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Abstract

Advances in laser spectroscopy of light muonic atoms led to an order-of-

magnitude improvement in the determination of the proton, deuteron,

and helium-4 charge radii. This resulted in a number of tensions with

previous measurements based on electron scattering and spectroscopy of

ordinary atoms—most notably, the proton radius puzzle[**AU: Quo-

tation marks are used for direct quotation or nonstandard

use of words, per house style. All other uses have been re-

moved throughout.**]. We start with an introduction to nuclear

e↵ects in hydrogen-like atoms, including a discussion of radiative cor-

rections. We briefly review the current status of the nucleon structure

quantities (form factors, polarized and unpolarized structure functions,

polarizabilities) and of their e↵ect in the Lamb shift and hyperfine

splitting (HFS) of muonic hydrogen (µH) through forward two-photon

exchange. Updated theory predictions for the Lamb shift and HFS in

µH are presented. Focusing on the ground-state HFS in µH, we review

the challenges of the ongoing e↵ort to produce a first-ever measurement

of this fundamental quantity and of its potential impact on our under-

standing of the nucleon spin structure. We show that by leveraging

radiative corrections, a novel theory prediction based on the empirical

HFS in hydrogen helps narrow down the search for the transition con-

siderably. We summarize recent developments in the spectroscopy of

simple atomic and molecular systems and emphasize how they, together

with the scattering studies, allow for precise determinations of funda-

mental constants, bound-state QED tests, and New Physics searches.

We conclude with prospects for theoretical developments and an out-

look on the ongoing and planned experiments at scattering and atomic

facilities.[**AU: Abstracts should be no more than 150 words,

per house style. Please trim as appropriate.**]
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H. Gao *

Department of Physics, Duke University and the Triangle Universities Nuclear Laboratory,
Science Drive, Durham, North Carolina 27708, USA

M. Vanderhaeghen †

Institut für Kernphysik and PRISMA+ Cluster of Excellence, Johannes Gutenberg Universität,
D-55099 Mainz, Germany

(published 21 January 2022)

Nucleons (protons and neutrons) are the building blocks of atomic nuclei and are responsible for more
than 99% of the visible matter in the Universe. Despite decades of efforts in studying its internal
structure, there are still a number of puzzles surrounding the proton such as its spin and charge radius.
Accurate knowledge about the proton charge radius is not only essential for understanding how QCD
works in the nonperturbative region but also important for bound state QED calculations of atomic
energy levels. It also has an impact on the Rydberg constant, one of the most precisely measured
fundamental constants in nature. This review examines the latest situation concerning the proton
charge radius in light of the new experimental results from both atomic hydrogen spectroscopy and
electron-scattering measurements, with particular focus on the latter. Theoretical backgrounds and
recent developments concerning the determination of the proton charge radius using different
experimental techniques are also presented. Upcoming experiments are discussed, and the deuteron
charge radius puzzle is mentioned at the end.
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I. INTRODUCTION

Nucleons (protons and neutrons) are the building blocks of
atomic nuclei and are responsible for more than 99% of the
visible matter in the Universe. The force that is responsible
for binding nucleons into nuclei (and responsible for the
composite nature of nucleons) is the strong force, one of the
four fundamental forces in nature. The ultimate goal of
modern nuclear physics is to predict properties of nucleons,
atomic nuclei, and nuclear reactions from the first principles of
quantum chromodynamics (QCD), the theory of the strong
interaction with quarks and gluons as the fundamental degrees
of freedom. While QCD has been well tested experimentally
at high energies, where perturbative calculations can be
carried out, how QCD works in the low-energy region still
requires a much better understanding. Nucleons therefore
become important QCD laboratories through studies of their
rich internal structure.
Despite decades of efforts studying the internal structure

of the proton, there are still a number of puzzles and open
questions surrounding the proton, such as its spin and charge
radius. The so-called proton spin crisis was triggered by the
European Muon Collaboration experiment (Ashman et al.,

*hgao@duke.edu
†vandma00@uni-mainz.de
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Timely applications
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Three ways to the proton radius
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Was it ever  
a puzzle?

U. Meissner
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Proton radius puzzle: what could it mean ?

different     radii     

Lamb shi2  

difference of      

≈ 330 μeV     

μH expt. wrong ?  

μH theory wrong ?       

- hadronic correcBons   
 - check with different targets   

- QED bound state correcBons     

eH theory wrong ?  

eH expt. wrong ? -> R∞ wrong  
 + ep scaKering wrong ?  

- radiaBve correcBons     

- 2γ correcBons     

- low Q2 extrapolaBon     
new physics ?     

 ΔELS$=$206.0336$(15)$$/$$5.2275$(10)$$RE2$$$+$$$ΔETPE$$$$$$$$$$meV$

Carlson(2015)  see PPNP review     
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Standard Model 
Electroweak   QCD

is presently the best theory of (nearly) everything
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Dispersive 
data-driven 

Lattice 
 QCD 

EFTs 
ChPT  
SCET 

…
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definite conclusions as to the nature of the discrepancy with
the experimental values. As discussed volume and residual
excited state effects may lead to a slow convergence of the
lattice data that can account for the discrepancies with the
experimental values.
Results for the neutron electromagnetic form factors are

only provided by the ETMC for pion masses below
170 MeV. They are compared to the experimental values
in Fig. 29. We observe that results for the electric form
factor extracted from the cB211.072.64 ensemble that
includes disconnected contributions are in agreement
with the experimental values. This is also true for the
cA2.09.48 ensemble that includes disconnected contribu-
tions although they carry larger errors. For the cA2.09.64
ensemble, where disconnected contributions have not been
included, the electric neutron form factor is underestimated.
This clearly indicates the significance of including dis-
connected contributions, especially for this quantity, an
observation consistent with the conclusion reached also in
Ref. [62]. For the magnetic form factor, the results using the
cB211.072.64 twisted mass ensemble with disconnected
contributions are closer to experiment as to compared to the
Nf ¼ 2 ensembles, but there is still a discrepancy with the
experiment for small Q2 values that needs to be further
investigated.

In Fig. 30, we compare the lattice QCD values of the
isovector rms radii

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2Eiu−d

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2Miu−d

p
finding

agreement among them. As expected by the less steep
falloff of the electric isovector form factor, lattice QCD
results are systematically lower than the experimental
values. We note that the ETMC results have errors that
are already the same as the difference between the two
experimental determinations showing that the statistical
accuracy required can be achieved. A high-statistics dedi-
cated study to better assess the remaining systematics can
thus yield valuable insights on the rms charge radius from a
first principles calculation. In the case of hr2Miu−d the errors
are larger and lattice QCD results are both in good
agreement among them and compatible with the Particle
Data Group (PDG) value [70].
In Fig. 31 we show the corresponding quantities for the

proton. Only the ETMC results include disconnected
contributions, which, although small, have a systematic
effect. We observe a similar behavior as for the isovector
case, namely smaller values for the electric and magnetic
rms radii. LHPC results extracted using the summation
method have larger errors and are thus compatible with

FIG. 29. Comparison of results for Gn
EðQ2Þ and Gn

MðQ2Þ using
the Nf ¼ 2þ 1þ 1 results of this work (red circles), using the
Nf ¼ 2 results with mπL ≃ 4 of this work (blue squares), and
using the Nf ¼ 2 ensemble with mπL ≃ 3 from Ref. [6] (green
triangles). Filled symbols are used for results that include
disconnected contributions and open symbols for results without
disconnected contributions. Crosses are experimental results
taken from Refs. [4,46–59] for the electric form factor and from
Refs. [63–68] for the magnetic form factor.

FIG. 28. Comparison of results for Gp
EðQ2Þ (upper panel) and

Gp
MðQ2Þ (lower panel) from ETMC and LHPC following the

notation of Fig. 26. Filled symbols are used for results that
include disconnected contributions and open symbols for results
without disconnected contributions. Black crosses are experi-
mental results from the A1 Collaboration [1].

C. ALEXANDROU et al. PHYS. REV. D 100, 014509 (2019)

014509-20

both the muonic and electron scattering determinations of
the rms radii. For the neutron radii we have only results
from ETMC and LHPC. They are displayed in Fig. 32.
ETMC results on the electric rms radius are determined at
high accuracy and include all contributions. Although they
are still smaller in magnitude than the experimental values,
the discrepancy is within 1 standard deviation. We note that
including disconnected contributions brings better agree-
ment in particular in the case of hr2Ein.

VIII. PROTON AND NEUTRON
ELECTROMAGNETIC FORM FACTORS

Having compared with other groups and with theNf ¼ 2
results from ETMC, we collect here our final results on the
proton and neutron form factors using the Nf ¼ 2þ 1þ 1
ensemble, which has the most accurate results at the
physical point. In Fig. 33 we show our results for the
proton electric and magnetic form factors compared to

FIG. 30. Isovector
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2Eiu−d

p
,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hr2Miu−d

p
, and μu−d with lattice

QCD results following the notation of Fig. 26. The experimental
result extracted from muonic hydrogen [3] is shown by the
vertical dashed-dotted line and from CODATA [69] by the
dotted vertical line. The PDG value [70] is shown with
the dashed vertical line. The red vertical inner band denotes
the statistical error extracted using the Nf ¼ 2þ 1þ 1 twisted
mass ensemble of this work and the outer lighter band is the total
error adding statistical and systematic errors in quadrature.

FIG. 31. Results for
ffiffiffiffiffiffiffiffiffiffiffi
hr2Eip

p
and

ffiffiffiffiffiffiffiffiffiffiffiffi
hr2Mip

p
using the same

notation as in Fig. 30. Filled symbols denote results that include
all contributions whereas open symbols are those where dis-
connected contributions are neglected. The rest of the notation
follows that of Fig. 30.

FIG. 32. Lattice QCD results for hr2Ein,
ffiffiffiffiffiffiffiffiffiffiffiffi
hr2Min

p
, and μn. The

notation is as in Fig. 31.

FIG. 33. Proton electric (upper panel) and magnetic (lower
panel) form factors as a function of Q2. Filled circles show the
lattice QCD results of this work and black crosses are exper-
imental results from the A1 Collaboration [1]. The band is the fit
to our results using Eq. (19).

PROTON AND NEUTRON ELECTROMAGNETIC FORM … PHYS. REV. D 100, 014509 (2019)

014509-21

C. Alexandrou et al., Phys. Rev. D 100, 014509 (2019)  

PACS Coll., Phys. Rev. D 99, 014510 (2019)  

Gp
Eðq2Þ and Gn

Eðq2Þ. Actually, a recent work using the
mixed actions with the domain-wall sea quarks and
the overlap valence ones implies the contribution of the
disconnected diagram to Gp

Eðq2Þ and Gn
Eðq2Þ amounts to

∼0.005 with rather large statistical errors1 at q2 ≈
0.05 GeV2 in mπ ¼ 135 MeV [26], whose magnitude is
comparable to the difference between our Gn

Eðq2Þ and the
experimental value. To completely resolve the problem we
need to evaluate the isoscalar vector form factor in the
future.
With the use of the correlated fit procedure, we compare

four types of fitting functions to examine the uncertainty in
the extrapolation of the slope to q2 ¼ 0: linear function
GEðq2Þ ¼ d0 þ d1q2, dipole form of Eq. (13), quadratic
function GEðq2Þ ¼ d0 þ d1q2 þ d2q4 and the model-inde-
pendent z-expansion method with Eq. (15) with kmax ¼ 3.
In Figs. 4 and 5, we find that the dipole form well describes

the LQCD results for Gv
Eðq2Þ and Gp

Eðq2Þ up to the
maximum fitting range of q2cut ¼ 0.102 GeV2. We plot
the fit form dependence of

ffiffiffiffiffiffiffiffiffi
hr2Ei

p
in Fig. 6, where the upper

and lower bands denote the experimental results of the ep
scattering and the spectroscopy of the muonic hydrogen
(μH) atom, respectively. The numerical results are sum-
marized in Table III together with the experimental values.
We observe that all the fit procedures show good consis-
tency within the error bars both for the isovector and proton
channels with a reasonable χ2=dof, which is evaluated by
jackknife estimator in correlated fit. We also find that the
combined results with tsep=a ¼ f12; 14; 16g are consistent
with those with tsep=a ¼ f14; 16g within the error bars,
which indicates that the excited state contamination in
GEðq2Þ is under control. Note that, in the case of neutron,
one can find a clear deviation from the experimental value
due to the lack of the disconnected diagram as already
mentioned above.
As shown in this section, the LQCD calculation at the

low q2 region up to 0.11 GeV2 allows us to successfully
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FIG. 5. Same as Figure 4 for the proton (left) and neutron (right). Results are obtained without the disconnected diagram.
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for the combined data. Horizontal bands represent the experimental results from ep scattering (upper) and μH spectroscopy (lower). The
results for the proton channel is obtained without the disconnected diagram.

1This is just the value in the light quark flavor since the strange
quark contribution is negligible.
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the fit form dependence of
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p
in Fig. 6, where the upper

and lower bands denote the experimental results of the ep
scattering and the spectroscopy of the muonic hydrogen
(μH) atom, respectively. The numerical results are sum-
marized in Table III together with the experimental values.
We observe that all the fit procedures show good consis-
tency within the error bars both for the isovector and proton
channels with a reasonable χ2=dof, which is evaluated by
jackknife estimator in correlated fit. We also find that the
combined results with tsep=a ¼ f12; 14; 16g are consistent
with those with tsep=a ¼ f14; 16g within the error bars,
which indicates that the excited state contamination in
GEðq2Þ is under control. Note that, in the case of neutron,
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B. Magnetic form factor and magnetic RMS radius

The isovector magnetic form factor Gv
Mðq2Þ is extracted

from the ratio R5z;N
jem;iðt; qÞ of Eq. (21). The analysis of

Gv
Mðq2Þ is performed in parallel with Gv

Eðq2Þ. We first plot
the t dependence of the ratio with jnj2 ¼ 1, 2, 3, 4 for
tsep=a ¼ 10, 12, 14, 16 in Fig. 7, which show good plateau
for all the cases of jnj2 and tsep=a. We extract Gv

Mðq2Þ with
the constant fit employing the same fitting range as in the
Gv

Eðq2Þ case. Figure 8 shows that the results for
tsep=a ¼ 10, 12, 14, 16 agree with each other within 1-σ
error bars, though the statistical fluctuation is much larger

than the Gv
Eðq2Þ case. We evaluate Gp

Mðq2Þ and Gn
Mðq2Þ

separately from each R5z;N
jem;iðt; qÞ for N ¼ p, n, where we

omit the disconnected diagram. As in Gv
Mðq2Þ, all the ratios

of R5z;N
jem;iðt; qÞ have reasonable plateaus, and those values

are consistent in the four tsep cases. At each q2 we take two
combined values obtained by the constant fit in the two
ranges of tsep=a ¼ f12; 14; 16g and tsep=a ¼ f14; 16g for
Gv

Mðq2Þ, G
p
Mðq2Þ, and Gn

Mðq2Þ. Those values are summa-
rized in Appendix.
Figure 9 shows that the results from the two combined

tsep ranges are consistent with each other. These results are
compared with that of our previous calculation [15]. Our
current result has much smaller error than the previous one,
and closer to the Kelly’s fit. In Figs. 9 and 10, we observe
that the q2 dependence ofGv

Mðq2Þ andG
p
Mðq2Þ is consistent

with the Kelly’s fit within the 1.5 − σ error, though Gn
Mðq2Þ

for tsep ¼ f12; 14; 16g in the smaller q2 region shows slight
deviation from the Kelly’s fit. This could be due to the lack
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FIG. 8. Same as Fig. 3 for the isovector magnetic form factor
Gv

Mðq2Þ with four lowest nonzero momentum transfers.
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Proton charge radius from lattice QCD

isovector  proton  

➢ LaSce QCD results at (or near) physical pion mass 

➢ Control of excited state contaminaBons 

➢ Proton electromagneBc FFs require disconnected contribuBons (found to be ∼1%) 

➢ Low Q2   -> very large laSce volumes, radius extracBon requires extrapolaBon using FF fit  
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Proton charge radius 
in hydrogens

9
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rp puzzle (2): Is the µp theory wrong ?

∆Eth = 206.0668(25)− 5.2275(10) r2p [meV]
Discrepancy = 0.31 meV
Theory uncertainty = 0.0025 meV
⇒ 120δ(theory) deviation?

10 -3 10 -2 10 -1 1 10 10 2

1-loop eVP
proton size
2-loop eVP

µSE and µVP
discrepancy

1-loop eVP in 2 Coul.
recoil

2-photon exchange
hadronic VP

proton SE
3-loop eVP

light-by-light

meV

Pachucki, PRA 60, 3593 (1999)
Borie, arXiv: 1103.1772-v6
Jentschura, Ann. Phys. 326, 500 (2011)
Karshenboim et al., PRA 85, 032509 (2012)

A. Antognini ECT∗, Trento 01.08.2013 – p. 13

Subleading proton effects in the Lamb shiE

μH Lamb shiE: summary of correcFons

largest theoreBcal 
uncertainty

Carlson & Vanderhaeghen (2011) 
Birse & McGovern (2012)

elasBc contribuBon on 2S level: ΔE2S = -23 μeV  

inelasBc contribuBon:   

ΔETPE (2P-2S) = (33 ± 2) μeV 



Two-photon exchange: hadronic correcFons 
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Tµ⌫(p, q) =

✓
�gµ⌫ +

qµq⌫

q2

◆
T1(⌫, Q

2)

+
1

M2

✓
pµ � p · q

q2
qµ

◆✓
p⌫ � p · q

q2
q⌫
◆
T2(⌫, Q

2)
q q

kk

p p

➢ Two-photon exchange (TPE): lower blob contains both elasBc (nucleon) and inelasBc states 

➢ Lamb shi2: described by unpolarized amplitudes T1,  T2 : funcBons of energy 𝜈 and Q2 

➢ Hyperfine spliSng: described by polarized amplitudes S1,  S2 

➢  Imaginary parts: directly proporBonal to nucleon structure funcBons F1,  F2  resp. g1,  g2  

➢ Real parts: obtained as dispersion integral over the imaginary parts                                         
modulo a subtracBon funcBon in case of T1

�E = �Eel

+ �Esubtr

+ �Einel

ElasBc: involves nucleon form factors

SubtracBon: involves nucleon polarizabiliFes

InelasBc state: involves nucleon structure funcFons

Data-driven evaluaFon possible, except for 
the subtracFon funcFon (in the Lamb shiE)



T1(ν, Q2) = T1(0,Q2) +
32πZ2αMν2

Q4 ∫
1

0
dx

xF1(x, Q2)
1 − x2(ν/νel)2 − i0+

T2(ν, Q2) =
16πZ2αM

Q2 ∫
1

0
dx

F2(x, Q2)
1 − x2(ν/νel)2 − i0+
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Two-Photon Exchange (TPE) in Lamb shiE 

�E(nS) = 8⇡↵m�2
n
1

i

Z 1

�1

d⌫

2⇡

Z
dq

(2⇡)3

�
Q2 � 2⌫2

�
T1(⌫, Q2)� (Q2 + ⌫2)T2(⌫, Q2)

Q4(Q4 � 4m2⌫2)

wave function at 
the origin

the subtracBon funcBon  
can be calculated in ChPT lim

Q2!0
T 1(0, Q

2)/Q2 = 4⇡�M1

low-energy expansion:

T 1(0, Q
2) = 4⇡�M1 Q

2/
�
1 +Q2/⇤2

�4
e.g., Pachucki modeled Q2 behavior as:

data-driven dispersive calculaBons:

dispersion relaBon 
& opBcal theorem
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Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3m&

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
&) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

=

Lamb shi2 
LO: J. M. Alarcon, V. Lensky & V.P., Eur. Phys. J. C 74 (2014) 2852 
NLO:  F. Hagelstein, V. Lensky & V.P., in prep. 

HFS 
LO: F. Hagelstein & V.P., PoS (2015) 
NLO: F. Hagelstein, V. Lensky & V.P., in prep.
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low-energy expansion of forward,   

contains a subtracBon term T1(0,Q2)  

effecBve Hamiltonian:  

electric  magneBc  
polarizabiliBes  

subtracBon term   

Birse, McGovern(2012)

doubly virtual Compton scaKering  

Theory analyses: 
BChPT 
Lensky, 
Pascalutsa(2010)

HBChPT 
Griesshammer, 
McGovern, 
Phillips(2013)

PDG ’14 values:  

αE  = (11.2 ± 0.2) × 10-4  fm3 

βM  = ( 2.5 ± 0.4) × 10-4  fm3 

HBChPT
BChPT 
BChPT with Δ FF 
empirical result
βM1, PDG 2016 
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T non�Born
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= Q2�M +O(Q4)
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TABLE I: Scalar polarizabilities extracted by fitting the new unpolarized cross-section and beam asymmetry data
using HDPV DR [7, 8, 10], B�PT [3], and HBChPT [42] code. The errors are statistical, systematic, and from the
spin polarizabilities, respectively. The spin polarizabilities were fixed to the last experimental values available [17].
s� and s⌃ are the normalization factors for the unpolarized cross-section and the beam asymmetry, respectively.

The scalar polarizability values are given in units of 10�4 fm3.

HDPV BChPT HBChPT
↵E1 11.23± 0.16± 0.46± 0.02 10.65± 0.16± 0.47± 0.04 11.10± 0.16± 0.47± 0.17
�M1 2.79± 0.20± 0.23± 0.11 3.28± 0.21± 0.24± 0.09 3.36± 0.21± 0.24± 0.20
s� 1.011± 0.015 1.013± 0.015 1.043± 0.016
s⌃ 0.994± 0.015 0.996± 0.015 1.001± 0.015
�2/DOF 82.10/93 = 0.89 82.96/93 = 0.89 83.16/93 = 0.89

tical ones. The correlated systematic uncertainties were
included in the fit as common normalization factors, one
for each dataset, and treated as additional fit parameters.
Their deviations from the expected value of 1 were also
accounted for in the �2 function to be minimized [44].
The minimization was performed by using the MINUIT
minimization routine [45]. In order to emphasize the sen-
sitivity of the new data to ↵E1 and �M1 as much as pos-
sible, the spin polarizabilities were kept fixed to the most
recent experimental values [17]. Moreover, to minimize
the statistical uncertainty, the well-known Baldin Sum
rule was included as an additional data point to be fitted
at ↵E1 + �M1 = 13.8± 0.4 (in the usual units) [15].

The fit results are summarized in Table I. The errors
quoted in the central values of ↵E1 and �M1 are statis-
tical, systematic and from the spin polarizabilities, re-
spectively. The first one was obtained by performing the
fit without the normalization factors. The second er-
ror is given by how much the errors on the parameters
changed by the inclusion of the systematic errors. The
third error is given by the variation in the best value of
↵E1 and �M1 when the spin polarizabilities are not fixed,
but rather free to vary within their experimental errors.
The small systematic error for the latter term indicates
the new dataset has only a limited dependency on the
spin polarizabilities, and thus making it well suited for a
precise study of the two scalar terms.

The extractions of the scalar polarizabilties reported
in Table I — in particular of �M1 — exhibits a moder-
ate model dependence. To provide a best estimate of the
central values for the two parameters, the results from
the three theories were combined using weighted average,
taking the quadratic sum of the statistical and system-
atic uncertainties as weights. For each error the largest
contributions among the di↵erent theories was assigned.
Additionally, the largest of the di↵erences between each
theory and the average was used to estimate an addi-
tional error due to the model dependence for both ↵E1

and �M1. The best values for the extraction of the scalar
polarizabilities from the new data using the Baldin sum

FIG. 4: Results of ↵E1 vs �M1 for the proton, obtained
from di↵erent experiments and theories. The extraction
from our data is depicted as blue full ellipse. The light
gray and yellow bands show the experimental results for
↵E1 � �M1 from Zieger et al. [46] and the Baldin sum
rule constraint average [47], respectively. The loosely
dotted azure ellipse shows the result of the constrained
fit from the TAPS collaboration [15]. The dotted purple

circle is the B�PT prediction [3], the green
dashed-dotted curve is the extraction within

HB�PT [42], and the orange dashed curve is the
bootstrap-based fit using DR [48, 49]. The black circle
shows the values quoted by the PDG [50]. All contours

correspond to 1� level.

rule constraint are

↵E1 = 10.99± 0.16± 0.47± 0.17± 0.34

�M1 = 3.14± 0.21± 0.24± 0.20± 0.35 (3)

Phys.Rev.Lett. 128 (2022) 13, 132503 
arXiv: 2110.15691 [nucl-ex]

Measurement of Compton scattering at MAMI for the extraction of the electric and
magnetic polarizabilities of the proton
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A precise measurement of the di↵erential cross sections d�/d⌦ and the linearly polarized photon
beam asymmetry ⌃3 for Compton scattering on the proton below pion threshold has been performed
with a tagged photon beam and almost 4⇡ detector at the Mainz Microtron. The incident photons
were produced by the recently upgraded Glasgow-Mainz photon tagging facility and impinged on
a cryogenic liquid hydrogen target, with the scattered photons detected in the Crystal Ball/TAPS
set-up. Using the highest statistics Compton scattering data ever measured on the proton along with
two e↵ective field theory models (both covariant baryon and heavy-baryon) in addition to fixed-t
dispersion relations and the Baldin sum rule, we have obtained the proton electric and magnetic
polarizabilities with unprecedented precision:

↵E1 = 10.99± 0.16± 0.47± 0.17± 0.34

�M1 = 3.14± 0.21± 0.24± 0.20± 0.35

in units of 10�4 fm3 where the errors are statistical, systematic, spin polarizability dependent and
model dependent.

INTRODUCTION

The study of hadron structure in terms of quantum
chromodynamics and the underlying quarks and gluons
is a major focus of modern physics. Due to the nature
of confinement and the complex internal dynamics in-
volved, however, QCD calculations of hadron properties
have proved challenging. The recent proton radius “puz-
zle” [1, 2] and the many measurements and theoretical
developments it has spurred, have emphasized that, while
the proton is one of the basic building blocks of mat-
ter and the most familiar of all hadrons, we still do not

fully understand its properties and structure. Advances
in e↵ective field theories [3–6], dispersion relation analy-
ses [7–10], and lattice QCD [11] have added impetus to
obtain more accurate measurement of hadron structure
observables, such as polarizabilities and charge radii.
An object’s polarizabilities characterize its internal re-

sponse to an external electromagnetic field and, at the
microscopic level, they can be accessed via Compton scat-
tering. Considerable experimental e↵ort has been ex-
pended over the last half century to obtain the scalar
polarizabilities of the proton [12–15], and recent measure-
ments have resulted in extractions of the proton’s hereto-
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ΔE(inel)
2S (νs = 0) ≃ − 12.3 μeV

ΔE′ (inel)
2S (νs = iQ) ≃ 1.6 μeV

based on Bosted-Christy parametrization:

Once-subtracted dispersion relation for  with subtraction at  

Dominant part of polarizability contribution: 

 with  

Inelastic contribution for  is order of magnitude smaller than for 

Prospects for future lattice QCD and EFT calculations

T1(ν, Q2) νs = iQ

ΔE′ (subt)
nS =

2αm
π

ϕ2
n ∫
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dQ
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Hagelstein & VP, Nucl. Phys. A 1016 (2021) 122323
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�Z =
8Z↵mr

⇡

Z 1

0

dQ

Q2


GE(Q2)GM (Q2)

1 + 
� 1

�
⌘ �2Z↵mrRZ

Zemach radius:

experimental value: RZ = 1.082(37) fm
A. Antognini, et al., Science 339 (2013) 417–420

with

�EHFS(nS) = [1 +�QED +�weak +�structure]EF (nS)
<latexit sha1_base64="3JtLnOwg07SnPpCojq18wPL4zNg="></latexit><latexit sha1_base64="3JtLnOwg07SnPpCojq18wPL4zNg="></latexit><latexit sha1_base64="3JtLnOwg07SnPpCojq18wPL4zNg="></latexit><latexit sha1_base64="3JtLnOwg07SnPpCojq18wPL4zNg="></latexit>

�structure = �Z +�recoil +�pol
<latexit sha1_base64="aeNAlpp3PSqp7GG4AiQQBEyFGVE="></latexit><latexit sha1_base64="aeNAlpp3PSqp7GG4AiQQBEyFGVE="></latexit><latexit sha1_base64="aeNAlpp3PSqp7GG4AiQQBEyFGVE="></latexit><latexit sha1_base64="aeNAlpp3PSqp7GG4AiQQBEyFGVE="></latexit>

Figure 3 shows the two measured mp res-
onances. Details of the data analysis are given
in (12). The laser frequency was changed every
few hours, and we accumulated data for up to
13 hours per laser frequency. The laser frequen-
cy was calibrated [supplement in (6)] by using
well-known water absorption lines. The reso-
nance positions corrected for laser intensity ef-
fects using the line shape model (12) are

ns ¼ 54611:16(1:00)stat(30)sysGHz ð2Þ

nt ¼ 49881:35(57)stat(30)sysGHz ð3Þ

where “stat” and “sys” indicate statistical and sys-
tematic uncertainties, giving total experimental un-
certainties of 1.05 and 0.65 GHz, respectively.
Although extracted from the same data, the fre-
quency value of the triplet resonance, nt, is slightly
more accurate than in (6) owing to several improve-
ments in the data analysis. The fitted line widths
are 20.0(3.6) and 15.9(2.4) GHz, respectively, com-
patible with the expected 19.0 GHz resulting from
the laser bandwidth (1.75 GHz at full width at half
maximum) and the Doppler broadening (1 GHz)
of the 18.6-GHz natural line width.

The systematic uncertainty of each measure-
ment is 300 MHz, given by the frequency cal-
ibration uncertainty arising from pulse-to-pulse
fluctuations in the laser and from broadening
effects occurring in the Raman process. Other
systematic corrections we have considered are
the Zeeman shift in the 5-T field (<60 MHz),
AC and DC Stark shifts (<1 MHz), Doppler
shift (<1 MHz), pressure shift (<2 MHz), and
black-body radiation shift (<<1 MHz). All these
typically important atomic spectroscopy system-
atics are small because of the small size of mp.

The Lamb shift and the hyperfine splitting.
From these two transition measurements, we
can independently deduce both the Lamb shift
(DEL = DE2P1/2−2S1/2) and the 2S-HFS splitting
(DEHFS) by the linear combinations (13)

1
4
hns þ

3
4
hnt ¼ DEL þ 8:8123ð2ÞmeV

hns − hnt ¼ DEHFS − 3:2480ð2ÞmeV ð4Þ

Finite size effects are included in DEL and
DEHFS. The numerical terms include the cal-
culated values of the 2P fine structure, the 2P3/2
hyperfine splitting, and the mixing of the 2P
states (14–18). The finite proton size effects on
the 2P fine and hyperfine structure are smaller
than 1 × 10−4 meV because of the small overlap
between the 2P wave functions and the nu-
cleus. Thus, their uncertainties arising from
the proton structure are negligible. By using
the measured transition frequencies ns and nt
in Eqs. 4, we obtain (1 meV corresponds to
241.79893 GHz)

DEexp
L ¼ 202:3706(23) meV ð5Þ

DEexp
HFS ¼ 22:8089(51) meV ð6Þ

The uncertainties result from quadratically
adding the statistical and systematic uncertain-
ties of ns and nt.

The charge radius. The theory (14, 16–22)
relating the Lamb shift to rE yields (13):

DEth
L ¼ 206:0336(15Þ − 5:2275(10Þr2E þ DETPE

ð7Þ

where E is in meV and rE is the root mean
square (RMS) charge radius given in fm and
defined as rE

2 = ∫d3r r2 rE(r) with rE being the
normalized proton charge distribution. The first
term on the right side of Eq. 7 accounts for
radiative, relativistic, and recoil effects. Fine and
hyperfine corrections are absent here as a con-
sequence of Eqs. 4. The other terms arise from
the proton structure. The leading finite size effect
−5.2275(10)rE2 meV is approximately given by
Eq. 1 with corrections given in (13, 17, 18).
Two-photon exchange (TPE) effects, including the
proton polarizability, are covered by the term
DETPE = 0.0332(20) meV (19, 24–26). Issues
related with TPE are discussed in (12, 13).

The comparison of DEth
L (Eq. 7) with DEexp

L
(Eq. 5) yields

rE ¼ 0:84087(26)exp(29)th fm
¼ 0:84087(39) fm ð8Þ

This rE value is compatible with our pre-
vious mp result (6), but 1.7 times more precise,
and is now independent of the theoretical pre-
diction of the 2S-HFS. Although an order of
magnitude more precise, the mp-derived proton
radius is at 7s variance with the CODATA-2010
(7) value of rE = 0.8775(51) fm based on H spec-
troscopy and electron-proton scattering.

Magnetic and Zemach radii. The theoretical
prediction (17, 18, 27–29) of the 2S-HFS is (13)

DEth
HFS ¼ 22:9763(15Þ − 0:1621(10)rZ þ DEpol

HFS

ð9Þ

where E is in meVand rZ is in fm. The first term is
the Fermi energy arising from the interaction
between the muon and the proton magnetic mo-
ments, corrected for radiative and recoil con-
tributions, and includes a small dependence of
−0.0022rE2 meV = −0.0016 meVon the charge
radius (13).

The leading proton structure term depends
on rZ, defined as

rZ ¼ ∫d3r∫d3r′r′rE(r)rM(r − r′) ð10Þ

with rM being the normalized proton mag-
netic moment distribution. The HFS polariz-

Fig. 1. (A) Formation of mp in highly excited states and subsequent cascade with emission of “prompt”
Ka, b, g. (B) Laser excitation of the 2S-2P transition with subsequent decay to the ground state with Ka
emission. (C) 2S and 2P energy levels. The measured transitions ns and nt are indicated together with
the Lamb shift, 2S-HFS, and 2P-fine and hyperfine splitting.
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Measurements of the μH ground-state HFS planned by the CREMA, FAMU  
and J-PARC / Riken-RAL collaborations ⏰

Very precise input for the 2𝛾 polarizability effect needed to find the μH ground-
state HFS transition in experiment

Zemach radius involves magnetic properties of the proton
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Antognini, Hagelstein &  VP, Ann. Rev. Nucl. Part. 72 (2022)

The hyperfine splitting of µH (theory update):

E1S-hfs = �182.443�������������������������
EF

+1.350(7)�������������������������������������������
QED+weak

+0.004�������������������
hVP

−1.30653(17)�rZp
fm
� +EF �1.01656(4)�recoil + 1.00402�pol�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV, 40.

E2S-hfs = �22.8054�������������������������
1
8EF

+0.1524(8)�����������������������������������������������������
QED+weak

+0.0006(1)�����������������������������������������������������
hVP

−0.16319(2)�rZp
fm
� + 1

8
EF �1.01580(4)�recoil + 1.00326�pol�

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV.

4.2. Hyperfine splitting in µH

The improved 2S −2P measurements discussed above will also improve the precision of the

2S hfs measurement. However, a new level of precision will be reached in the upcoming

CREMA measurement of 1S hfs (108). The schematics of this experiment are shown in

Fig. 7 explained in the insert. On the theory side, we have made a detailed account of

the various contributions to these hfs transitions. Their simplified breakdown is given in

Eq. 40. More details can be found in the Supplement.

Once a high-precision measurement of the 1S hfs in µH is available, it can be used

together with H to accurately disentangle the Zemach and polarizability contributions, �Z

and �pol, with unprecedented precision. This is possible because the eVP corrections to

the 2� exchange di↵er between H and µH, cf. Eqs. 40 and 42. Anticipating 1 ppm accuracy

for the µH 1S hfs experiment, the Zemach radius will be determined with 5 × 10−3 relative

uncertainty and �pol(µH) with 40 ppm absolute uncertainty. It will thus lead to the

best empirical determination of the proton Zemach radius from spectroscopy, without the

uncertainty associated with the polarizability contribution.

Leveraging radiative
corrections allows to
disentangle the
Zemach radius from
H and µH hfs.

4.3. Pinning down the 1S hyperfine splitting in µH

The success of the 1S µH hfs experiments relies critically on the precision and accuracy of

the theory prediction. The CREMA Collaboration is expecting 2 hours of data taking time

per frequency point to observe an excess of events over background. The 1S hfs resonance

would need to be searched in a more than 40 GHz wide frequency range to be compared

with a linewidth of about 200 MHz at FWHM resulting from Doppler broadening (60 MHz),

laser bandwidth (100 MHz) and collisional e↵ects. We estimate the search range to cover a±3� band over the present spread of 2�-exchange theory predictions, cf. Fig. 8. Given the

limited access to the PSI accelerator facility, it is important to further narrow it down as

much as possible.

Fractional accuracy
of a quantity X:
�(X) = �X�X, with
�X the absolute
accuracy.

The 1S hfs in H has already been measured with � = 7 × 10−13 accuracy (109, 110):

E
exp.

1S-hfs
(H) = 1420.405751768(1)MHz. 41.

The corresponding theory prediction is compiled in Eq. 42. Compared to a previous compila-

tion by Volotka (92), we have recalculated the µVP correction which agrees with Ref. (111).
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FIG. 7. (a) One-photon exchange with vacuum polarization; (b) One-photon exchange with finite-size correction; and (c) elastic
and inelastic two-photon exchange.

In first-order perturbation theory to the unperturbed Coulomb wave functions, one finds for the Lamb shift:
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It is clear that the dominant e↵ect comes from the small-t region in the first integral, which starts from the threshold
of e+e� production. Unfortunately, we cannot simply expand GC around 0 before integration, since the integral will
eventually diverge. Instead we use again the DR for GC given in Eq. (C3b). We then change the variable t ! 4m2

eu
2

and perform the integration over u. Afterwards, only integrals over t
0 remain, which start from the threshold of

hadron (e.g., ⇡+
⇡
�) production t0. Assuming that 2me ⌧ t0  t
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and  = ↵mr/2me. Our formula agrees numerically with Ref. [64, Eq. (28)]. In Eq. (C7b), we used the deuteron
radius determined through the isotope shift to illustrate the quantitative size of the e↵ect, where the uncertainity is
just propagated from the error of the radius in Eq. (60).

A similar subleading correction stems from the interference of one-photon exchange potentials with electronic VP,

�VVP(r) = �
ˆ

dq

(2⇡)3
e
iq·r 4⇡↵

q 2
⇧

(1)
(q2) =

↵

⇡

 1

4m2
e

dt
Im ⇧(t)

t

e
�r

p
t

r
, (C9)

and finite-size corrections,
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see Fig. 7 (a) and (b), respectively. The latter can be approximated with a delta-function potential proportional to
the deuteron radius. To calculate this e↵ect at second order in perturbation theory, we need to know the matrix
elements of the delta-function and Yukawa-type potentials between the µD Coulomb wave functions:
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FIG. 7. (a) One-photon exchange with vacuum polarization; (b) One-photon exchange with finite-size correction; and (c) elastic
and inelastic two-photon exchange.
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It is clear that the dominant e↵ect comes from the small-t region in the first integral, which starts from the threshold
of e+e� production. Unfortunately, we cannot simply expand GC around 0 before integration, since the integral will
eventually diverge. Instead we use again the DR for GC given in Eq. (C3b). We then change the variable t ! 4m2
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and  = ↵mr/2me. Our formula agrees numerically with Ref. [64, Eq. (28)]. In Eq. (C7b), we used the deuteron
radius determined through the isotope shift to illustrate the quantitative size of the e↵ect, where the uncertainity is
just propagated from the error of the radius in Eq. (60).
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FIG. 8. Elastic and inelastic two-photon exchange with vacuum-polarization insertion at O(↵6).

and the energy levels of the Coulomb potential:

En = � ↵

2an2
, E2 = � ↵

8a
, (C12)

with n the principal quantum number. For the discrete spectrum, we obtain:
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with the deuteron radius in fm units. For the continuous spectrum, we apply:
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In total, the interference of the one-photon-exchange potentials in Fig. 7 (a) and (b) amounts to:
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This formula agrees numerically with Ref. [64, Eq. (29)].

Let us now turn to our main interest: the electronic VP corrections to the 2� exchange. The simplest correction is
due to the insertion of the one-loop electronic VP into the 2�-exchange diagram, see Fig. 8. We multiply the integrand

2𝛾 + radiative corrections ⟹ differ for H vs. μH and 1S vs. 2S

+ …

We have updated also the hVP, rescaling the recent result obtained for muonium (66). These

µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)

than quoted in (92).

The hyperfine splitting of H (theory update):

E1S-hfs(H) = �1418840.082(9)�������������������������������������������������������������������������������������������
EF

+1612.673(3)������������������������������������������������������������������������
QED+weak

+0.274�������������������
µVP

+0.077�������������������
hVP

−54.430(7) �rZp
fm
� +EF �0.99807(13)�recoil + 1.00002�pol�

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�kHz 42.

In Refs. (112, 113), this high-precision hfs measurement was already exploited to con-

strain the 2�-exchange contribution and its e↵ect in the hfs of µH. Here we shall use a

somewhat di↵erent procedure, where all the uncertainty of rescaling from H to µH is limited

to radiative corrections. From H we deduce a subset of hadronic contributions, containing

the Zemach radius, polarizability and hVP corrections:

E
hadr

1S-hfs(H) = EF(H) [b1S(H)�Z(H) + c1S(H)�pol(H) +�hVP(H)] = −54.823(71)kHz, 43.

where b(H) and c(H) are the radiative-correction factors shown explicitly in Eq. 42; the

radiative correction on the small hVP contribution is neglected. We choose not to lump

in here the recoil corrections, because they are known rather precisely. We use (99, 79):

�recoil(H) = 5.33(5) ppm and �recoil(µH) = 846(6) ppm.

To go from H to µH, we assume that only the radiative factors scale non-trivially with

the reduced mass. The hadronic contributions scale linearly:

�i(H)
mr(H) =

�i(µH)
mr(µH) , i = Z, pol, hVP. 44.

This scaling is obvious for the Zemach and hVP contributions (cf. Eqs. 15, 28), whereas for

the polarizability contribution this has been verified numerically to better than 2% (99).

Therefore, the hadronic contribution in µH can be expressed via the one in H as follows:

E
hadr

nS-hfs(µH) = EF(µH)mr(µH) bnS(µH)
n3EF(H)mr(H) b1S(H) E

hadr

1S-hfs(H)
+ EF(µH)

n3
�pol(µH) �c1S(H)bnS(µH)

b1S(H) − cnS(µH)�
����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������=−6×10−5 for n=1=−5×10−5 for n=2

45.

where b(µH) and c(µH) are shown numerically in Eq. 40. The second term is negligible

because the coe�cient given by the square brackets is very small. We thus only evaluate

the first term and obtain:

E
hadr

1S-hfs(µH) = −1.316(2)meV, E
hadr

2S-hfs(µH) = −0.1644(2)meV. 46.
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δ (E exp.
1S−hfs(H)) = 10 × 10−13

Hellwig et al., 1970

High-precision measurement 
of the “21cm line” in H:

Ehadr
1S−hfs(H) = EF(H)[b1S(H) ΔZ(H) + c1S(H) Δpol(H) + ΔhVP(H)] = − 54.823(71) kHz
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Figure 8

Experimental values and theoretical predictions for the 1S and 2S hfs in H and µH.

The main source of uncertainty here is the 2� recoil contribution �recoil(H). Adding the

2� recoil contribution �recoil(µH) to Eq. 46, we obtain a prediction for the full 2�-exchange

and hVP contributions to the hfs in µH:

E
2�+hVP

1S-hfs
(µH) = −1.159(2)meV, E

2�+hVP

2S-hfs
(µH) = −0.1448(2)meV. 47.

With this, we arrive at a complete prediction of the hfs in µH:

E1S-hfs(µH) = 182.634(8)meV, E2S-hfs(µH) = 22.8130(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of �pol at the

level of 2% (assuming a very generous size for this contribution, �pol(µH) = 400ppm). Our

result is shown in Fig. 8, together with the existing µH 2S hfs measurement. The theory

predictions based on the empirical hfs in H, Eq. 48, are up to a factor 5 better than results

that do not use the H hfs.

Note that all theory predictions shown in Fig. 8 are in agreement, even though the

data-driven dispersive evaluations and the B�PT prediction disagree in the polarizability

contribution (cf. Fig. 6, Table 3). This is because most works use the experimental H

hfs to refine their prediction for the total 2�-exchange e↵ect. Hence the discrepancy in

polarizability is compensated by slightly di↵erent Zemach radii.

In future, reversing the above procedure to obtain a prediction of the hadronic con-

tributions to the 1S hfs in H from a measurement of the 1S hfs in µH, might allow for a

benchmark test of the H hfs theory. This, however, would also require further improvements

for the recoil corrections from 2� exchange, as well as for the uncertainty from missing con-

tributions in the µH theory. Note that a better benchmark test (� ∼ 2×10−9) of bound-state
QED for a hyperfine transitions can be achieved for the muonium hfs, which the MuSEUM

experiment (114) aims to measure with � ∼ 2×10−9 relative accuracy. To test the muonium

hfs on this level, the MuMass experiment (115, 116) has to determine the mµ�me ratio to

better than � ∼ 1 × 10−9 from the 1S-2S transition in muonium.

5. Bound-state QED tests of simple atomic and molecular systems

The simplicity of two- and three-body atomic-molecular systems combined with the preci-

sion of laser spectroscopy permit unique confrontations between theory and experiments.

The predictive power of bound-state QED, however, depends on the knowledge of funda-

mental constants such as the masses of the involved particles, ↵, R∞, and nuclear properties

such as the nuclear charge radii or magnetic moments.
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Leverage radiative corrections:

1. Prediction for μH HFS from empirical 1S HFS in H

2. Disentangle Zemach radius and polarizability contribution

Ehadr
nS−hfs(μH) =

EF(μH) mr(μH) bnS(μH)
n3EF(H) mr(H) b1S(H)

Ehadr
1S−hfs(H) −

EF(μH)
n3

Δpol(μH)[c1S(H)
bnS(μH)
b1S(H)

− cnS(μH)]
= − 6 × 10−5 n = 1
= − 5 × 10−5 n = 2
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Polarizability effect on the HFS is completely constrained by empirical information

ChPT calculation puts the reliability of dispersive calculations (and ChPT) to the test ?!
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Tension between the BChPT prediction and data-driven dispersive results:
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Changes Zemach radius (smaller, just like )rp

• E
(pol) = E(subt) +E(inel), the polarizability contribution,

• E
(el) the elastic structure functions (same as the Friar radius with recoil),

• E
�2�� = E(el) +E(pol), the total 2� exchange.

Despite the moderate e↵ect of the subtraction function, it does constitute the largest un-

certainty of the data-driven evaluations. Models of the subtraction function for the proton

are constrained at Q
2 = 0 by the magnetic polarizability �M1, and at asymptotically large

Q
2 by perturbative QCD (76). There is a new idea (85) of how to further constrain it from

the dilepton photoproduction (e−p→ e
−
p e
−
e
+), but that would be an extremely challenging

experiment. There is hope that it can soon be calculated in lattice QCD (86–90, 82).

3.2. Hyperfine splitting in H and µH

For the hfs, the 2�-exchange e↵ects are conventionally split into Zemach-radius, recoil and

polarizability contributions (93):

E
�2��
nS-hfs

= EF

n3
(�Z +�recoil +�pol) . 32.

Note that all of these e↵ects begin to contribute at order (Z↵)5. While the elastic con-

tributions are known to better than 1%, the absolute uncertainty of the numerically large

Zemach-radius contribution is not negligible. Still, the largest uncertainty comes from the

polarizability contribution. In what follows we discuss the Zemach and the polarizability

contributions in more detail.

3.2.1. Zemach radius, correlation with the charge radius. The Zemach-radius contribution,

defined as �Z = −2Z↵mrrZ, can be evaluated based on empirically known form factors

using Eq. 14. For example, the recent dispersive analysis of the nucleon electromagnetic

form factors from the Bonn group (26) yields:

rZp = 1.054 �+0.003−0.002�
stat
�+0.000−0.001�

sys
fm, �Z(µH) = −7403+21−16 ppm. 33.

On the other hand, one can determine this contribution from the experimental hfs, given

predictions for the remaining theory contributions. So far we have the measurements of

the 1S hfs in H and the 2S hfs in µH. The corresponding extractions of the Zemach radius

are shown in Table 2 and compared with the form-factor determinations. Since baryon

�PT (B�PT) gives a smaller prediction for the polarizability contribution than data-driven

evaluations, it also gives a smaller Zemach radius. This discrepancy will be discussed below

(cf. Figure 6).

There is an appreciable linear correlation between the Zemach and charge radius, il-

lustrated in Fig. 5. The black dashed line represents the usual dipole approximation,

1�(1+Q2�⇤2)2, for the form factors GE and GM . This correlation is of course more general,

given that the proton size is set predominantly by one QCD scale, ⇤QCD. Essentially all

Table 2 Determinations of the proton Zemach radius rZp, in units of fm.

ep scattering µH 2S hfs H 1S hfs

Lin et al. (26) Borah et al. (91) Antognini et al. (2) B�PT (62) Volotka et al. (92) B�PT (62)

1.054+0.003−0.002 1.0227(107) 1.082(37) 1.041(31) 1.045(16) 1.012(14)

14 A. Antognini, F. Hagelstein and V. Pascalutsa
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The proton radius puzzle
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Proton Form Factors and RMS Radii
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FF interpretation: Fourier transforms of 
charge and magnetization distributions 

4

ELECTRIC AND MAGNETIC FORM FACTORS OF THE PROTON PHYSICAL REVIEW C 90, 015206 (2014)

which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.

present experiment with a series of published form factors:
the standard dipole, the Padé and polynomial descriptions of

015206-21

root-mean-square (rms) charge radius:
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p
hr2iE
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dr r2 ⇢E(r) = �6
d

dQ2
GE(Q

2)
���
Q2=0

RE = 0.879(5)stat(4)syst(2)model(4)group fm,

RM = 0.777(13)stat(9)syst(5)model(2)group fm.

J. C. Bernauer et al., Phys. Rev. C90,015206 (2014).
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2022. Figure 28 shows the schematics of the ULQ2 exper-
imental setup.
In Table V we provide a summary of these ongoing and

future lepton-scattering experiments in terms of the beam
type(s), the location, the Q2 coverage, the projected precision
in the proton charge radius determination when available, and
the status of each experiment.

VIII. THE DEUTERON CHARGE RADIUS

A less well-known charge radius puzzle concerns the
deuteron, the simplest nucleus in nature, which is loosely
bound with a binding energy of 2.2 MeV. Like the proton, the
deuteron charge radius can be determined by the extraction of
the deuteron charge form factor GCdðQ2Þ at low values of Q2

from electron-deuteron elastic scattering first, and the sub-
sequent extrapolation of the measured GCdðQ2Þ to the
unmeasured region in order to determine its slope at Q2 ¼ 0.
The unpolarized elastic e-d-scattering cross section is

described in the one-photon-exchange picture as

dσ
dΩ

ðE; θÞ ¼ σNS

!
AdðQ2Þ þ BdðQ2Þtan2 θ

2

"
; ð78Þ

where σNS is the differential cross section for the elastic
scattering from a pointlike and spinless particle at a scattering
angle θ and an incident energy E. For a spin-1 object such as
the deuteron, the electromagnetic structure can be described
by three form factors: the charge GCd, the magnetic dipole
GMd, and the electric quadrupole GQd. The structure functions
AdðQ2Þ and BdðQ2Þ are related to these form factors via
(Jankus, 1956; Gourdin, 1963)

AdðQ2Þ ¼ G2
CdðQ2Þ þ 2

3τdG
2
MdðQ2Þ þ 8

9τ
2
dG

2
QdðQ2Þ;

BdðQ2Þ ¼ 4
3τdð1þ τdÞG2

MdðQ2Þ; ð79Þ

with τd ≡Q2=4M2
d, whereMd is the deuteron mass. There are

also the following additional relations:

GCdð0Þ ¼ 1; GMdð0Þ ¼ μd; GQdð0Þ ¼ Qd;

with μd the deuteron magnetic dipole moment (in units of
e=2Md) and Qd the electric quadrupole moment (in units of
e=M2

d). With three form factors, one needs to carry out three
measurements with independent combinations of the three
form factors in order to separate them out for each Q2 value.
Carlson and Vanderhaeghen (2009) showed how these three
form factors allow one to map out the transverse charge
densities in a deuteron, in a state of helicity 0 or%1, as viewed
from a light front moving toward the deuteron. Furthermore,
the charge densities for a transversely polarized deuteron are
characterized by monopole, dipole, and quadrupole patterns.
At low values of Q2 most relevant for the charge radius

determination, in the range 10−2−10−4 ðGeV=cÞ2 and with
small scattering angles, the unpolarized e-d elastic-scattering
cross section is dominated by the deuteron charge form factor.
One can therefore extract GCd with negligible systematic
uncertainties using data driven parametrizations for GMd,
and GQd (Zhou et al., 2021) from a measured scattering cross
section. The deuteron rms charge radius can then be determined
by fitting the experimental GCd data as a function of Q2 and
calculating the slope of this function at Q2 ¼ 0 according to

hr2Cdi≡ −6
dGd

CðQ2Þ
dQ2

####
Q2¼0

; ð80Þ

in analogy with how hr2Epi is obtained. Zhou et al. (2021)
demonstrated how one can extract rd reliably using robust
fitters.

FIG. 28. Schematics of the ULQ2 experimental setup. From
Toshimi Suda.

TABLE V. Summary of ongoing and future lepton-scattering experiments on proton charge radius measurements.

Experiment Beam Laboratory Q2 [ðGeV=cÞ2] δrp (fm) Status

MUSE e%, μ% PSI 0.0015–0.08 0.01 Ongoing
AMBER μ% CERN 0.001–0.04 0.01 Future
PRad-II e− Jefferson Lab 4 × 10−5–6 × 10−2 0.0036 Future
PRES e− Mainz 0.001–0.04 0.6% (relative) Future
A1@MAMI (jet target) e− Mainz 0.004–0.085 Ongoing
MAGIX@MESA e− Mainz ≥ 10−4 − 0.085 Future
ULQ2 e− Tohoku University 3 × 10−4–8 × 10−3 ∼1% (relative) Future

H. Gao and M. Vanderhaeghen: The proton charge radius

Rev. Mod. Phys., Vol. 94, No. 1, January–March 2022 015002-34
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 R2
E(Q2) = −

6
Q2

log GE(Q2) → R2
EQ2 = 0

R2
E(Q2) ≤ R2

E , for Q2 ≥ 0
Hagelstein & VP, 
Phys. Lett. B (2019). 

This function sets a lower bound:
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M. Horbatsch, Phys. Lett. B 804 (2020) 135373
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FIG. 3. The proton electric charge radius function RE(Q2) in fm obtained from eq. (6). The

data points from the PRad experiment are shown in red and blue for the 1.1 and 2.2 GeV data

runs respectively, while the dotted curves correspond to the equivalent result in Fig. 1 which is a

prediction based on the spectroscopic value of the charge radius and a theoretical prediction for the

higher moments. The dashed magenta curve corresponds to the straight-line result in Fig. 1.

the series in Q2. For the range of the PRad data this is not important, because they do not

reach beyond the critical point, i.e., 0.078 GeV2.

The conclusions to be drawn from a three-parameter Padé function in Q2 (Fig. 1), or in z

(Fig. 2) are basically the same: the experimental data cannot be used directly at lowest Q2

or z to measure the derivatives of the form factor. However, incorporating such derivatives

on the basis of hydrogen spectroscopy (for RE) and dispersively improved higher-order chiral

perturbation theory (for the higher moments) demonstrates consistency with the PRad results.

It is very likely that such a procedure will be required also for future low-Q2 experiments for

e� p or µ� p scattering.

9

PRad data: 1.1 GeV and 2.2 GeV
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which is larger than the value accounted for in Ref. [5, Eq. (17)], but agrees with Ref. [6] within errors, cf. Table
VII. It is also in agreement with the empirical value, Eq. (66), but more than a factor 3 less precise. Our new theory
compilation will be used in Section VIA to extract rd(µD) from the experimental value for E2P�2S .

VI. CHARGE RADIUS EXTRACTIONS
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FIG. 4. Comparison of deuteron charge radius determinations from fits to electron-deuteron scattering data, ordinary and
muonic-deuterium spectroscopy, and the 2S � 1S hydrogen-deuterium isotope shift combined with the proton radius from
muonic hydrogen.

A. Deuteron Charge Radius

This section compares three independent extractions of the deuteron charge radius: from the spectroscopy of the
µD Lamb shift, the 2S � 1S transition in D and the 2S � 1S H-D isotope shift, respectively. With the experimental
value for the µD Lamb shift in Eq. (63), the theoretical prediction in Eq. (65), and our result for the 2�-exchange
e↵ects, Eq. (68), we can extract the deuteron charge radius from µD spectroscopy:

rd(µD) = 2.12763(13)exp(77)theory = 2.12763(78) fm, (69)

where the uncertainty budget remained the same as in the original extraction from Ref. [3], see Eq. (1b). In addition,
we consider the extraction from the measured 2S � 1S transition in D [60]:

f
D
2S�1S = 2466 732 407 522.88(91) kHz, (70)

and the theory prediction in Eq. (F2), which leads to:

rd(D, 2S � 1S) = 2.12767(49) fm. (71)

Note that the entering Rydberg constant, R1 in Eq. (E4), is strongly driven by rp(µH). The third extraction from
the H-D isotope shift and rp(µH) has been presented in Section IVB:

rd(µH & iso) = 2.12788(16) fm.

All results are shown in Fig. 4, together will older extractions, results from electron-deuteron scattering and the
CODATA recommended values. We can see that the spectroscopy of ordinary and muonic hydrogen isotopes, after
the recent theory updates, cf. Ref. [6], gives consistent results for the deuteron charge radius.
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Figure 9

Simplified scheme showing the impact of rp(µH) on improving fundamental constants and bound-state QED tests.

5.2. µ4He+ and He+: testing higher-order QED and nuclear models

An interesting test of bound-state QED can be obtained when the ongoing e↵orts to measure

the 1S-2S transition in the hydrogen-like He+ ion in LaserLaB, Amsterdam (35) and MPQ,

Garching (36) will be accomplished. To understand the interplay between measurements in

He+, µ4He+, H and µH we express the He+(1S-2S) with explicit Z-dependence

f2S−1S(He+) ≈ 3Z2
cR∞
4

1

1 + me
M↵

+QED
He+ �Z3.7

, Z
5...7� − 7(Z↵)c4

24⇡ a3

B

�h3
r
2

↵ 60a.

(1kHz) (9kHz) (40kHz) (61kHz) 60b.

with M↵ being the alpha-particle mass. The Bohr structure scales only with Z
2, the

finite size with Z
4, the one-loop QED contributions scale approximately as Z3.7, while the

challenging higher-order contributions scaling as Z5..7 (C50 scales as Z5, B60 scales as Z6)

are strongly enhanced in He+. Eq. 60b illustrates the uncertainties: 1 kHz uncertainty is

expected from the LaserLaB experiment in the first phase (35), while an analysis of typical

systematic e↵ects of the MPQ experiment promises uncertainties far below that level, on

the order Hz level (36). The 9 kHz is from the uncertainty of R∞(µH + H) (Eq. 59), the
40 kHz represents the present uncertainty of the QED theory (119, 117), and the 60 kHz is

the uncertainty resulting from the alpha particle charge radius r↵ = 1.67824(13)exp(82)th fm

from µ
4He+(10) spectroscopy limited by the uncertainty of the 2�-exchange contribution in

µ
4He+ (120, 121).

By considering these uncertainties, it is clear that the 1S-2S transition in He+ can be

tested after completion of the measurement in He+ down to an accuracy of 60 kHz limited

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 25

μ4He+

μD

μH

Antognini, Hagelstein & VP,  Ann. Rev. Nucl. Part. 72 (2022) [arXiv:2205.10076]
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Figure 7.6: �LT of the nucleons. fig:deltaLT
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Figure 7.7: Summary of available calculations for the polarizability correction to the Lamb shift in µH. fig:LSSummary

55

Compiled by:  Hagelstein, Miskimen & VP, 
                             Prog. Part. Nucl. Phys. (2016)

Chiral perturbation theory of muonic hydrogen Lamb shift

Jose Manuel Alarcón,1 Vadim Lensky,2 and Vladimir Pascalutsa1
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Johannes Gutenberg-Universität, Mainz D-55099, Germany

2 Theoretical Physics Group, School of Physics and Astronomy,
University of Manchester, Manchester, M13 9PL, United Kingdom

(Dated: October 24, 2013)

The leading-order prediction of proton polarizability-like effect on the muonic hydrogen Lamb shift is ob-
tained in baryon chiral perturbation theory. The magnitude of the effect is �E(2P � 2S) ' 8µeV, which is
consistent with previous calculations based on heavy-baryon chiral perturbation theory and dispersion theory.
Our result rules out the scenarios where the ”proton charge radius puzzle” is solved by O(↵5

em) effects of proton
structure on the side of muonic hydrogen.

PACS numbers:

The ”proton charge radius puzzle” stands for the discrep-
ancy in the value of proton’s charge radius obtained form elas-
tic electron-proton scattering measurements [1] and atomic
measurements of the normal hydrogen [2] on one hand, and
the muonic hydrogen (µH) spectroscopy [3] on the other. The
discrepancy is almost 8 standard deviations (i.e., 7.7�). One
way to mend it is to find an effect which would raise the µH
Lamb shift by about 310 µeV and it has been suggested that
proton structure can produce such an effect at O(↵5

em). Most
of the studies, however, derive a very modest effect of proton
structure beyond the charge radius.

Namely, the measured Lamb shift for the muonic hydrogen
is around 300 µeV lower than one expects from theory using
the charge radius deduced from normal hydrogen. This dif-
ference could be due to the internal electromagnetic structure
of the proton since, due to its larger mass, the muon is much
closer to the proton than the electron. Several studies have
been done investigating the effects of the internal electromag-
netic structure of the proton to the muonic hydrogen Lamb
shift. They point to a contribution of the order of -10µeV,
which is one order of magnitude smaller than needed to recon-
cile the electronic and muonic hydrogen measurements. Re-
cently, it was suggested that this difference could be accounted
for by effects of the proton magnetic polarizability at large vir-
tualities in the two photon exchange diagrams [4].

In this letter we investigate the contribution of the hadronic
structure of the proton to the muonic hydrogen Lamb shift.
They enter in the two photon exchange diagrams and are
related to the forward double virtual Compton scattering
(VVCS) on the proton. These contributions to the Lamb shift
can be parametrized in terms of the Compton tensor Tµ⌫ . This
embodies the information on the response of the proton due
to electromagnetic probes. For forward scattering, the spin-
averaged Compton tensor takes the form [5]

(b) (c)(a)

(d) (e) (f )

(g) (h) (j)

(k)

�

FIG. 1: Diagrams considered for the calculation of T1 and T2. Only
the direct process in the VVCS is shown. Double line represents the
�(1232) propagator.

Tµ⌫(P, q) =
i

8⇡mN

Z
d4 eiq·xhp|Tjµ(x)j⌫(0)|pi

=

✓
�gµ⌫ +

qµq⌫

q2

◆
T1(⌫, Q

2)

+
1

m2
N

✓
Pµ

�
P · q

q2
qµ

◆✓
P ⌫

�
P · q

q2
q⌫
◆
T2(⌫, Q

2), (1)

where mN is the nucleon mass, P and q are the proton and
photon momenta, respectively , ⌫ = P ·q/mN and Q2 = �q2

is the virtuality of the photons.
On the other hand, since we are interested in the O(↵5

em)
contributions, we considered that the external muon and pro-
ton lines have zero three-momentum, which implies that ⌫ =
P · q/mN = q0. Corrections due to finite three-momenta are
higher orders in ↵em.

From this consideration, one can derive a very simple sum
rule to connect T1 and T2 to the Lamb shift correction �EnS

[5]

vs.  
Chiral perturbation theory 

predictive at LO
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Empirical information on spin structure functions is limited 

Low-Q region is very important (cancelation between  and )I1(Q2) F2(Q2)
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FIG. 2. The longitudinal-transverse spin polarizability for
the proton as a function of Q2, compared to existing world
data [24, 25], phenomenological models [22, 26] and �PT cal-
culations [13, 27]. The �LT point indicated by an 8-pointed
marker near Q2 = 0.05 GeV 2 includes both g1 and g2 from
E08-027 data, while the other three points use the CLAS
model for the g1 part of the integral. The cyan shaded re-
gion represents the systematic uncertainty.

ing electron spin, respectively. The slightly di↵ering kine-
matics, influenced by the strong target magnetic field, did
not permit the combination of data sets at the polarized
cross section di↵erence level for the setting where we have
both longitudinal and transverse data, so the structure
functions were formed using a model input according to:

g1(x,Q
2) = K1


��k

✓
1 +

1

K2

tan
✓

2

◆�
+

2g2tan
✓
2

K2y
(3)

g2(x,Q
2) =

K1y

2


��?

✓
K2 + tan

✓

2

◆�
� g1y

2
, (4)

where the kinematic terms, K1 and K2, are defined as

K1 =
MQ2

4↵

y

(1� y)(2� y)
(5)

K2 =
1 + (1� y)cos✓

(1� y)sin✓
, (6)

and ✓ is the angle of the scattered electron, y = ⌫/E and
⌫ = E0�E. A model [23] based on the CLAS Hall B data
was used as the g1 input for the extraction of g2, except
in the Q2 = 0.05 GeV2 setting where measured ��k and
��? were used to solve the above for g1 and g2. Details
on the extraction of the polarized cross section di↵erences
can be found in the Methods section.

The experimental cross section, calculated only for the
longitudinal setting, was formed by normalizing the de-
tected electron counts by target density and thickness
(⇢), spectrometer acceptance (Vacc), detector e�ciencies

FIG. 3. The longitudinal-transverse spin polarizability for
the proton as a function of Q2, compared to existing world
data [24, 25], phenomenological models [22, 26] and �PT cal-
culations [13, 27]. The �LT point indicated by an 8-pointed
marker near Q2 = 0.05 GeV 2 includes both g1 and g2 from
E08-027 data, while the other two points use the CLAS model
for the g1 part of the integral. The cyan shaded region repre-
sents the systematic uncertainty. On this plot the moment is

scaled by Q6

(2M)2
to form a unitless quantity, and is zoomed in

on the lowest three Q2 points.

(✏det), livetime (LT ) and accumulated charge (Q/e) :

�0 =
d2�

d⌦dE0 =
Ndet

Q/e · ⇢ · LT · ✏det · Vacc

. (7)

The spectrometer acceptance is defined with solid angle
⌦ and scattered electron energy E0 and was determined
using a Monte-Carlo simulation [28]. The same dilution
factor in the asymmetry was applied to the cross section
to obtain a pure proton result. Large systematics in the
transverse cross sections made it preferable to form the
polarized cross sections di↵erences using the asymmetries
from g2p data, and an unpolarized cross section from the
Bosted-Christy model [29]. The longitudinal cross sec-
tion was used to determine how well the model agreed
with the g2p data, and obtain an associated systematic
error. It was determined from this comparison that the
structure of the model matched our data very well, but
needed to be scaled by a factor of ⇡ 1.15. This scaling
factor is perhaps not surprising due to the small amount
of existing low Q2 proton data available to constrain the
model, and is in any case consistent within error bars
with the E61 data [30] that was originally used to create
the Bosted-Christy model. This scaling factor is trusted
to within the 9% relative uncertainty of our measured
cross section. An additional small uncertainty associ-
ated with structure di↵erences between our data and the
model brings the uncertainty of this method to around
10%. However, the impact of this scaling factor on the
higher moments is suppressed. We have calculated it to

BjPT of nucleon spin polarizabilities and contribution to `H hfs Vladimir Pascalutsa
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Figure 2: Generalized GDH integral �1(&2) and forward spin polarizability W0(&2) of the proton as function
of &2. The NLO BjPT prediction is shown by the blue solid line and the blue band. The red line represents
the LO BjPT result. The purple short-dashed lines are the HB results from Refs. [23] and [24], respectively.
The black dotted line is the MAID model prediction with c, [, cc channels [25]. The pink band is the IR+�
result from Ref. [26], and the gray band is the BjPT+� result from Ref. [27]. Empirical extractions: Ref. [28]
(blue dots), Ref. [29] (purple square), Ref. [22] (orange pyramid) and the recent CLAS Collaboration data
Ref. [19] (green triangles). The cyan star for �1(0) is derived from the proton anomalous magnetic moment
^? ≈ 1.793 [30].

The same discrepancy between the BjPT theory expectation and the empirical data at very
low &2, can be seen by studying the individual polarizabilities and moments of the proton spin
structure functions. In Fig. 2, we show the generalized GDH integral �1(&2) and the forward spin
polarizability W0(&2) of the proton as a function of &2. The recent CLAS results [19] (green
triangles) are compared to various theory predictions. In the region of 0.03 GeV2 < &2 < 0.3
GeV2, the data agree well with the NLO BjPT prediction (blue band). Below ∼ 0.03 GeV2, the
data display an unexplained structure that does not only disagree with BjPT, but also seems to
be in tension with independent empirical constraints at the real-photon point. The latter values of
�1(0) and W0(0) are precisely determined from the anomalous magnetic moment of the proton and
total photoabsorption cross sections, respectively. Note that if there is an issue with the data input
for the dispersive approach, it could be either due to the experimental data or the extrapolation to
unmeasured energy regions, included also in the evaluation of the moments [19].

3. Polarizability Contribution to the Hyperfine Splitting in (Muonic-)Hydrogen

The hfs of the =(-level is proportional to the leading order-(/U)4 Fermi energy:

⇢F = 8/U
303

1 + ^
<"

, (3)

where " is the mass of the proton, ^ is the anomalous magnetic moment of the proton, and < is
the electron (muon) mass in case of H and `H, respectively. The nuclear-structure e�ects only start
contributing from order-(/U)5 through the forward 2� exchange. The latter is conventionally split
into Zemach-radius, recoil and polarizability contributions [36]:

⇢2�
hfs(=() = ⇢F

=3
��Z + �recoil + �pol� . (4)

4

New data JLab Spin Physics Programme, e.g., g2p 2204.10224.


