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|. Wilson & Domain-wall fermions as SPT



Wilson fermion : species-splitting mass fermion

r 5
Lattice fermion action with species-splitting term Z %Tﬁn(mﬁn — Vntp — Yn—p)
n,
1 . :
= Dw(p)=—) livusinap, + (1 cosap,)]
L
Physical (0,0,0,0) : Dy (p) = iv.p, + O(a) Im Im %

Doubler(7/a,0,0,0) : Dw(p) = iv.p, + 2 + O(a)

Only one flavor is massless,
while others have O(1/a) mass.

¢ |5 species are decoupled = doubler-less N
Re 0 2/a— ®

¢ 1/a additive mass renormalization — Fine-tune x /Y

¢ Domain-wall & Overlap fermions — costs

Re-interpret it in terms of Symmetry-Protected-Topological(SPT) order




Symmetry-Protected Topological (SPT) order

* G-Symmetry Protected Topological (SPT) order wen,etal (13)

v WP —

Partition function Z characterized by certain topological charge
Unique ground state with trivial gap as long as G is unbroken
The Gap is closed when topological charge is changed

Gapless modes emerge at boundary btwn two different SPTs

't Hooft anomaly cancelled btwn bulk & boundary with gauged G

All ’t Hooft anomalies are (expected to be) classified by SPTs.

Kapustin (14),Witten (15),Yonekura (16),Yonekura, Witten (19)

J




Symmetry-protected
topological phase

~

ex.) (2+1)-dim free massive Dirac fermion = U(1) SPT = IQHS

7 — 6—27T7ln 71
(n: APS n-invariant = ZSgHM )

2-dim chiral fermion Zy, 4,y

~




Symmetry-protected
topological phase

g )
eX.) (2+1)-dim free massive Dirac fermion = U(1) SPT = IQHS
m <0 m>0 (m— +o)
7 — 6—27Tz'77 71
APS index theorem — eﬁ f AdA

2-dim chiral fermion Zy, 4,y

Ztotal = ZLbulk ° andry —— Zpulke*~ S andrye—ﬂ JF = Ztotal

't Hooft anomaly 1s cancelled between bulk and boundary

\_




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ sum of chiral charges of species with m <0

A

m >0

v=0 (trivial SPT)

The topological charge is defined by Berry connection for free fermion

1

d*p TrF xF
16712 /7 p

V4ap = —



Wilson fermion as U(l) SPT phases

Topological # of SPT ~ sum of chiral charges of species with m <0

A

2la<m<0

v=1

Domain-wall fermion : gapless mode emerging at boundary
between v=0 and v=1 SPTs, where 't Hooft anomaly cancels.



Wilson fermion as U(l) SPT phases

Topological # of SPT ~ sum of chiral charges of species with m <0

Ala<m<-2/a




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ sum of chiral charges of species with m <0

-6/a<m<-4/a




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ sum of chiral charges of species with m <0

-8/a<m <-6/a




Wilson fermion as U(l) SPT phases

Topological # of SPT ~ sum of chiral charges of species with m <0

A

m < -8/a




Domain-wall fermion as boundary gapless mode

5th dimension
R

2/a<m<Q0 m >0 (m — )

v=0 (trivial SPT)

Domain-wall fermion
= a single chiral fermion

~




2. Lattice fermions & 't Hooft anomaly

Tanizaki, TM (19)
TM,Yumoto (20)



What is 't Hooft anomaly ?

* D-dim QFT with global symmetry G
* Introduce non-dynamical background G-gauge field A

* Partition function is sometimes ambiguous under G-gauge transf.

Z[A+ df] = Z[A] - exp(iA[0, A])
* G has ’t Hooft anomaly



What is 't Hooft anomaly ?

* D-dim QFT with global symmetry G
* Introduce non-dynamical background G-gauge field A

* Partition function is sometimes ambiguous under G-gauge transf.

Z[A+ df] = Z[A] - exp(iA[0, A])
* G has 't Hooft anomaly

ex.) Nt-flavor massless QCD with SU(Nf)L < SU(Nf)R

N A3 A3
Z|ArL + D10, Ar + DrOR| = Z|AL, Ar] exp [224 5 /tr {QRd <ARdAR T —2R> —0.d (ALdAL n 2L> }]
7r

SU(Nf)a has ’t Hooft anomaly



't Hooft anomaly matching

* Let the gauge field A weakly coupled to spectator fermion
* Set the anomaly canceled = 4 can be dynamical

* In RG flow, the anomaly from y is intact. G is also unbroken.
* 't Hooft anomaly is RG-invariant ! Ayv[0, A] = Ar[6, A]

* it gives constraints on IR strongly-coupled physics



't Hooft anomaly matching

* Let the gauge field A weakly coupled to spectator fermion
* Set the anomaly canceled = 4 can be dynamical

* In RG flow, the anomaly from y is intact. G is also unbroken.
* 't Hooft anomaly is RG-invariant ! Ayv[0, A] = Ar[6, A]

* it gives constraints on IR strongly-coupled physics

¢ It 1s nothing but what occurs 1n Standard Model

Standard Model = QCD w/ gauged flavor sym. & weakly coupled leptons

- Gauge anomaly cancelled in both UV and IR
* The anomaly from lepton sector is unchanged in RG

* The anomaly in QCD sector i1s RG-1nvariant (even though SSB)



(D+1)-dim

't Hooft anomaly matching @
-dim

* Regard the system as boundary of (D+1)d SPT Z[A] - exp(iSp+1[A])

* There is cancellation of 't Hooft anomaly §,5,.:[A4] = —A[6, 4]

* In RG flow the anomaly of bulk SPT system is intact

't Hooft anomaly is RG-invariant ! Auv[f, A] = Ar[0, A]
it gives constraints on IR strongly-coupled physics




(D+1)-dim

't Hooft anomaly matching @
-dim

* Regard the system as boundary of (D+1)d SPT Z[A] - exp(iSp+1[A])

* There is cancellation of 't Hooft anomaly §,5,.:[A4] = —A[6, 4]

* In RG flow the anomaly of bulk SPT system is intact

't Hooft anomaly is RG-invariant ! Auv[f, A] = Ar[0, A]
it gives constraints on IR strongly-coupled physics

ex.) SU(Nr)a ’t Hooft anomaly 1n Nr-flavor massless QCD

- At UV 1t has ’t Hooft anomaly, thus it also does at IR
* Trivially gapped phase (confined phase without SSB) 1s forbidden

- It indicates spontaneous chiral symmetry breaking

Existence of 't Hooft anomaly means absence of trivially gapped phase




Mixed 't Hooft anomaly

* Consider theory with global symmetries Gi1 and G2
* Gauge one of them by background Gi-gauge field A1

* It means the symmetry G2 can be broken

» G1 and G2 have Mixed 't Hooft anomaly



Mixed 't Hooft anomaly

* Consider theory with global symmetries Gi1 and G2
* Gauge one of them by background Gi-gauge field A1

* It means the symmetry G2 can be broken

» G1 and G2 have Mixed 't Hooft anomaly

ex.) 3d free massless Dirac fermion with U(1) & T

Z[A] = |Z]A]|exp(in[A]/2) gauged U(1) partition function

» Z[T- Al = Z[A]exp (—f / AdA) under T transformation

s

U(1) & T has mixed ’t Hooft anomaly : 3d boundary of 4d U(1) » T SPT



Recent progress in 't Hooft anomaly

* Generalization to systems without fermions
* Generalization to higher-form symmetries
* Generalization to compactified theories

SU(N) YM with 6=n

Bifundamental gauge theories with 6=n
CPN-1 models on RZ and RxS!
RW-symmetric QCD and QCD(ad;.)
QCD with 6=n and Dashen phase
N-flavor QCD on R3xS!

Extension of Lieb-Schultz-Mattis theorem
SU(N) spin system & Flag sigma model
Charge-g Schwinger model

Lattice Wilson fermion & Aoki phase

Gaiotto, Kapustin, Komargodski, Seiberg (17)

Tanizaki, Kikuchi (17)

Komargodski, Sharon, Thorngren, Zhou (17)
Tanizaki, TM, Sakai (17)

Shimizu, Yonekura (17)

Gaiotto, Komargodski, Seiberg (17)

Tanizaki, TM, Sakai(|7) Tanizaki, Kikuchi, TM, Sakai (17)

Cho, Hsieh, Ryu (17)
Kobayashi, Shiozaki, Kikuchi, Ryu (18)

Yao, Hsieh, Oshikawa( | 8) Tanizaki, Sulejmanpasic (18)
Hongo, TM, Tanizaki (18)

Anber, Poppitz (18) Armoni, Sugimoto (18)
TM, Tanizaki, Unsal (19)

TM, Tanizaki (19)



SU(N) Yang-Mills theory with 6=m on R3 x Si

Gaiotto, Kapustin, Komargodski, Seiberg (17)

CP symmetry & Zn~ 1-form symmetry (Center symmetry)

By introducing background gauge field for Z~ 1-form
symmetry, one finds CP 1s broken : mixed ’t Hooft anomaly

=> Mixed ’t Hooft anomaly indicates SSB of CP or Zn~ 1-form symmetry
even at finite-temperature : trivially gapped phase forbidden!

Ry
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Use of 't Hooft anomaly matching

't Hooft anomaly of G at UV

+

't Hooft anomaly of G at IR

Trivially gapped phase is prohibited

SSB of symmetry G
(gapped)

v 1 M

CFT
(gapless)

topological phase
(gapless)




Use of 2D 't Hooft anomaly matching

't Hooft anomaly of G at UV

+

't Hooft anomaly of G at IR

Trivially gapped phase is prohibited

Y

SSB of discrete sym. CFT
(gapped) (gapless)




Is 't Hooft anomaly matching applicable
to lattice field theory!?



Central—branCh Wilson Creutz, Kimura, TM (11)

Kimura, Komatsu, TM, Noumi, Torii, Aoki (I 1)

¢ Wilson without onsite terms My =m +4r =0

1 _
S = 5 > bl Usptboty = Usmutbop) = Usutoru + Vs, oy )]
T, 1

* Extra U(1) for 6 flavors! I 4Y 6] 4

Re A
i0(—1)*1Tx2t+z3+xy - — i0(—1)*1tT2tz3tT4
¢x—>€( ) ¢x7¢x—>¢x€( )
\

* Flavor-chiral symmetry

-

0 € L (D, (1, (1) i, (-1 2

I‘g(_) c {(—1)n1+"'+n414, Vs, (=1)™ v, (1) s, (_1)7%”%}

U = =exp [i 3 (00T + 00T ) [, = = e [iD0 (00T + 60T |
X X




Central—branCh Wilson Creutz, Kimura, TM (11)

Kimura, Komatsu, TM, Noumi, Torii, Aoki (I 1)

¢ Wilson without onsite terms My =m +4r =0

1 _
S = 5 > bl Usptboty = Usmutbop) = Usutoru + Vs, oy )]
T, 1

* Extra U(1) for 6 flavors! I 4Y 6] 4

-

* Flavor-chiral symmetry

Fg;'v_) < {14,

Fg(_) c {(_1)n1+...+n414 ,

Re A
i0(—1 r1+xTot+xr3z+tITy — — i0(—1 r1+xTot+xr3z+tITy
%—W( ) ¢x,%—>%€( )
~N

U = =exp [i 3 (00T + 00T ) [, = = e [iD0 (00T + 60T |
X X




Flavor-chiral symmetries of Wilson fermion

Naive CB Wilson’

T
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TM,Yumoto (20)



Flavor-chiral symmetries of Wilson fermion

Staggered CB staggered -Wilson

Adams (09)
Hoebling(10)

i(m12C12 + 134C'34) = .|  de Forcrand etal. (10)

7 + +
+ f+ +
4 1 l o) I
I Z |
+ f+ +
E + +

+ +
T+ [ % o £
— — " v
(nﬂy)my euynﬂny5x’yj (eluly)xy ( 1) 5ZE U ++#$+ rr;+::++}+¢i wﬁ
L W 4 i+ R + + , GiHF
s il A S E A
A e
#%%# . %ﬁﬁ—
i i

{CO; = I, RILL]/} X {UE( )}m 0 * {CT, Cév, “/U Ri2, R3q4, R24R31}

/. T = T * Sharpe (12)
CT b Xe 7 Xz Xz — Xz > an“ — Uﬂ?a# TM, Kimura, Nakano, Ohnishi (12)



2D Central-branch Wilson iz TM (19

¢ Wilson without onsite terms m + 2r = 0

SCB = Z (&nVuD,uwn — T@Enc,uwn>

NT:

* Extra U(1) for 2 flavors!

Uy : o > V200, 4, 1 07720

Dirac eigenvalue distribution

4 )
* Flavor-chiral symmetry for 2D naive fermion

ng_‘) c {127 (_1)n1+n2,y37 (_1)75,“,}/“}
Fg(_) c {(_1)n1+n212, V3, (_1)77,“/%“}




2D Central-branch Wilson iz TM (19

¢ Wilson without onsite terms m + 2r = 0

SCB = Z (&nVuDuwn — T@Enc,uwn)

NT:

* Extra U(1) for 2 flavors!

Uy : o > V200, 4, 1 07720

Dirac eigenvalue distribution

4 )
* Flavor-chiral symmetry for central-branch Wilson fermion
Fgg_) - {12 }
Fg(_) - {(_1)n1+n212 }




Symmetries of CB Wilson T TH (9

(ZQ)lat.tranS.

¢ Relevant symmetries

Uy :hp — €%y, ), 1) e '@

U(l)v : wn — ei(—l)n1+n25wn7 @n — @nei(_l)nﬁ_nQB {ZZ)%rot.

(Za)1at.trans. = Y(z,9) = Y(x+1,y) Y(z,y) — P(r,y + 1)

(ZQ)X : Zp(CE, y) — ei%%w(% —CIZ‘), @(:E? y) — ¢(y7 _m)e_i%fyg

-
U(1l)y X [U(1)7 % (Z2)1at. trans.
GCB fermion — ( )V [ ((>ZV2)F( 2)1 ik ] X (ZQ)X

\ J

't Hooft anomaly matching tells CB-Wilson Schwinger model is
gapless or has SSB of Z;




Symmetries of CB Wilson T TH (9

(ZQ)lat.tranS.

¢ Relevant symmetries

Uy :hp — €%y, ), 1) e '@

U(l)v : wn — ei(—l)n1+n25wn7 @n — @nei(_l)nﬁﬂwﬁ (ZZ)%rot.

(Za)1at.trans. = Y(z,9) = Y(x+1,y) Y(z,y) — P(r,y + 1)

(Za)y:  W(w,y) = PPy, —x), Y(2,y) = Py, —x)e 47
' N \
L U(l)V X [U(l)v X (ZQ)lat. trans.]
GCB fermion — X (Z2)X
(Z2) F
\_ J \ J
0(2) - SU<2)ﬂaV0r C U(l)A

(Z2)F



Anomaly matching for QED with CB

¢ 2D QED with CB Wilson = Schwinger-like model

U(l)V X (ZQ)lat. trans.
(Z2)F

G = GCB fermion/U(l)V — X (ZQ)X

Pay attention to discrete subgroup of vector-like symmetry

g )
Z 17 Z a rans. U ]- 1/ Z at. trans.
ZQXZQZ(4)VN(2)1t't - ()VN(Q)ltt
} (Z2) F ) (Z2) F

o Zn background |-form gauge field

— nothing but Zy twisted boundary conditions = Zy flux

171 € (Z4)V T3 € (ZZ)la,t. trans.




Anomaly matching for QED with CB

(Z4)V X (ZQ)lat. trans.
(Z2)F

Twisted boundary conditions with it € (Z4)7: 73 € (Z2)1at. trans.

¢ Gauging vector-like symmetry

& (Z2)y transformation on the gauged action

* (Z2)x : Ztwisted > — Ztwisted  Z2 't Hooft anomaly

4 B

|. massless excitation
2. spontaneous symmetry breaking of (Z4)v, (Z2)iat.trans., (Z2)y

\_ W,

- Several possibilities of low-energy dynamics.......

* Is there a cond-mat system in the same universality class?

* Yes ! Itis D XXZ Heisenberg spin chain system ! #-###4s4¢7osi



Anomaly matching for QED with CB

& XXZ spin chain _3 d v g 3 e 8 o o g 6‘-'

H = —Z(JmXeXeH + Y Y+ J. 20 Z ) J=J,=Jy # J;
/

Symmetries : same symmetry structure
’ SO(2) % Zy X(Z2)at.trans. as CB-Wilson Schwinger model

¢ Known facts on the system

|J,/J| <1 gapless phase with spin-wave or spinon



Anomaly matching for QED with CB

& XXZ spin chain _3 d v g 3 e 8 o o g 6‘-'

H = —Z(JmXeXeH + Y Y+ J. 20 Z ) J=J,=Jy # J;
/

: . same symmetry structure
Symmetrles y % X (Z2)lat.trans. 4 4

as CB-Wilson Schwinger model

¢ Known facts on the system

J./J| <1 gapless phase with spin-wave or spinon

J./J| > 1 7> SSB :ferromagnetic



Anomaly matching for QED with CB

& XXZ spin chain _3 d v g 3 e 8 o o g 6‘-'

H = —Z(JmXeXeH + Y Y+ J. 20 Z ) J=J,=Jy # J;
/

Symmetries : SO(2) X Zy X {(Zo)tar - same symmetry structure

as CB-Wilson Schwinger model

¢ Known facts on the system

J./J| <1 gapless phase with spin-wave or spinon

J./J| >1 Z»SSB: anti-ferromagnetic



Anomaly matching for QED with CB

& XXZ spin chain _3 d v g 3 e’ 3 o o o e—

H = —Z(JmXeXeH + Y Y+ J. 20 Z ) J=J,=Jy # J;
/

Symmetries : same symmetry structure
’ SO(2) % Zy X(Z2)at.trans. as CB-Wilson Schwinger model

¢ Known facts on the system

J./J| <1 gapless phase with spin-wave or spinon

J./J| > 1 Z SSB :ferromagnetic or anti-ferromagnetic

* consistent to our anomaly matching !

CB-Wilson Schwinger enables us to simulate Heisenberg spin chain




Anomaly matching for CB Gross-Neveu

¢ 2D Gross-Neveu with CB Wilson

2

S =ScB + % ) [(@w(x,y)f + @i%w(x’y))q

(z,y)

Z \/ Z a rarns.
* symmetries : (Za)y » (Zo)1ar. X (Z2)
(Z2)F

smaller but including all necessary for the anomaly

A A A

¢ Gauging vector-like symmetry with TBC

& (Z32), transformation on the gauged action

* (Z2)x : Ztwisted > —Ztwisted  Z2 't Hooft anomaly



Anomaly matching for CB Gross-Neveu

(Z2)y : Ziwisted = —Ztwisted  Z2 't Hooft anomaly

da )
|. massless excitation — unlikely for asymptotic-free model

2. two vacua by Z; spontaneous symmetry breaking

. among (Za)v, (Zo2)iat.trans., (Z2)y y

- Aoki phase conjecture (1iy31) yields following breaking

(Za)y 222 (Z2)p

* consistent to the anomaly matching condition !

Mixed 't Hooft anomaly is matched by the existence of Aoki phase.




3. Species doubling & Betti numbers

Yumoto, TM (22)(23)



Reconsider Naive and Wilson Yoo TM (22

4D Wilson

(0,0,0,0) (#,0,0,0) (7,70,0) (7,7,x,0) (7,m,7,7)
(0,7,0,0) (7,0,7,0) (7, 0,7)
(0,0,7,0) (7,0,0,7) (7,0,7,7)
(0,0,0,7) (0,7,0,7) (0,7, )
(0,0,7,7)
(0,7,7,0)

What is the meaning of the numbers!?



Reconsider Naive and Wilson

(0,0,0) (,0,0) (7,7,0) (7,7,7r)
(0,7,0) (,0,7)
(0,0,7) (0,7,7)

What is the meaning of the numbers!?

Yumoto, TM (22)

3D Wilson



Reconsider Naive and Wilson Yoo TM (22

o 2D Wilson
1 el 1 .
. 'y Re A
(0,0) (7,0) (7,7r)
(0,7)

What is the meaning of the numbers?



Reconsider Naive and Wilson

4D Naive
on Torus

1 16
T
| 4 6 4 |
(0,0,0,0) (#0,0,0) (7,70,0) (7,x,x,0) (7,7, 7,T)

1

What is the meaning of the numbers!?

The reason why p=r becomes zero of Dirac
operator is "periodicity”

Yumoto, TM (22)



Reconsider Naive and Wilson Yoo TM (22

4D Naive
on Torus

1 16
T
| 4 6 4 |
(0,0,0,0) (#0,0,0) (7,70,0) (7,x,x,0) (7,7, 7,T)

1

What is the meaning of the numbers!?

It means these numbers are related to certain
topological invariants



Reconsider Naive and Wilson Yoo TM (22

4D Naive
on Torus

1 16
T
| 4 6 4 |
(0,0,0,0) (#0,0,0) (7,70,0) (7,x,x,0) (7,7, 7,T)

1

# of H c;f #.of # of # of
Od holes |Id holes 2d holes 3d holes 4d holes



Topological invariants —

* Topological invariant

Betti number 1s an indicator how many n-dimensional holes
the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)
n-th Betti number 1s a rank of n-th homology group
s R
* 4D torus

poM)=1 piM)=4 [M=6 pM)=4 [sM)=1

\ 4

Sum of Betti numbers 1s 16 — # of naive fermion species !
\ Y




Topological invariants —

* Topological invariant

Betti number 1s an indicator how many n-dimensional holes
the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)
n-th Betti number 1s a rank of n-th homology group
s R
* 3D torus

poM)=1 [iM)=3 p(M)=3 [s(M)=1

\ 4

Sum of Betti numbers 1s 8 — # of naive fermion species !
\ Y




Topological invariants —

* Topological invariant

Betti number 1s an indicator how many n-dimensional holes
the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)
n-th Betti number 1s a rank of n-th homology group
s R
* 2D torus

poM)=1 piM)=2 [(M)=1

\ 4

Sum of Betti numbers 1s 4 — # of naive fermion species !
\ Y




Topological invariants —

* Topological invariant

Betti number 1s an indicator how many n-dimensional holes
the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)

n-th Betti number 1s a rank of n-th homology group

4 R
* D-dim hyperball

Lo M)y=1 pi(M)=0 [(M)=0 .....

\ 4

Sum of Betti numbers 1s 1 — # of Dirac zero modes 1n free theory
ke J




Topological invariants

* Topological invariant

Yumoto, TM (22)

Betti number 1s an indicator how many n-dimensional holes

the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)
n-th Betti number 1s a rank of n-th homology group
s R
. T4 x R1
poM)y=1 piM)=4 [(M)=6 pM)=4 [uM)=1 ps(M)=0
\ 4
i Sum of Betti numbers 1s 16 — maximal # of species ! |




Topological invariants

* Topological invariant

Yumoto, TM (22)

Betti number 1s an indicator how many n-dimensional holes
the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)
n-th Betti number 1s a rank of n-th homology group
f a
. T2 x R2
poM)=1 piM)=2 pM)=1 pM)=0 [aM)=0
\ 4
i Sum of Betti numbers 1s 4 — maximal # of species ! |




Topological invariants —

* Topological invariant

Betti number 1s an indicator how many n-dimensional holes
the space has.

bn(M) = rank of H,(M) (= Kerd,/Imo,+1)

n-th Betti number 1s a rank of n-th homology group

4 R
* 2D Spheres

poM)=1 p(M)=0  po(M) =1

* Kamata, Matsuura, TM, Ohta (16)

Yumoto, TM (21)

Sum of Betti numbers 1s 2 — # of Dirac zero modes 1n free theory
- Y




Topological invariants —

sum of fn(M) max # of free Dirac zeromodes
1D torus 1+1 2
2D torus 1+2+1 4
3D torus 1+3+3+1 3
4D torus 1+4+6+4+1 16
TD (1+1)° 2D
Hyperball 1+0+0+.... 1
Sphere 1+0+0+...+1 2
TD x Rd 2D+ 0 2D




Conjecture on fermion species|  vmemay

* Conjecture

4 R

A sum of Betti numbers of a continuum manifold
is equivalent to
a maximal number of exact Dirac zero modes
on the discretized version of the manifold.

- J

It can be a theorem complementary to Nielsen-Ninomiya’s no-go theory.



Sketch of proof S———

Prove each of Betti numbers (fo=1 and f1=1) 1s equivalent

to each of nullity of the Dirac matrix on 1D torus and 1D
ball by homology theory and Hodge theory.

A4

By use of Kinneth theorem, elevate the above argument to
higher dimensional space such as 4D Torus and Hyperball.

H,(C.®Cl) = @ Hy(C.)® Hy(CY)

pPt+q=n

Jr

Classify necessary conditions and complete proof.

Details of this conjecture will be discussed in Jun Yumoto’s talk on 7th



Summary

-

~

* Wilson fermion is regarded asSPT, which has gapless mode

at the boundary, or Domain-wall fermion.

* 't Hooft anomaly matching is applicable to Lattice field

theory. It may reveal phase structure specific to lattice.

* New conjecture on fermion doubling is proposed:

\_

Maximal # of exact Dirac zeromodes on discretized

manifold is equal to sum of Betti numbers of the manifold.
J




Semi-positivity of det(D) T T (19

r

o Use of extra U(l) symmetry D(_1)Zu I —(—1)Zu "up

D|Ry) = AR))
(LA|D = A(Ly|

.} D(—)""|Ry) = —A\(=)™"|Ry),

(Ly|(=)=*"D = —X{Ly|(=)>*™ \ ‘ * ‘ e

It shows that +A and -A make a pair.

¢ Use of hermitian Dirac operator @ H = 5D

H(_l)z“ = —(—1)2“ " H * {:573}2':1,...,N Pair of +¢ and -¢

N
* det(D) = det(H) = [ ei(~=)

N
(-1)V ] [eF >0 N = N{N;N3Ny : even
1=1

This procedure shows semi-positivity det(D) > 0




