cigenvalues of Hg(m) = v5(Dg + m) at r = 1 versus am

e one species at am =~ 0, three at am ~ —2 (competing chiralities)

e sign of slope for |A\| < 1 reflects chirality (cf. needle down)

e large-scale structure different (small-scale structure similar) to Wilson case
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Eigenvalues and topology with staggered fermions

#=3.2, Nx=16, Ny=16, q_geo=1, q opt= 0.990
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2|q| would-be zero-modes (changes to 4|q| in 4D), remnant chiral symmetry U(1).

not sensitive to topology (see “backup pages” for meaning of 7,®¢,)
['s ~ v5® 1 crafted to “turn around” chirality of second mode (both point down)
not sensitive to topology (I's and =5 depend on gauge-field U)

not sensitive to topology (like € not shown)
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e Spectral flow with staggered fermions

ﬁ=3.?, Nx= 1-6, Ny=16, q_geo=1, q_opt= 0.990
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e cigenvalues of Hg = ¢(Dg + mI'y5) versus am
e cl'g5 =1I'50 and spec(iDg) = spec(eDsg) allow for reformulations
e sign of slope for |A\| < 1 reflects chirality (cf. needle down)

e dull choice ¢(Dg + m) amounts to wrong chirality operator
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Eigenvalues and topology with Adams fermions

[?:3-2; Nx= 16] INy=16] q_930=l]_. q_optl= 0.999 ﬁ=3.2, Nx: 16, Ny=16, q_geo=1' q_opt: 0.990
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7

breaks chiral symmetry

e |q| would-be zero-modes in physical branch (become 2|q| in 4D) [Adams 2009]

['s =~ 75 @ 1 produces downward pointing modes (1 physical, 1 doubler)
€ = 75 5 produces oppositely oriented modes (1 physical, 1 doubler)
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e Spectral flow with Adams fermions

] ﬁ='32,N $=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990
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e cigenvalues of Hy = €(Da + m) versus am
e one species at am ~ 0, one at am ~ —2
e sign of slope for |A\| < 1 reflects chirality (cf. needle down /up)

e ingenuity of Adams construction allows €(Da +m) with standard chirality operator
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Eigenvalues and topology with naive fermions

#=3.2, Nx=16, Ny=16, q_geo=1, q opt= 0.990
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e cigenvalue spectrum like staggered, but 2-fold extra degeneracy (4-fold in 4D)

e ~s5-chiralities exactly zero (like e-chiralities for staggered)

e suitable chirality operator is X = Csym ® 75 (2 needles down)
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Csym @ 75 being a good chirality operator for Dy

V5(DN + mCsym ® 1) versus am

e sign of slope for |A\| < 1 reflects chirality (cf. needle down)
e dull choice v5(Dx + m) amounts to wrong chirality operator

e cigenvalues of Hy
e choice matches X
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Eigenvalues and topology with naive+lifting fermions
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e 2|q| would-be zero-modes in physical branch (become 8|q| in 4D)

Caym @ 775 produces downward pointing modes (2 physical, 2 doubler)
produces oppositely oriented modes (2 physical, 2 doubler)
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e cigenvalues of Ha ke = ¥5(DA_like + M) versus am
e two species at am ~ 0, two at am ~ —2

e sign of slope for |A\| < 1 reflects chirality (cf. needle down /up)

e ingenuity of Adams construction allows v5(Da _1ike +m) with standard ~ys-operator
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Eigenvalues and topology with cbs fermions

Aid to memory: “central branch squared” (only sum of C,, 1A + 1 is squared)

15 3=3.2, Nx=16, Ny=16, q _geo=1, q opt= 0.990

#=3.2, Nx=16, Ny=16, q_geo=1, q opt= 0.990
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e from central-branch perspective, left-doubler and right-doubler collapse
e 2|g| would-be zero-modes in physical branch (become 6|q| in 4D)
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e cigenvalues of v5(Dcps + m) versus am

e two species at am ~ 0, two at am ~ —2

e sign of slope for |A\| < 1 reflects chirality (cf. needle up/down)
e chiralities interchanged w.r.t. Wilson et al (no problem)

e additive mass shift significantly smaller than for Wilson/Brillouin fermions

S. Dirr, BUW/JSC MITP workshop, 6.3.2023 23



Eigenvalues and topology with cbsf fermions

Aid to memory: “central branch squared and flipped” (only C,, 1A +1 is squared)

#=3.2, Nx=16, Ny=16, q_geo=1, q opt= 0.990

x £=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990
. chSf at r=0.25 and m=0 T~
v 1 - <t,-i'|'jr5|t,-i'> of chsf at r=0.25
1r . ]
- 1 @
o . 0.5
0.5 .-.. :
0 ~ a »
05| ;
Y i
LY ]
-
1 \‘vx
4
1 0.5 0 0.5 1 1.5 2

Depst(x,y) = Z%’ (x,y) + dQLL.y —{——ZA —dl}

T,y

e same as central-branch, just left/right branches flipped
e 2|g| would-be zero-modes in physical branch (remain 2|q| in 4D)
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0.25

hermitean cbsf operator atr

e cigenvalues of v5(Decpst + m) versus am

e two species at am ~ 0, two at am ~ —2

£=3.2, Nx=16, Ny=16, q geo 1, q opt 0990

e sign of slope for |A\| < 1 reflects chirality (cf. needle down /up)

e chiralities back to Wilson et al

e additive mass shift comparable to Wilson/Brillouin fermions

S. Diirr, BUW/JSC
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Eigenvalues and topology with Karsten-Wilczek fermions

$=3.2, Nx=16, Ny=16, q geo=1, q opt= 0.990

£=3.2, Nx=16, Ny=16, q geo=1, q opt= 0.990

™~
1 / <'¢-5'|C5ymt>'_'<-’v5|t-i'> of Dy

DKW at r=1, m=0

0.5

-0.5

3 2 1 o 1 2 3
e 2|q| would-be zero-modes at r = 1 (unchanged in 4D), remnant chiral symmetry
e pertinent L/R-eigenmodes of Dkw not sensitive to s

Operator X can be crafted to have (L| X|R) # 0 with L/R-eigenmodes of Dk
Options are X = 2(C1 + C2)? @ 75 and X = Cgym ® 75 with C), = 34, +1
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£=3.2, Nx=16, Ny=16, q_geo=1, q _opt= 0.990 (#=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

5 — 101
---------------- KW: sqrt(2/(1-r)) for 0<r<0.5

4 o KW- 1+2*rf0r05{r -
o 3+ o
[ TR
& £ 10
+ 2 r T
o] © L
21} 12 ‘
o °
S 0 2 101
o 0+ Te 10" ¢
b= D=
v -1- 4
2. 2
(_S :_S 10—2 L
E 3} 1E '

4t

-5 ! | | 10—3 ! |

0 0.5 1 1.5 2 0 0.5 1 1.5

r r
#=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

=0
~

o
T

Findings in [2203.15699]:

w
T

=
S

| Im(Akw(7)) nearly saturates KW free-field bound
| KW species chain in 2D is 4 — 2 (transition at » = 0.5)

number of would-be zero-modes evolves as 4|q| — 2|q|

w
T

mmmmmmmmmmmmm

N
*
*
*

=
T

#would-be zero-modes of KW operator at m

o

0.5 1 1.5 2

o
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$=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

=
0.5%
0.4

1

031
0.2
0.1r

hermitean KW operator at r

s ( DKW+ mcsym@;‘l )P

o
un
o

1

hermitean KW operator at r

0.5%
0.4r
031
0.2
0.1r

0

0.1k
-0.2
03"
-04
-0.5+

| ; 75Dyt [ |

e ceigenvalues of Hxw = v5(Dxw + mCsym ® 1) versus am

e choice matches X = Cgyny ® 75 being a good chirality operator for Dxw

e sign of slope for |A\| < 1 reflects chirality (cf. needle down)

e near-degeneracy much better than for BC fermions (cf. below)

e dull choice v5(Dkw + m) amounts to wrong chirality operator

S. Diirr, BUW/JSC
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Eigenvalues and topology with Borici-Creutz fermions

£=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

$=3.2, Nx=16, Ny=16, q _geo=1, q_opt= 0.990
3F - Dgcatr=1, m=0 |- ]
1 -5 <'q-b|{2CSym-|)®’Y5|1-i‘> of Dy
2 -
0.5
1 -
0 L
-1+
2+
-3 r
-4 -3 -2 -1 0 1 2 3 4

e 2|q| would-be zero-modes at 7 = 1 (unchanged in 4D), remnant chiral symmetry

e pertinent L/R-eigenmodes of D not sensitive to «y5 (not shown)

Operator X can be crafted to have (L| X|R) # 0 with L/R-eigenmodes of Dpc
Options are X = 2(Cy + C2)? @ 75 and X = (2Csym — 1) @ 75 with C, = 1A, + 1
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e Transition D, ,;,c — Dpc as a function of r on |¢| = 1 configuration

#=3.2, Nx=16, Ny=16,

q_geo=1, q_opt= 0.990

£=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990
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o 4r ] (&)
I I
® 2 {®
| . - [ L1 ] l =|3. .------.-'.::::: -----
5 R LT T A T
ok L Uw [T HH O R Y

E E ..3.:' ..:- :!,u.i!.:f_:.:..- AT, o aeeeetTttereaeaes
8- ot | g- 10_1:! 'nllf::ul-!! l'ullffsilil.:::i::::-l:.:::::: ........................
O O LA R} u.. -
O O £ S S s O
@ 5 el
HC_J -2_ 1 E ...........
= T L
=l — 10 Lo""%ee® Lavv.
E E0TE .

4t = b et e T

_6 | | | 10—3 s |

0 0.5 1 1.5 2 0 0.5 1 1.5
r r
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Findings in [2203.15699]:

w
T

=
S

Im(Axw (7)) nearly saturatess BC free-field bound

w
T

KW species chain in 2D is 4 — 2 (transition at r = %)
number of would-be zero-modes evolves as 4|q| — 2|q|

mmmmmmmmmmmmm

N
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#would-be zero-modes of BC operator at m
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0.5 1 1.5 2

o
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e Spectral flow with Borici-Creutz fermions
£=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990
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S. Diirr, BUW/JSC

=1

hermitean BC operator at r

eigenvalues of Hpc = v5(Dpc + m[QCsym —

MITP workshop,
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1] ® 1) versus am

choice matches X = [2Csym — 1] ® 75 being a good chirality operator for Dpc
sign of slope for |A\| < 1 reflects chirality (cf. needle down)
near-degeneracy much worse than for KW fermions (cf. above)

dull choice v5(Dgc + m) amounts to wrong chirality operator
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Eigenvalues and topology with KW fermions plus lifting-term

#=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

1

Dy +(1-Cyy )51 ‘ | 1

] 0.5
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$#=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990

2.
Dy +0.5(C, +C,)%xl

] 0.5

S. Diirr, BUW/JSC
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Eigenvalues and topology with BC fermions plus lifting-term

£=3.2, Nx=16, Ny=16, q_geo=1, q_opt= 0.990
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Summary (so far)

Mir wird von alledem so dumm, als ging mir ein Miihlrad im Kopf herum. [Goethe]

| feel like a mill wheel is turning in my head. [unprofessional translation by SD]

Summary (so far)

KW and BC fermions have like Wilson fermions (N,4N,N,N,N; in 4D).
KW and BC fermions have (eigenvalues on imaginary axis).
KW and BC fermions have less favorable than staggered fermions.

They have 2|q| would-be zero-modes with opposite chiralities (as staggered) in 2D.

This figure remains 2|q| in 4D (while staggered fermions have 4|q| in 4D).

With an appropriate chirality operator all lattice fermions perceive qio,|U| correctly.
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Topological charge via Wilson/Brillouin fermion

2.5

1.5}

0.5+

-05 ¢

¥ Qy, with yg

-0.5

0.5

qw U] = —mtr[(Dw +m) 1 ®ys]

- 2‘5_

- 1‘5_

i 0‘5 -

i _0‘5 -

3

e apparent pole structure plausible (see App. C of arXiv:2203.15699) from

qw = m
(

S. Diirr, BUW/JSC

2(21 + Meerip)?

MITP workshop,

m — mcrit)(QT + mcrit)(4r + 2mcrit) B ™M — Mcrit

% Qg with 7
****** .,
51 *********
1 -
IR S oot e
0Lk
-1
-0.5 0.5
_ —1
qs|lU] = —mtr[(Dg +m) " I®7s]
m
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Kenney-Laub version of Wilson/Brillouin overlap fermion

D&Y = (Dw — 1) AW+3 + 1 with AW (Dw — 1)T(Dw — 1) approximate overlap

1 T T -.'.-..a T -EH T T T .-..'.‘-a'-—— - ——-\I T
- KL11 of DW - « KL11 of DB
o’ o’
" 'o’
... .J
0.5 105
L ]
0 0r |
-0.5 1-0.5
. *a
-I. -'i
-. hE
"eay, “n
1 L 1 ~.~.~.ﬁu 1 1 1 1 1 h'....’-"- Jp— 1 1
0 0.5 1 1.5 2 0 0.5 1 1.5 2

e additive mass shift much reduced

KL11

e near-unitarity of Do

— 1 particularly striking for Dyernel = Dp

e fixed-order rational approximation conceptually similar to domain-wall formulation
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Topological charge via Wilson/Brillouin overlap fermion

1.4 1.4
* Oy With s * O With s
b e

1.3 | 1 13+%

1.2 f 1 1.2 +

1.1+ 1 1.1r

**** * *****
1r 1r
* g *****
Fokse ****
0.9F i, 0.9 g
******* ******

0.8 ' M 0 Tre,
-0.5 0 0.5 -0.5 0.5
KL11 KL11 —1 KL11 KL11 —1

qw mtr|(Dw +m) I®vs], qg mtr[(Dg " +m)  1®s]

e ‘“continuum-like” definition gz, [U] = —m tr[D_ 1vs5] works for m # meri

e apparent pole structure with reduced additive mass and smaller amplitude

e no visble difference between W-kernel and B-kernel

S. Diirr, BUW/JSC

MITP workshop,
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Topological charge via staggered/Adams fermion

0.95

0.9 r
0.85 | ** * oK *x
0.8} # *
0.75 1 *
0.7 %
0.65r
0.6 r

0.55

0.5 '
-0.5 0

qS[U] = —% tr[(DS + m)_1F50] ,

0.5

1 15}

2.5
**%k** + g, with e
*
3

2 | *%H_***

1t
0.5 ]

Fotok otk

0 L
-0.5

-0.5

0.5

C]A[U] = —mtr[(Ds -+ 1 — F05 -+ m)_1F55]

e two-species formulation requires factor £ [staggered]

e no additive mass shift with gs[U] (chiral symmetry)

e additive mass shift of Adams comparable to Wilson case

S. Diirr, BUW/JSC

MITP workshop,
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Topological charge via naive/Adams-like fermion

1 . 2.5
0.05 ¥ Oy WithC @7y Qjige With 75
2 L
0.9+ e *
***** B *****
0.85 | # * ok i -
¥ *, 1.5}
sl ¥ *,
¥ *x
* ¥
0.75 ** ** . 1r
* *
0.7 r ** *_* -
b *
0.5r
0.65 1
0.6 ol
o
0.55 1
0.5 : -0.5 :
-0.5 0 0.5 -05 0 0.5

m m
qN[U] = _Z tr[(DN—Fm)_lCSym@%], C]like[U] = _E tr[(DN+1—C’Sym+m)_1[®75]

e four-species formulation requires factor + [naive]
e two-species formulation requires factor £ [A-like]

e additive mass shift of A-like comparable to Wilson and Adams cases
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Topological charge via cbs/cbsf fermion

*

* Qs WIth 75

2.5 2.5
, ¥y,
¥ Uopg With og a}e** .
Fhopger
2 ** 2 B
Fy *
g, .

1.5r ****H%_* 4 1.5 F

1r 1r

Rl
0.5 bty 05 [
*

0r 0r
-0.5 -0.5

-0.5 0 0.5 -0.5

m 1
quS[U] = —|—§ tI‘[(DCbS + m) I®’75] ,

0.5

m _
(:ZCbe[U] — _E tr[(DCbe + m) 11@’75]

e two-species formulation requires factor = [cbs and cbsf]

e opposite sign for cbs, normal sign for cbsf (normal signs in 4D)

S. Diirr, BUW/JSC

non-zero mass shifts in both cases, more virulent for gt

MITP workshop,

6.3.2023
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Topological charge via KW /BC fermion

1
Qe With 0.5(C,+C,) @, + Qg With 0.5(C,+C,)’ @7,
0.95 Qe With C, @75 1 095¢ X Oge With (2C_ Ny
0.9+ 09l
¢ XX HEH g,
0.85r 1 0.851 ~
. L +++ - Xxx
+, X,
08¢t 0.8¢- ++ ><><
+ it
o
0.75 1 0.75 L x
+ %
+ x
g - +
0.7 0.7 +
+
+
0.65 1 0.65F T
+
+
0.6 ' 0.6
-0.5 0 -0.5 0.5
m 1 m —1
grw|U] = 5 tr[(Dxw +m)” " Xkw], gsc|U]= 5 tr[(Dpc +m)” Xpc|

1(C + Co)’®ny (C + (2)%®
X _ 2( 1 2 5 Ny — 51 2 V5
R { Csym®/75 ’ Be ( sym )®75

e two-species formulation requires factor 2 [KW and BC]
e no additive mass shift for both KW an BC (chiral symmetry)
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Flavored mass/lifting terms

Culz,y) = %[Uu(x)(sxﬂl,y + Ui(x_ﬂ)(sx—ﬂ,y] = %aQAM(gj, Y) + s,y

Ms=1 Scalar

My = > C, Vector

Mp = S%Enz C.C, Tensor

My = Sin pzef C,C.C, Axial

Mp = %méer,,Cng Pseudo
per

p—

[C1+CQ—|—C3—|—C4]

N

see detail
see detall

i[C’ngCgCLL + perms| = Csym

detail T:  5[C1Cs + perm] + ... + 5[C3Cy + perm]

6 square brackets |...] each of which contains 2 terms

deatil A: ﬁ[OngCzl + perms] + ...

4 square brackets |[...] each of which contains 6 terms

Brillouin fermion: dim=5 term (Laplacian) is My +Mp+ M+ Mp
Brillouin fermion: dim=4 term is > 7, V> instead of }_  ~, V35

Creutz, Kimura, Misumi (10, 11)

S. Diirr, BUW/JSC

MITP workshop, 6.3.2023 43



Review of staggered mass/lifting terms

The (v,®1) and (y5®1) “taste singlet” operators are defined by

1 R
Ly(z,y) = Loz, y) = ?M(CU)[UM(JCWH@,?J+U,j(37—/i)5a;—ﬂ,y}
1
Is(z,y) = I'so(z,y) = ] Z €perml 11'21'31'4
" perm

and the (1®¢,) and (1®&5) “spinor singlet” operators are defined by

_ 1 .
‘:‘/L(xa y) = FO,u(xa y) — ig,u(x) {Uu(x)%:ﬂl,y + Ul(x_ﬂ)dx—ﬂ,y
_ 1 e
Zs5(z,y) = Tos(z,y) = 1 Z €perm=1=22354
perm

with the consequence that both I'sg and I'g5 are 4-hop operators. Furthermore, the
latter two operators relate to each other by a simple I'55 operation (from left or right).

Acceptable mass terms are proportional to (1®1) or (1®&5) or possibly (1®E,£,) .
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Adams species lifting

In practice it is advantageous to introduce the commutators in spinor and taste space

1

Dulz,y) = 5 R O ) T
- 1/ — = =
=o(r,y) = 5(:M:V — :V5u> — 1®E,

respectively, with v, = %[%w%] a.k.a. oy, and ¢, = %[gu,gy], which yields

Uso(z,y) =~ —=(T120'34 — 13094 + T14l03 4+ Toglyg — Togl'3 + 1ﬂ341ﬂ12)

FO5 (33, y) = =

D= O] =
AN N

212034 — 2135924 + 214293 + 293214 — 224513 :34512)

Adams: Promote 2 of the 4 tastes of Dgiag to doublers by I'gs = Z5 >~ (1®E5).
Key observation is that the remaining 2 species share one chirality.

Corollary: It makes sense to apply overlap construction to shifted kernel X = Dp—p.
The resulting operator will be doubled, but the two species will be chiral.
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