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Goal & Motivation

2

Measure 1S-HFS  in µp 

with 1 ppm accuracy

 -contribution with 1x10-4 rel. accuracy

 Zemach radius  and polarisability  contribution
2γ

rZ ΔpolThe hyperfine splitting of µH (theory update):

E1S-hfs = �182.443�������������������������
EF

+1.350(7)�������������������������������������������
QED+weak

+0.004�������������������
hVP

−1.30653(17)�rZp
fm
� +EF �1.01656(4)�recoil + 1.00402�pol�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV, 40.

E2S-hfs = �22.8054�������������������������
1
8EF

+0.1524(8)�����������������������������������������������������
QED+weak

+0.0006(1)�����������������������������������������������������
hVP

−0.16319(2)�rZp
fm
� + 1

8
EF �1.01580(4)�recoil + 1.00326�pol�
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�meV.

4.2. Hyperfine splitting in µH

The improved 2S −2P measurements discussed above will also improve the precision of the

2S hfs measurement. However, a new level of precision will be reached in the upcoming

CREMA measurement of 1S hfs (108). The schematics of this experiment are shown in

Fig. 7 explained in the insert. On the theory side, we have made a detailed account of

the various contributions to these hfs transitions. Their simplified breakdown is given in

Eq. 40. More details can be found in the Supplement.

Once a high-precision measurement of the 1S hfs in µH is available, it can be used

together with H to accurately disentangle the Zemach and polarizability contributions, �Z

and �pol, with unprecedented precision. This is possible because the eVP corrections to

the 2� exchange di↵er between H and µH, cf. Eqs. 40 and 42. Anticipating 1 ppm accuracy

for the µH 1S hfs experiment, the Zemach radius will be determined with 5 × 10−3 relative

uncertainty and �pol(µH) with 40 ppm absolute uncertainty. It will thus lead to the

best empirical determination of the proton Zemach radius from spectroscopy, without the

uncertainty associated with the polarizability contribution.

Leveraging radiative
corrections allows to
disentangle the
Zemach radius from
H and µH hfs.

4.3. Pinning down the 1S hyperfine splitting in µH

The success of the 1S µH hfs experiments relies critically on the precision and accuracy of

the theory prediction. The CREMA Collaboration is expecting 2 hours of data taking time

per frequency point to observe an excess of events over background. The 1S hfs resonance

would need to be searched in a more than 40 GHz wide frequency range to be compared

with a linewidth of about 200 MHz at FWHM resulting from Doppler broadening (60 MHz),

laser bandwidth (100 MHz) and collisional e↵ects. We estimate the search range to cover a±3� band over the present spread of 2�-exchange theory predictions, cf. Fig. 8. Given the

limited access to the PSI accelerator facility, it is important to further narrow it down as

much as possible.

Fractional accuracy
of a quantity X:
�(X) = �X�X, with
�X the absolute
accuracy.

The 1S hfs in H has already been measured with � = 7 × 10−13 accuracy (109, 110):

E
exp.

1S-hfs
(H) = 1420.405751768(1)MHz. 41.

The corresponding theory prediction is compiled in Eq. 42. Compared to a previous compila-

tion by Volotka (92), we have recalculated the µVP correction which agrees with Ref. (111).

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 19

where F = 0 or 1 is the total spin, N the anomalous magnetic moment of the nucleus;

GM(0) = 1+N is the value of the magnetic moment in units of Ze�2M . The corresponding

coordinate-space potential is directly proportional to the magnetization density ⇢M(r).
Details on the charge and magnetization densities, and the coordinate-space potentials are

given in Sec. 2 of the Supplement.

The 1st-order contribution, yields the following hfs interval of the nS-level:

E
�mFF�
nS-hfs

= �1 − 2Z↵mr�rM ��EF

n3
+O[(Z↵)6], 12.

where EF is the Fermi energy, and �rM � = 4⇡ ∫ ∞0 dr r3⇢M(r) is the linear magnetic radius.

At the 2nd order, the interference with the eFF potential of Eq. 1, gives:

E
�mFF��eFF�
nS-hfs

= Z↵mr��rM � − rZ�EF

n3
+O[(Z↵)6], 13.

thus cancelling the linear magnetic radius term from the 1st order, and installing instead

the Zemach radius:

rZ = − 4
⇡
� ∞

0

dQ

Q2
�GE(Q2)GM(Q2)

1 + N
− 1� . 14.

The Fermi-energy contribution is not a finite-size e↵ect, as it is already present for a pointlike

nucleus. The leading finite-size e↵ect in the hfs is therefore of order (Z↵)5,
E

f.s.
nS-hfs = −(2Z↵mr�n3)EF rZ. 15.

At this order, also the polarizability corrections begin to appear. We consider them next.

The Fermi energy:
EF =
8(Z↵)4m3

r(1+N )
3mM

2.2. Two-photon exchange and polarizability e↵ects

Figure 4

The 2� exchange (a), with the t-channel (b) and the s-channel (c) cuts. The cyan blobs represent
e↵ects from nuclear excitations.

Thus far, we considered e↵ects which stem from the one-photon exchange and its iter-

ations, such that the nucleus stays intact and in its ground state. There are also e↵ects

coming from nuclear excitations, which can only be assessed through a 2� exchange, see

Fig. 4(a). This description goes beyond the elastic form factors and involves instead the

polarizabilities and inelastic structure functions, as will be seen in what follows.

The 2� exchange in Fig. 4(a) introduces, in general, a correction V2�(p′ − p;p′, p) which
depends on the relative momenta of the initial and final state, p and p

′, as well as the

momentum transfer q = p′−p. These are four-momenta, but the energy e↵ects can safely be

neglected, since they are suppressed by (Z↵)2mr. The dependence on �p� = �p′� is suppressed
8 A. Antognini, F. Hagelstein and V. Pascalutsa

where F = 0 or 1 is the total spin, N the anomalous magnetic moment of the nucleus;

GM(0) = 1+N is the value of the magnetic moment in units of Ze�2M . The corresponding

coordinate-space potential is directly proportional to the magnetization density ⇢M(r).
Details on the charge and magnetization densities, and the coordinate-space potentials are

given in Sec. 2 of the Supplement.

The 1st-order contribution, yields the following hfs interval of the nS-level:

E
�mFF�
nS-hfs

= �1 − 2Z↵mr�rM ��EF

n3
+O[(Z↵)6], 12.

where EF is the Fermi energy, and �rM � = 4⇡ ∫ ∞0 dr r3⇢M(r) is the linear magnetic radius.

At the 2nd order, the interference with the eFF potential of Eq. 1, gives:

E
�mFF��eFF�
nS-hfs

= Z↵mr��rM � − rZ�EF

n3
+O[(Z↵)6], 13.

thus cancelling the linear magnetic radius term from the 1st order, and installing instead

the Zemach radius:

rZ = − 4
⇡
� ∞

0

dQ

Q2
�GE(Q2)GM(Q2)

1 + N
− 1� . 14.

The Fermi-energy contribution is not a finite-size e↵ect, as it is already present for a pointlike

nucleus. The leading finite-size e↵ect in the hfs is therefore of order (Z↵)5,
E

f.s.
nS-hfs = −(2Z↵mr�n3)EF rZ. 15.

At this order, also the polarizability corrections begin to appear. We consider them next.

The Fermi energy:
EF =
8(Z↵)4m3

r(1+N )
3mM

2.2. Two-photon exchange and polarizability e↵ects

Figure 4

The 2� exchange (a), with the t-channel (b) and the s-channel (c) cuts. The cyan blobs represent
e↵ects from nuclear excitations.

Thus far, we considered e↵ects which stem from the one-photon exchange and its iter-

ations, such that the nucleus stays intact and in its ground state. There are also e↵ects

coming from nuclear excitations, which can only be assessed through a 2� exchange, see

Fig. 4(a). This description goes beyond the elastic form factors and involves instead the

polarizabilities and inelastic structure functions, as will be seen in what follows.

The 2� exchange in Fig. 4(a) introduces, in general, a correction V2�(p′ − p;p′, p) which
depends on the relative momenta of the initial and final state, p and p

′, as well as the

momentum transfer q = p′−p. These are four-momenta, but the energy e↵ects can safely be

neglected, since they are suppressed by (Z↵)2mr. The dependence on �p� = �p′� is suppressed
8 A. Antognini, F. Hagelstein and V. Pascalutsa

SciPost Physics Submission

1s

mF  = −1 0 +1
F = 1

F = 0
mF  =  0

ΔE = 182 meV
= 44.3 THz

Ekin≈ 100 meVEkin≈ 5 meV

F = 0

F = 1

ρ11 ρ33

ρ22

la
se

r 
ex

ci
ta

tio
n

collisional

de-excitation

a) b)

Figure 1: (a) Hyperfine structure of the 1s-state in µp divided into the triplet (F = 1)
and the singlet (F = 0) states depending on the total angular momentum of the muon-
proton system. (b) The three-level system used in the Bloch equations to model the laser
excitation followed by collisional deexcitation with an increase of kinetic energy (Ekin).
Initially all µp atoms are thermalized (average of Ekin ⇡ 5 meV) to the singlet state with
population ⇢11. The laser pulse drives the HFS transition, exciting the µp atoms into the
triplet state with population ⇢22. An inelastic collision then deexcites the triplet state
back to the singlet state converting the transition energy into kinetic energy. This singlet
state with additional kinetic energy is the third level in the optical Bloch equations with
population ⇢33 and Ekin ⇡ 100 meV.

(CREMA) collaboration in recent years has performed laser spectroscopy of the 2s � 2p (Lamb
shift) transitions in muonic hydrogen (µp) [4, 6], muonic deuterium (µd) [8] and muonic he-
lium (µ4He+) [9] and extracted the corresponding nuclear charge radii with an unprecedented
accuracy. The impact of the µp measurements on beyond-standard-model searches, on precision
atomic physics, and on the proton structure can be found in recent reviews [7, 10–12]. Along
this line of research, the CREMA collaboration is presently aiming at the measurement of the
ground-state hyperfine splitting (HFS) in µp with 1 ppm relative accuracy by means of pulsed
laser spectroscopy.

From the measurement of the HFS, precise information about the magnetic structure of the
proton can be extracted [13–23]. Specifically, by comparing the measured HFS transition fre-
quency with the corresponding theoretical prediction based on bound-state QED calculations [5,
13,19,20], the two-photon-exchange contribution can be extracted with approximately 2⇥ 10�4

relative accuracy. Because the two-photon-exchange contribution can be expressed as the sum of
a finite-size (static, elastic) part proportional to the Zemach radius (RZ) and a polarizability part
(dynamic, virtual excitation), its determination can be used to extract separately the two parts: the
Zemach radius when the polarizability contribution is assumed from theory [13,15,16,18,21–25],
and the polarizability contribution when taking RZ from electron-proton scattering or hydrogen
spectroscopy [19,26–28].

In this paper, we calculate the laser transition probability between singlet and triplet sublevels
of the ground state hyperfine-splitting in µp (see Figure 1), accounting for the actual detection
scheme used in the experiments and considering collisional and Doppler effects. This transition
probability is one of the key quantities needed to evaluate the feasibility of the CREMA hyperfine-
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Dispersive approaches
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1. Structure E↵ects Through Forward Two-Photon Exchange

We are interested in the proton-structure correction, which in turn splits into three terms: Zemach
radius, recoil, and polarizability contributions:

�structure = �Z + �recoil + �pol. . (V.31)

Let us now specify the decomposition of the structure-dependent correction into the three terms of
Eq. (V.31). An examination of di↵erent decompositions of the TPE e↵ect can be found in Ref. [409].
The formalism presented by us is consistent with the choice of Carlson et al. [409].

1.6.1. Born Contribution

As stated earlier, the master formulae in Section V.1.2 contain all the structure e↵ects to order
(Z↵)5, i.e., also the Fermi energy, which has to be subtracted in the following. The TPE Born
contribution to the HFS splits into the Zemach radius contribution [269]:

�Z =
8Z↵mr

⇡

ˆ 1

0

dQ

Q2


GE(Q2)GM (Q2)

1 + 
� 1

�
⌘ �2Z↵mrRZ, (V.32)

and a recoil-type of correction:

�recoil =
Z↵

⇡(1 + )

ˆ 1

0

dQ

Q

⇢
8mM

vl + v

GM (Q2)

Q2

✓
2F1(Q

2) +
F1(Q2) + 3F2(Q2)

(vl + 1)(v + 1)

◆

�8mr GM (Q2)GE(Q2)

Q
� m

M

5 + 4vl
(1 + vl)2

F 2
2 (Q2)

�
. (V.33)

In contrast to the Zemach radius term, the recoil corrections are not zero in the static limit of the
elastic FFs.

1.6.2. Polarizability Contribution

In the polarizability contribution, we separate contributions due to the spin-dependent structure
functions g1 and g2:

�pol. =
Z↵m

2⇡(1 + )M
[�1 + �2] = �1 + �2, (V.34a)

with:

�1 = 2

ˆ 1

0

dQ

Q

✓
5 + 4vl

(vl + 1)2
⇥
4I1(Q

2)/Z2 + F 2
2 (Q2)

⇤
+

8M2

Q2

ˆ
x0

0
dx g1(x, Q2) (V.34b)

⇢
4

vl +
p

1 + x2⌧�1


1 +

1

2(vl + 1)(1 +
p

1 + x2⌧�1)

�
� 5 + 4vl

(vl + 1)2

�◆
,

= 2

ˆ 1

0

dQ

Q

✓
5 + 4vl

(vl + 1)2
⇥
4I1(Q

2)/Z2 + F 2
2 (Q2)

⇤
� 32M4

Q4

ˆ
x0

0
dx x2g1(x, Q2) (V.34c)

⇢
1

(vl +
p

1 + x2⌧�1)(1 +
p

1 + x2⌧�1)(1 + vl)


4 +

1

1 +
p

1 + x2⌧�1
+

1

vl + 1

��◆
,

�2 = 96M2
ˆ 1

0

dQ

Q3

ˆ
x0

0
dx g2(x, Q2)

⇢
1

vl +
p

1 + x2⌧�1
� 1

vl + 1

�
. (V.34d)
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1

(vl +
p

1 + x2⌧�1)(1 +
p

1 + x2⌧�1)(1 + vl)
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4 +

1

1 +
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1 + x2⌧�1
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�p

R
=

↵

⇡µP

1̂

0

dQ2

Q2

⇢
[2 + ⇢ (⌧l) ⇢ (⌧P )]FD (Q2) + 3⇢ (⌧l) ⇢ (⌧P )FP (Q2)

p
⌧P

p
1 + ⌧l +

p
⌧l
p
1 + ⌧P

� 4mr

Q
GE

�
Q2

��

⇥GM

�
Q2

�
� ↵

⇡µP

m

M

1̂

0

dQ

Q
⇢(⌧l) (⇢(⌧l)� 4)F 2

P

�
Q2

�
, (5)

�pol =
2↵

⇡µP

1̂

0

dQ2

Q2

1̂

⌫inelthr

d⌫�
⌫�

[2 + ⇢ (⌧l) ⇢ (⌧̃)] g1 (⌫�, Q2)� 3⇢ (⌧l) ⇢ (⌧̃) g2 (⌫�, Q2) /⌧̃p
⌧̃
p
1 + ⌧l +

p
⌧l
p
1 + ⌧̃

+
↵

⇡µP

m

M

1̂

0

dQ

Q
⇢(⌧l) (⇢(⌧l)� 4)F 2

P

�
Q2

�
, (6)

with the photon energy ⌫� and the photon virtuality Q2. FD(Q2), FP (Q2), GE(Q2), GM(Q2)

are the Dirac, Pauli, Sachs electric and magnetic proton form factors (FFs), g1 (⌫�, Q2)

and g2 (⌫�, Q2) are the spin-dependent inelastic proton structure functions. The following

definitions were introduced:

⌧l =
Q2

4m2
, ⌧P =

Q2

4M2
, ⌧̃ =

⌫2

�

Q2
, ⇢(⌧) = ⌧ �

p
⌧(1 + ⌧). (7)

The inelastic threshold is given by ⌫ inel

thr
= m⇡ + (m2

⇡ +Q2) / (2M), with the pion mass m⇡.

In the following sections, we evaluate the contributions of Eqs. (4)-(6) separately per-

forming the low-energy expansion in the region of low photon virtuality.

A. Zemach and recoil correction evaluation

The Zemach correction can be evaluated accounting for the measured values of the proton

charge and magnetic radii. We split the Q-integration in the Zemach contribution at the

small enough scale Q0 and exploit the radii expansion at low Q2 [47], thus

�Z =
4↵mrQ0

3⇡

✓
�r2E � r2M +

r2Er
2

M

18
Q2

0

◆

+
8↵mr

⇡

1̂

Q0

dQ

Q2

✓
GM (Q2)GE (Q2)

µP
� 1

◆
, (8)

with the approximate value Q0 ⇠ 0.1� 0.2 GeV and the definition of the proton radii:

r2E(M)
= � 6

GE(M) (0)

dGE(M) (Q2)

dQ2

����
Q2=0

. (9)

Elastic part (Zemach)

Recoil finite-size

Polarisability

Alternative approach

Hagelstein, Pascalutsa, Carlson, Martynenko, Tomalak

Faustov, Vanderhaegen, Lensky….

Tomalak

�pol =
↵m

2⇡(1 + )M
[�1 +�2]

�1 = 2

Z 1

0

dQ

Q

✓
5 + 4vl
(vl + 1)2

⇥
4I1(Q

2) + F 2
2 (Q

2)
⇤
� 32M4

Q4

Z x0

0
dxx2g1(x,Q

2)

⇥
⇢

1

(vl +
p
1 + x2⌧�1)(1 +

p
1 + x2⌧�1)(1 + vl)


4 +

1

1 +
p
1 + x2⌧�1

+
1

vl + 1

��◆

�2 = 96M2

Z 1

0

dQ

Q3

Z x0

0
dx g2(x,Q

2)

⇢
1

vl +
p
1 + x2⌧�1

� 1

vl + 1

�
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Chiral Perturbation Theory and Dispersive approaches 
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Chiral Dynamics (LO)

pion-production cross section:

(A) (B) (C)

J. M. Alarcon, V. Lensky, V. Pascalutsa, Eur. Phys. J. C 74, 2852 (2014).

1. Proton-Polarizability Contribution at Order ↵5

Eur. Phys. J. C (2014) 74:2852 Page 3 of 10 2852

Fig. 1 The two-photon
exchange diagrams of elastic
lepton–nucleon scattering
calculated in this work in the
zero-energy (threshold)
kinematics. Diagrams obtained
from these by crossing and
time-reversal symmetry are
included but not drawn

(b) (c)(a)

(d) (e) (f)

(g) (h) (j)

of two scalar amplitudes:

T µν(P, q) = −gµν T1(ν
2, Q2) + Pµ Pν

M2
p

T2(ν
2, Q2), (5)

with P the proton 4-momentum, ν = P ·q/Mp, Q2 = −q2,
P2 = M2

p. Note that the scalar amplitudes T1,2 are even
functions of both the photon energy ν and the virtuality Q.
Terms proportional to qµ or qν are omitted because they
vanish upon contraction with the lepton tensor.

Going back to the energy shift one obtains [12]:

"EnS = αem φ2
n

4π3m&

1
i

∫
d3q

∞∫

0

dν

× (Q2 − 2ν2) T1(ν
2, Q2) − (Q2 + ν2) T2(ν

2, Q2)

Q4[(Q4/4m2
&) − ν2] . (6)

In this work we calculate the functions T1 and T2 by
extending the BχPT calculation of real Compton scatter-
ing [26] to the case of virtual photons. We then split the
amplitudes into the Born (B) and non-Born (NB) pieces:

Ti = T (B)
i + T (NB)

i . (7)

The Born part is defined in terms of the elastic nucleon form
factors as in, e.g. [13,27]:

T (B)
1 = 4παem

Mp

[
Q4(FD(Q2)+FP (Q2))2

Q4−4M2
pν

2 −F2
D(Q2)

]

, (8a)

T (B)
2 = 16παem Mp Q2

Q4 − 4M2
pν

2

[

F2
D(Q2)+ Q2

4M2
p

F2
P (Q2)

]

. (8b)

In our calculation the Born part was separated by subtract-
ing the on-shell γ N N pion loop vertex in the one-particle-
reducible VVCS graphs; see diagrams (b) and (c) in Fig. 1.

Focusing on the O(p3) corrections (i.e., the VVCS amplitude
corresponding to the graphs in Fig. 1) we have explicitly ver-
ified that the resulting NB amplitudes satisfy the dispersive
sum rules [28]:

T (NB)
1 (ν2, Q2)

= T (NB)
1 (0, Q2) + 2ν2

π

∞∫

ν0

dν′ σT (ν′, Q2)

ν′2 − ν2 , (9a)

T (NB)
2 (ν2, Q2)

= 2
π

∞∫

ν0

dν′ ν′ 2 Q2

ν′2 + Q2

σT (ν′, Q2) + σL(ν′, Q2)

ν′2 − ν2 , (9b)

with ν0 = mπ + (m2
π + Q2)/(2Mp) the pion-production

threshold, mπ the pion mass, and σT (L) the tree-level cross
section of pion production off the proton induced by trans-
verse (longitudinal) virtual photons, cf. Appendix B. We
hence establish that one is to calculate the ‘elastic’ con-
tribution from the Born part of the VVCS amplitudes and
the ‘polarizability’ contribution from the non-Born part,
in accordance with the procedure advocated by Birse and
McGovern [13].

Substituting the O(p3) NB amplitudes into Eq. (6) we
obtain the following value for the polarizability correction:

"E (pol)
2S = −8.16 µeV. (10)

This is quite different from the corresponding HBχPT result
for this effect obtained by Nevado and Pineda [11]:

"E (pol)
2S (LO-HBχPT) = −18.45 µeV. (11)

We postpone a detailed discussion of this difference till
Sect. 4.

123

Figure VI.2.: The two-photon-exchange diagrams with chiral loops. Figure taken from Ref. [177].

Anticipating the result of this Section, the NLO BChPT prediction of the order-↵5 proton-
polarizability contribution to the LS in µH evaluates to:

Epol.
LS (µH) = 4.9+2.0

�1.3 µeV, (VI.3)

where the contribution of the subtraction function equals:

Esubtr.
LS (µH) = �5.8 ± 2.3 µeV, (VI.4a)

Einel.
LS (µH) = 10.7+2.3

�2.1 µeV. (VI.4b)

The latter compares best to the result of Ref. [175]. In general, the BChPT prediction compares
in a satisfactory manner with the dispersive calculations, see Fig. VI.1.

Based on the elastic FF parametrization of Bradford et al. [316], the Born contribution of
TPE amounts to:

EBorn
LS (µH) = 22.9 ± 1.7 µeV, (VI.5)

where we estimated the error by taking the spread of di↵erent FF fits [112, 113]. Our final result
for the forward TPE e↵ect then reads:

ETPE
LS (µH) = 27.8+2.6

�2.1 µeV. (VI.6)

In the following, we present the individual contributions from chiral loops and the �-exchange.
Afterwards, we will compare to HBChPT and dispersive calculations. Tables VI.3 and VI.4
summarize relevant calculations of the TPE corrections to the µH LS performed by various
authors.

1.1. Chiral Loops

In the �-expansion of ChPT, the LO polarizability contribution is given by the TPE diagrams
with chiral loops, shown in Fig. VI.2. They were calculated in Ref. [177] with the results given in
Table VI.3. Note that the VVCS structures in Figures IV.2 and VI.2 di↵er due to a redefinition
of the nucleon field,1 which is described in Ref. [58, Section 3.1].

Alarcón et al. [177] established the LEX in Eq. (VI.1) as a very good approximation for the
TPE polarizability e↵ect in the LS. The high-energy contribution to their result was found

1N ! ⇠N with ⇠ = exp (igA⇡a⌧a�5/2f⇡)
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2γ exchange with pion-nucleon loops:

Franziska Hagelstein, AEC Uni Bern

Eh⇡Ni pol.
LS

(µH) = 8.2+2.5
�1.2 µeV

Eh⇡Ni pol.
HFS

(2S, µH) = 0.85+0.85
�1.08 µeV
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Table 3 Polarizability contribution to the hfs of H and µH, in ppm.

H µH

Reference �pol �1 �2 �pol �1 �2

data-driven

(98) Faustov et al. ’06 2.2(8) 2.6 −0.4 470(104) 518 −48
(99, 93) Carlson et al. ’11 1.88(64) 2.00(63) −0.13(13) 351(114) 370(112) −19(19)
(79) Tomalak ’19 1.91(54) 364(89) 429(84) −65(20)
(100) Zielinski ’17 1.51 1.95(95) −0.44
leading-order B�PT

(62) Hagelstein et al. ’16 0.12(55) 0.05(52) 0.07(17) 37(95) 29(90) 9(29)+�(1232) excit.

(101) Hagelstein et al. ’18 −0.16 0.48 −0.64 −13 84 −97

empirical evaluations. In fact, at the real-photon point they cancel exactly, I(pol)
1
(0) = 0,

as a consequence of the GDH sum rule (94, 95): I1(0) = − 1

4

2

N . There is also a sum rule

for the slope, I ′(pol)
1

(0), relating it to the nucleon spin polarizabilities (96, 97). However, in

the data-driven evaluations these relations are only satisfied approximately. In the future,

it would be desirable to develop the empirical parametrizations of structure functions with

built-in constraints from various sum rules.

The present data-driven evaluations also su↵er from the poor knowledge of g2. The

data are scarce in the entire kinematic region relevant to �2 (102). The data from the

JLab g2p experiment (103–105) may soon improve this situation. Their preliminary data

have been used by Zielinski (100) to estimate the e↵ect of �2 in H, see Table 4. In the

table, we also show the result of leading-order (LO) B�PT (62), which finds a relatively

small polarizability e↵ect. The uncertainty of the LO calculation is estimated as 30%

[� (M� −Mp)�GeV] for the contributions from the longitudinal-transverse and helicity-

di↵erence cross sections, �LT and �TT , respectively, see Eq. 20 of the Supplement for their

relation to the spin structure functions. An inclusion of the �(1232)-resonance excitation

(101) does not change this situation. It increases the e↵ect in the individual �1 and �2

contributions, but cancels out from the total �pol, as can be seen from comparing the last

two rows of the Table. A complete next-to-leading-order B�PT calculation, as is done

for Compton scattering observables (106, 107), is needed here to elucidate this result and

reduce the uncertainty.

Figure 6 provides a graphic illustration of the present discrepancy between the data-

Figure 6

The polarizability contribution to the hfs in µH. For the corresponding values and references, see
Table 4.

16 A. Antognini, F. Hagelstein and V. Pascalutsa
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Table 4 Forward 2�-exchange contribution to the HFS in µH.

Reference �Z �recoil �pol �1 �2 E
�2��
1S-hfs

[ppm] [ppm] [ppm] [ppm] [ppm] [meV]

data-driven

Pachucki ’96 (50) −8025 1666 0(658) −1.160
Faustov et al. ’01 (138)a −7180 410(80) 468 −58
Faustov et al. ’06 (98)b 470(104) 518 −48
Carlson et al. ’11 (99)c −7703 931 351(114) 370(112) −19(19) −1.171(39)
Tomalak ’18 (139)d −7333(48) 846(6) 364(89) 429(84) −65(20) −1.117(19)
heavy-baryon �PT

Peset et al. ’17 (112) −1.161(20)
leading-order �PT

Hagelstein et al. ’16 (62) 37(95) 29(90) 9(29)
+�(1232) excit.

Hagelstein et al. ’18 (101) −13 84 −97
a
Adjusted values: �pol and �1 corrected by −46 ppm as described in Ref. 93.

b
Di↵erent convention was used to calculate the Pauli form factor contribution to �1, which is equivalent

to the approximate formula in the limit of m = 0 used for H in Ref. 99.

c
Elastic form factors from Ref. 140 and updated error analysis from Ref. 93. Note that this result

already includes radiative corrections for the Zemach-radius contribution, (1+�radZ )�Z with �radZ ∼ 0.0153

(141, 111), as well as higher-order recoil corrections with the proton anomalous magnetic moment, cf. (99,

Eq. 22) and (141).

d
Uses rp from µH (2) as input.

Here, we introduced I1(Q2) as the first moment of the g1 structure function:

I1(Q2) ≡ 2M2

Q2 � x0

0

dxg1(x,Q2), 92.

whose polarizability part reads:

I
(pol)
1
(Q2) = I1(Q2) + 1

4
F

2

2 (Q2). 93.

Note that the F 2

2 (Q2) term is the important conversion factor between pole and Born VVCS

amplitudes shown in Eq. 77b. The m = 0 limit of �pol is presented in Section 3.2.2 of the

main Review, where the polarizability contribution is discussed in details.

In Table 4, we summarize results for the 2�-exchange contribution to the µH hfs. While

�recoil is known with the best accuracy, it is a limiting factor when narrowing down the

search range for the 1S hfs transition in µH with the help of the precisely measured 1S hfs

transition in H, as done in Section 4.3 of the main Review.

D.5. O↵-forward two-photon exchange

As explained in Section 2.2 of the main Review, the leading order-(Z↵)5 2�-exchange

corrections originate from the 2�-exchange diagram in forward kinematics, cf. Fig. 10, while

36 A. Antognini, F. Hagelstein and V. Pascalutsa

• E
(pol) = E(subt) +E(inel), the polarizability contribution,

• E
(el) the elastic structure functions (same as the Friar radius with recoil),

• E
�2�� = E(el) +E(pol), the total 2� exchange.

Despite the moderate e↵ect of the subtraction function, it does constitute the largest un-

certainty of the data-driven evaluations. Models of the subtraction function for the proton

are constrained at Q
2 = 0 by the magnetic polarizability �M1, and at asymptotically large

Q
2 by perturbative QCD (76). There is a new idea (85) of how to further constrain it from

the dilepton photoproduction (e−p→ e
−
p e
−
e
+), but that would be an extremely challenging

experiment. There is hope that it can soon be calculated in lattice QCD (86–90, 82).

3.2. Hyperfine splitting in H and µH

For the hfs, the 2�-exchange e↵ects are conventionally split into Zemach-radius, recoil and

polarizability contributions (93):

E
�2��
nS-hfs

= EF

n3
(�Z +�recoil +�pol) . 32.

Note that all of these e↵ects begin to contribute at order (Z↵)5. While the elastic con-

tributions are known to better than 1%, the absolute uncertainty of the numerically large

Zemach-radius contribution is not negligible. Still, the largest uncertainty comes from the

polarizability contribution. In what follows we discuss the Zemach and the polarizability

contributions in more detail.

3.2.1. Zemach radius, correlation with the charge radius. The Zemach-radius contribution,

defined as �Z = −2Z↵mrrZ, can be evaluated based on empirically known form factors

using Eq. 14. For example, the recent dispersive analysis of the nucleon electromagnetic

form factors from the Bonn group (26) yields:

rZp = 1.054 �+0.003−0.002�
stat
�+0.000−0.001�

sys
fm, �Z(µH) = −7403+21−16 ppm. 33.

On the other hand, one can determine this contribution from the experimental hfs, given

predictions for the remaining theory contributions. So far we have the measurements of

the 1S hfs in H and the 2S hfs in µH. The corresponding extractions of the Zemach radius

are shown in Table 2 and compared with the form-factor determinations. Since baryon

�PT (B�PT) gives a smaller prediction for the polarizability contribution than data-driven

evaluations, it also gives a smaller Zemach radius. This discrepancy will be discussed below

(cf. Figure 6).

There is an appreciable linear correlation between the Zemach and charge radius, il-

lustrated in Fig. 5. The black dashed line represents the usual dipole approximation,

1�(1+Q2�⇤2)2, for the form factors GE and GM . This correlation is of course more general,

given that the proton size is set predominantly by one QCD scale, ⇤QCD. Essentially all

Table 2 Determinations of the proton Zemach radius rZp, in units of fm.

ep scattering µH 2S hfs H 1S hfs

Lin et al. (26) Borah et al. (91) Antognini et al. (2) B�PT (62) Volotka et al. (92) B�PT (62)

1.054+0.003−0.002 1.0227(107) 1.082(37) 1.041(31) 1.045(16) 1.012(14)

14 A. Antognini, F. Hagelstein and V. Pascalutsa

ΔZ = − 7403+21
−16 ppm

rZ = 1.054+3
−2 fm

Using  Lin, Hammer, Meissner result

AA, Hagelstein, Pascalutsa, arXiv:2205.10076
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Figure 8

Experimental values and theoretical predictions for the 1S and 2S hfs in H and µH.

The main source of uncertainty here is the 2� recoil contribution �recoil(H). Adding the

2� recoil contribution �recoil(µH) to Eq. 46, we obtain a prediction for the full 2�-exchange

and hVP contributions to the hfs in µH:

E
2�+hVP

1S-hfs
(µH) = −1.159(2)meV, E

2�+hVP

2S-hfs
(µH) = −0.1448(2)meV. 47.

With this, we arrive at a complete prediction of the hfs in µH:

E1S-hfs(µH) = 182.634(8)meV, E2S-hfs(µH) = 22.8130(9)meV, 48.

where we have also included an uncertainty due to possible scaling violation of �pol at the

level of 2% (assuming a very generous size for this contribution, �pol(µH) = 400ppm). Our

result is shown in Fig. 8, together with the existing µH 2S hfs measurement. The theory

predictions based on the empirical hfs in H, Eq. 48, are up to a factor 5 better than results

that do not use the H hfs.

Note that all theory predictions shown in Fig. 8 are in agreement, even though the

data-driven dispersive evaluations and the B�PT prediction disagree in the polarizability

contribution (cf. Fig. 6, Table 4). This is because most works use the experimental H

hfs to refine their prediction for the total 2�-exchange e↵ect. Hence the discrepancy in

polarizability is compensated by slightly di↵erent Zemach radii.

In future, reversing the above procedure to obtain a prediction of the hadronic con-

tributions to the 1S hfs in H from a measurement of the 1S hfs in µH, might allow for a

benchmark test of the H hfs theory. This, however, would also require further improvements

for the recoil corrections from 2� exchange, as well as for the uncertainty from missing con-

tributions in the µH theory. Note that a better benchmark test (� ∼ 2×10−9) of bound-state
QED for a hyperfine transitions can be achieved for the muonium hfs, which the MuSEUM

experiment (114) aims to measure with � ∼ 2×10−9 relative accuracy. To test the muonium

hfs on this level, the MuMass experiment (115, 116) has to determine the mµ�me ratio to

better than � ∼ 1 × 10−9 from the 1S-2S transition in muonium.

5. Bound-state QED tests of simple atomic and molecular systems

The simplicity of two- and three-body atomic-molecular systems combined with the preci-

sion of laser spectroscopy permit unique confrontations between theory and experiments.

The predictive power of bound-state QED, however, depends on the knowledge of funda-

mental constants such as the masses of the involved particles, ↵, R∞, and nuclear properties

such as the nuclear charge radii or magnetic moments.

www.annualreviews.org • Nucleon structure in and out of muonic hydrogen 21

First ChPT results of polarisability contribution


New data from g2p available


Precision values of the Zemach radius 


Scaling the -contribution from H

rZ

2γ

ΔZEF = − 1.3506+38
−29 meV

ΔE2γ+hVP = − 1.159(2) meV Pineda, Peset 

Tomalak, 

AA, Hagelstein & Pascalutsa

Lin et al.,

Hagelstein & Pascalutsa

Borah et al.,

Compared to results 
without re-scaling from H

the uncertainty has 
decreased by a factor of 5

ΔE1S−HFS = 182.634(8) meV

limited by QED

Zemach, polarisability, recoil,   

eVP correction to , hVP2γ

AA, Hagelstein, Pascalutsa, arXiv:2205.10076

Distler et al.,
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Stop muon beam in 1 mm H2 gas target at 22 K, 0.5 bar


Wait until µp atoms de-excite and thermalize 


Laser pulse:    µp(F=0) + ɣ → µp(F=1)


De-excitation:  µp(F=1) + H2→µp(F=0) + H2 + Ekin


µp diffuses to Au-coated  target walls


formed µAu*  de-excites producing X-rays


 Plot number of X-ray events vs laser frequency

Principle of the CREMA hfs experiment

The hfs experiment by the CREMA Collaboration follows the sequence illustrated in Fig. 7. A negative muon

of 11 MeV/c momentum passes an entrance detector triggering the laser system and is stopped in a H2 gas target

(∼ 1 mm thickness, 0.5 bar pressure, 20 K temperature), wherein a µH atom is formed. While the laser pulse is being

generated, the µH atom is de-exciting to the F = 0 sublevel (see inset in Fig. 7) of the 1S-state and thermalizing

to the H2 gas temperature. After 1 µs, the µH is thermalized and the generated laser pulse of 1 mJ energy at a

wavelength of 6.8 µm (equivalent to a frequency of 44 THz and an energy of 0.18 eV) is coupled into a multi-pass

cavity surrounding the muon stopping region. The multiple reflections occurring in this toroidal cavity allow the

illumination of a disk-shaped volume with a diameter of 15 mm and a thickness of 0.5 mm with a laser fluence of

O(10) J/cm2. The on-resonance laser pulse excites the muonic atom from the singlet F = 0 to the triplet F = 1

sublevels. Within a short time, an inelastic collisions between the µH atom and one H2 molecule of the gas target

de-excites the µH atom from the triplet back to the singlet sublevels. In this process, the hfs transition energy

is converted into kinetic energy: on average the µH atom acquires 0.1 eV kinetic energy, the rest goes to the H2

molecule. With this extra kinetic energy, which is much larger than the thermal energy, the µH atoms start di↵using

in the H2 gas reaching the target walls 100 − 400 ns after laser excitation, as shown by the peak in Fig. 7 (right). At

the gold-coated target walls the muon is transferred from µH to the nucleus, forming muonic gold (µAu∗) in highly

excited states. The µAu∗ de-excitation produces various X-rays of MeV energy which are used as signature of a

successful laser-induced transition, so that the hfs resonance can be exposed by counting the number of µAu cascade

events after laser excitation as a function of the laser frequency.
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Figure 7

Setup, principle and level scheme of the CREMA hfs experiment. (Left) The setup in which the muon beam is stopped in
a hydrogen-gas target and the formed µH atoms are excited by the laser pulse. A successful excitation of the hfs transition
leads to a µH atom with extra kinetic energy that e�ciently di↵uses to one of the target walls where X-rays are produced.
(Right) Probability (normalized to the number of entering muons) that a µH is reaching the target walls versus time at
typical target conditions and laser performance. The laser excitation occurs at 1.0 µs. The laser induced events are well
visible.
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Principle of the CREMA hfs experiment

The hfs experiment by the CREMA Collaboration follows the sequence illustrated in Fig. 7. A negative muon

of 11 MeV/c momentum passes an entrance detector triggering the laser system and is stopped in a H2 gas target

(∼ 1 mm thickness, 0.5 bar pressure, 20 K temperature), wherein a µH atom is formed. While the laser pulse is being

generated, the µH atom is de-exciting to the F = 0 sublevel (see inset in Fig. 7) of the 1S-state and thermalizing

to the H2 gas temperature. After 1 µs, the µH is thermalized and the generated laser pulse of 1 mJ energy at a

wavelength of 6.8 µm (equivalent to a frequency of 44 THz and an energy of 0.18 eV) is coupled into a multi-pass

cavity surrounding the muon stopping region. The multiple reflections occurring in this toroidal cavity allow the

illumination of a disk-shaped volume with a diameter of 15 mm and a thickness of 0.5 mm with a laser fluence of

O(10) J/cm2. The on-resonance laser pulse excites the muonic atom from the singlet F = 0 to the triplet F = 1

sublevels. Within a short time, an inelastic collisions between the µH atom and one H2 molecule of the gas target

de-excites the µH atom from the triplet back to the singlet sublevels. In this process, the hfs transition energy

is converted into kinetic energy: on average the µH atom acquires 0.1 eV kinetic energy, the rest goes to the H2

molecule. With this extra kinetic energy, which is much larger than the thermal energy, the µH atoms start di↵using

in the H2 gas reaching the target walls 100 − 400 ns after laser excitation, as shown by the peak in Fig. 7 (right). At

the gold-coated target walls the muon is transferred from µH to the nucleus, forming muonic gold (µAu∗) in highly

excited states. The µAu∗ de-excitation produces various X-rays of MeV energy which are used as signature of a

successful laser-induced transition, so that the hfs resonance can be exposed by counting the number of µAu cascade

events after laser excitation as a function of the laser frequency.
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Figure 7

Setup, principle and level scheme of the CREMA hfs experiment. (Left) The setup in which the muon beam is stopped in
a hydrogen-gas target and the formed µH atoms are excited by the laser pulse. A successful excitation of the hfs transition
leads to a µH atom with extra kinetic energy that e�ciently di↵uses to one of the target walls where X-rays are produced.
(Right) Probability (normalized to the number of entering muons) that a µH is reaching the target walls versus time at
typical target conditions and laser performance. The laser excitation occurs at 1.0 µs. The laser induced events are well
visible.
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Figure 2.8.: (a) Resonance curve as it may be obtained from the HFS measurement and
(b) 3D model of a possible laser cavity with toroidal geometry to enhance the
laser fluence.

again within few nanoseconds, receiving the kinetic energy kick discussed above. From
now on, this muonic atom has a higher probability to reach the wall and cause x-rays than
it would have without the energy kick.
In order to infer the energy of the hyperfine transition, the laser frequency is stepwise
tuned. When the laser frequency comes close to the atomic transition frequency (on
resonance), the number of x-rays increases because more muonic atoms reach the wall
due to the energy kick. Plotting the number of x-rays in a certain time window after the
laser excitation against the laser frequency, one obtains a resonance curve as qualitatively
illustrated in Fig. 2.8 (a). In the same time window, there are µp atoms reaching the
target walls that were not excited by the laser light. These atoms give rise to background.
To obtain a significant result for the transition energy the resonance has to be measured
very precisely. Due to limited experimental time it is therefore important to have optimal
conditions in the target for a good ratio between true signal hits and background hits.
The focus of the di↵usion simulations for HyperMu in this thesis will therefore be on the
investigation of important target parameters as, e.g., geometric extent and pressure. The
results are used to optimize the design of the target. However, the final target geometry
will be a compromise between optimal di↵usion conditions and realizability regarding the
laser cavity. A potential cavity design using a toroidal shape is shown in Fig. 2.8 (b).
The cavity is not stable, so that the laser beam changes its direction when reflected by
the mirror. Like this, the region around the center of the cavity is illuminated relatively
uniformly. The direction of the muon beam is perpendicular to the laser-illuminated plane.
The space in the cavity is filled with H2 gas to stop the muons and form µp atoms.
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Figure 1: (a) Hyperfine structure of the 1s-state in µp divided into the triplet (F = 1)
and the singlet (F = 0) states depending on the total angular momentum of the muon-
proton system. (b) The three-level system used in the Bloch equations to model the laser
excitation followed by collisional deexcitation with an increase of kinetic energy (Ekin).
Initially all µp atoms are thermalized (average of Ekin ⇡ 5 meV) to the singlet state with
population ⇢11. The laser pulse drives the HFS transition, exciting the µp atoms into the
triplet state with population ⇢22. An inelastic collision then deexcites the triplet state
back to the singlet state converting the transition energy into kinetic energy. This singlet
state with additional kinetic energy is the third level in the optical Bloch equations with
population ⇢33 and Ekin ⇡ 100 meV.

(CREMA) collaboration in recent years has performed laser spectroscopy of the 2s � 2p (Lamb
shift) transitions in muonic hydrogen (µp) [4, 6], muonic deuterium (µd) [8] and muonic he-
lium (µ4He+) [9] and extracted the corresponding nuclear charge radii with an unprecedented
accuracy. The impact of the µp measurements on beyond-standard-model searches, on precision
atomic physics, and on the proton structure can be found in recent reviews [7, 10–12]. Along
this line of research, the CREMA collaboration is presently aiming at the measurement of the
ground-state hyperfine splitting (HFS) in µp with 1 ppm relative accuracy by means of pulsed
laser spectroscopy.

From the measurement of the HFS, precise information about the magnetic structure of the
proton can be extracted [13–23]. Specifically, by comparing the measured HFS transition fre-
quency with the corresponding theoretical prediction based on bound-state QED calculations [5,
13,19,20], the two-photon-exchange contribution can be extracted with approximately 2⇥ 10�4

relative accuracy. Because the two-photon-exchange contribution can be expressed as the sum of
a finite-size (static, elastic) part proportional to the Zemach radius (RZ) and a polarizability part
(dynamic, virtual excitation), its determination can be used to extract separately the two parts: the
Zemach radius when the polarizability contribution is assumed from theory [13,15,16,18,21–25],
and the polarizability contribution when taking RZ from electron-proton scattering or hydrogen
spectroscopy [19,26–28].

In this paper, we calculate the laser transition probability between singlet and triplet sublevels
of the ground state hyperfine-splitting in µp (see Figure 1), accounting for the actual detection
scheme used in the experiments and considering collisional and Doppler effects. This transition
probability is one of the key quantities needed to evaluate the feasibility of the CREMA hyperfine-

3

We modelled the laser excitation using optical 
Bloch equations including


Inelastic collisions:                                         
part of the detection scheme


Elastic collisions:                                  
additional decoherence effect


Laser bandwidth


Included Doppler broadening


Accounted for ortho-para H2 ro-vibrational levels
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Table 2: Values of M and ⌦/
p

I for Lamb shift and HFS transitions in µp and µ3He+.
The analytical expressions for the 2s � 2p matrix elements agree with [43]. aµ is the
muonic Bohr radius.

Atom Transition M [m] ⌦p
I [m/

p
Js]

µp 2sF=1! 2pF=2
3/2

p
5aµ = 6.367⇥ 10�13 2.65 ⇥104

µ3He+ 2sF=1! 2pF=2
3/2

p
5

2 aµ = 2.969⇥ 10�13 1.24 ⇥104

µp 1sF=0! 1sF=1 ~h
4mµc

Ä
gµ +

mµ
mp

gp

ä
5.12 ⇥101 a

= 1.228⇥ 10�15

µ3He+ 1sF=1! 1sF=0 ~h
4
p

3mµc

Ä
gµ +

mµ
mHe

gHe

ä
2.07 ⇥101

= 4.965⇥ 10�16

a 1.77⇥101 m/
p

Js according to Ref. [37]

We include the Doppler effect by convoluting the population ⇢33(!) as obtained from the
Bloch equations with a Gaussian distribution describing the Doppler profile:

⇢̄33(!) =
Z 1

�1
⇢33(!0)

1p
2⇡�D

exp

✓
�(!�!

0)2

2�2
D

◆
d!0 , (12)

with �D being given by

�D =!r

vut kT
(mµ +mp)c2

' 7.98⇥ 107pT [rad/s], (13)

�D =
�D

2⇡
' 12.7

p
T [MHz], (14)

so that the Doppler standard deviation (MHz) is �D. k is the Boltzmann constant, c the speed of
light, and T the temperature in Kelvin of the thermalized µp atom in the singlet state.

4 Analytical expressions for two limiting regimes

Before integrating numerically the three-level Bloch equations and investigating how collisional
and Doppler effects impact the ⇢33 population, it is interesting to derive analytical expressions
from our formalism to reproduce well-known results valid for low and high Rabi frequencies,
where low and high are relative to the other frequencies involved in the problem.

4.1 Fermi-golden-rule regime

The laser-induced rate of population transfer R(t,!) from ⇢11 to ⇢22 is given by the first term of
the second Bloch equation (2),

R(t,!) = Im
�
⌦⇢12ei�t
�

. (15)
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Principle of the CREMA hfs experiment

The hfs experiment by the CREMA Collaboration follows the sequence illustrated in Fig. 7. A negative muon

of 11 MeV/c momentum passes an entrance detector triggering the laser system and is stopped in a H2 gas target

(∼ 1 mm thickness, 0.5 bar pressure, 20 K temperature), wherein a µH atom is formed. While the laser pulse is being

generated, the µH atom is de-exciting to the F = 0 sublevel (see inset in Fig. 7) of the 1S-state and thermalizing

to the H2 gas temperature. After 1 µs, the µH is thermalized and the generated laser pulse of 1 mJ energy at a

wavelength of 6.8 µm (equivalent to a frequency of 44 THz and an energy of 0.18 eV) is coupled into a multi-pass

cavity surrounding the muon stopping region. The multiple reflections occurring in this toroidal cavity allow the

illumination of a disk-shaped volume with a diameter of 15 mm and a thickness of 0.5 mm with a laser fluence of

O(10) J/cm2. The on-resonance laser pulse excites the muonic atom from the singlet F = 0 to the triplet F = 1

sublevels. Within a short time, an inelastic collisions between the µH atom and one H2 molecule of the gas target

de-excites the µH atom from the triplet back to the singlet sublevels. In this process, the hfs transition energy

is converted into kinetic energy: on average the µH atom acquires 0.1 eV kinetic energy, the rest goes to the H2

molecule. With this extra kinetic energy, which is much larger than the thermal energy, the µH atoms start di↵using

in the H2 gas reaching the target walls 100 − 400 ns after laser excitation, as shown by the peak in Fig. 7 (right). At

the gold-coated target walls the muon is transferred from µH to the nucleus, forming muonic gold (µAu∗) in highly

excited states. The µAu∗ de-excitation produces various X-rays of MeV energy which are used as signature of a

successful laser-induced transition, so that the hfs resonance can be exposed by counting the number of µAu cascade

events after laser excitation as a function of the laser frequency.
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Figure 7

Setup, principle and level scheme of the CREMA hfs experiment. (Left) The setup in which the muon beam is stopped in
a hydrogen-gas target and the formed µH atoms are excited by the laser pulse. A successful excitation of the hfs transition
leads to a µH atom with extra kinetic energy that e�ciently di↵uses to one of the target walls where X-rays are produced.
(Right) Probability (normalized to the number of entering muons) that a µH is reaching the target walls versus time at
typical target conditions and laser performance. The laser excitation occurs at 1.0 µs. The laser induced events are well
visible.
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Setup, principle and level scheme of the CREMA hfs experiment. (Left) The setup in which the muon beam is stopped in
a hydrogen-gas target and the formed µH atoms are excited by the laser pulse. A successful excitation of the hfs transition
leads to a µH atom with extra kinetic energy that e�ciently di↵uses to one of the target walls where X-rays are produced.
(Right) Probability (normalized to the number of entering muons) that a µH is reaching the target walls versus time at
typical target conditions and laser performance. The laser excitation occurs at 1.0 µs. The laser induced events are well
visible.
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The hfs experiment by the CREMA Collaboration follows the sequence illustrated in Fig. 7. A negative muon

of 11 MeV/c momentum passes an entrance detector triggering the laser system and is stopped in a H2 gas target

(∼ 1 mm thickness, 0.5 bar pressure, 20 K temperature), wherein a µH atom is formed. While the laser pulse is being

generated, the µH atom is de-exciting to the F = 0 sublevel (see inset in Fig. 7) of the 1S-state and thermalizing

to the H2 gas temperature. After 1 µs, the µH is thermalized and the generated laser pulse of 1 mJ energy at a

wavelength of 6.8 µm (equivalent to a frequency of 44 THz and an energy of 0.18 eV) is coupled into a multi-pass

cavity surrounding the muon stopping region. The multiple reflections occurring in this toroidal cavity allow the

illumination of a disk-shaped volume with a diameter of 15 mm and a thickness of 0.5 mm with a laser fluence of

O(10) J/cm2. The on-resonance laser pulse excites the muonic atom from the singlet F = 0 to the triplet F = 1

sublevels. Within a short time, an inelastic collisions between the µH atom and one H2 molecule of the gas target

de-excites the µH atom from the triplet back to the singlet sublevels. In this process, the hfs transition energy

is converted into kinetic energy: on average the µH atom acquires 0.1 eV kinetic energy, the rest goes to the H2

molecule. With this extra kinetic energy, which is much larger than the thermal energy, the µH atoms start di↵using

in the H2 gas reaching the target walls 100 − 400 ns after laser excitation, as shown by the peak in Fig. 7 (right). At

the gold-coated target walls the muon is transferred from µH to the nucleus, forming muonic gold (µAu∗) in highly

excited states. The µAu∗ de-excitation produces various X-rays of MeV energy which are used as signature of a
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Setup, principle and level scheme of the CREMA hfs experiment. (Left) The setup in which the muon beam is stopped in
a hydrogen-gas target and the formed µH atoms are excited by the laser pulse. A successful excitation of the hfs transition
leads to a µH atom with extra kinetic energy that e�ciently di↵uses to one of the target walls where X-rays are produced.
(Right) Probability (normalized to the number of entering muons) that a µH is reaching the target walls versus time at
typical target conditions and laser performance. The laser excitation occurs at 1.0 µs. The laser induced events are well
visible.
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 (n→n’) Energy Prob.
2→1 5.6 MeV 90%
3→2 2.4 MeV 84%
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The experimental principle

Thermalisation

At t ≈1 μs and p ≥ 1 bar
μp are  thermalised

5.2. Free di�usion of µp atoms in H2 gas 41

Figure 5.3.: Pressure dependence of the thermalization process of µp atoms in an infinitely
large volume. Various gas pressures are compared. The initial energy corre-
sponds to a 2MWB(50 K, 20 eV) distribution. a) shows the evolution of the
mean kinetic energy, b) shows the population of the lower HFS state (F = 0).

also to the gas pressure:

r̂ (E) = ⇢n · � (E) · vµp ⇠ p, (5.2)

where � (E) is the total scattering cross section and vµp is the velocity of the µp atom.
Larger collision rates shorten the thermalization process. Figure 5.3 shows the time evo-
lution of the mean energy and the population of the F = 0 state for various pressures.
As expected, energy loss and quenching of the upper HFS level are much faster for higher
pressures. The low-pressure curve corresponding to 0.5 bar is still significantly deviating
from thermal energies also after 1 µs. Since this is the time at which the laser pulse enters
the cavity in the experiment, this reveals already a disadvantage of such low pressures:
They reduce the ”contrast” between spin-flip-accelerated atoms and background atoms.
Indeed this energy of about 0.03 eV has to be added to the kinetic energy of 0.1 eV won
by the laser-excited µp atom.

5.2. Free di�usion of µp atoms in H2 gas

In this section we investigate the pressure-dependent distance that µp atoms of various
initial energies travel in H2 gas at 50 K. As in the previous section, µp atoms are generated
at the ”origin” of an infinitely large volume with an initial energy and are left di↵using for
1 µs. After 100 ns, 500 ns and 1000 ns, the position of the µp atoms is stored. From the
spatial information one then obtains probability distributions for the distance R of the µp
atoms from the starting point of the simulation, i.e. R =

�
x2 + y2 + z2. Note that the

di↵usion radius Rdi� which is usually discussed in literatur on the subject corresponds to
the average of R.
Probability distributions to find a µp atom at a distance R for three di↵erent times are
shown in Fig. 5.4. Various initial conditions are compared: A delta distribution at 100 eV
(3/4 in F = 1, 1/4 in F = 0), a thermal distribution with all atoms at F = 0 and a thermal
distribution with all atoms at F = 1. As we have seen in the previous section, µp atoms
from the latter distribution will receive a mean energy kick of about 0.1 eV immediately.
After 100 ns the three distributions show completely di↵erent shapes and positions because
the influence of the initial energy is large in the early phase. The higher the initial energy
was, the wider are the distributions because the absolute travelled distances are longer.
With increasing time, the influence of the initial energy decreases and the di↵erences slowly
start to decrease.
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μp losses before laser exc.
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are lost due to diffusion
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Figure 3: (Left) Simulation of the µp atoms thermalization after their formation at time t=0. Plotted is

the average µp kinetic energy versus time for three target pressures at 50 K. The laser pulse illuminates

the µp atoms with a delay of about 1 µs after formation. The pressure has to be chosen so that the atoms

are basically thermalized to the target temperature on arrival of the laser pulses. (Right) Time distribution

of the µp atoms reaching the target walls normalized to the number of muons entering the target. Here we

assumed realistic laser excitation within a cavity with 100 mm diameter, mirror reflectivity of R = 0.995,

fluence F = 2.0 J/cm2 (averaged over the 1 mm length of the target and over a transverse area of 10 mm

diameter). The laser pulse enters the cavity at time t = 1000 ns and the target is at 1.4 bar and 50 K. In

red is shown the contribution arising only from the laser excited µp atoms, while the black curve accounts

for all µp atoms (signal and background from di↵usion).

1.2.2 Signal, Background and the detection system

The signature of a successful laser transition is the detection of a muonic gold event in the 300 ns long event

time window that follows the laser excitation. Figure 4 (Left) summarizes schematically a muonic gold event

where several X-rays with energies up to about 8 MeV (e.g. K↵ = 5.7 MeV) are emitted during the atomic

de-excitation (cascade) followed by a nuclear capture process leading to neutrons, gammas and light charged

particles emission [82]. The background related to this event signature can be divided into three groups:

• Background from µp di↵usion: It is the background shown in Fig. 3 (Right) caused by non-laser-

excited µp atoms that reach the target walls in the event time window t 2 [1100 � 1400] ns producing

µAu events. This background is having exactly the same signature as a signal (laser-induced) event

but it can be mitigated by decreasing the target temperature to slow down the µp di↵usion (smaller

µp velocities and larger µp-H2 cross sections with decreasing temperature [83, 84]).
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Figure 4: Schematic of the setup with typical signal and background events. The H2 gas target is given in

black, the optical cavity in red, the electron-veto in cyan, the BGO-cluster in yellow, and the muon-entrance

counter in purple. (Left) µAu event emitting X-rays in the atomic cascade followed by nuclear capture yielding

neutrons and gammas. (Middle) Bremsstrahlung process where the muon decay-electron is falsely identified

as a X-ray (µAu event). Indeed the Bremsstrahlung photon deposits energy in the BGOs but none in the

electron-veto. (Right) Uncorrelated background arising from energy depositions in the BGOs originating from

natural radioactivity, neutrons from the accelerator, Bremsstrahlung from beam-electrons and cosmics.
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Detection system prototype tested
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• Bremsstrahlung background: This background is caused by “regular” muon decays (µ� ! e�⌫µ⌫̄e)

occurring in the event time window that are falsely identified as µAu cascade events. This misidentifi-

cation occurs primarily due to Bremsstrahlung ensued by the decay-electrons crossing the setup around

the target region (see Fig. 4 (Middle)). The muons producing this background are mainly the ones

stopping in the H2 gas (forming µp) but not reaching the target walls. Because the number of regular

muon decay is about a factor of 30 larger than the number of signal events, this misidentification prob-

ability (per muon decay) must be supressed to the % level. Reduction of this background is obtained

by having a target and optical cavity with low material budget and using thin-plastic scintillators

(electron-vetos) to distinguish decay-electrons from µAu cascade events (see Fig. 4).

• Muon uncorrelated background: Schematically represented in Fig. 4 (Right) this background

originates from energy depositions in the BGO clusters during the event time window uncorrelated

with muons. The origin of this muon-uncorrelated energy deposition is “natural” radioactivity in the

experimental area, electrons and neutrons from the beam line and, to a smaller amount, cosmics.

We simulated, developed and qualified using muons a prototype detection system as shown in Fig. 5

comprising 18 BGO scintillators (yellow) for e�cient detection of the cascade X-rays with MeV energies and

4 thin plastic scintillators (blue) referred to as veto detectors to identify the electrons from muon decays.

The realized setup also includes a muon entrance detector, a dummy optical cavity and a dummy target

to have a realistic material budget and a similar layout as for the final experiment. Figure 6 shows the

measured energy spectra for Veto 4 (Left) and for the downstream BGO cluster for muonic gold events

μ-
2

2

1

1

3

3

4 BGO

BGO

BGO

Figure 5: (Left) Schematic of the detection system tested in 2019. The muon beam passes the entrance

counter (purple) and is stopped in either a thin gold or polyethylen target placed in the center of a dummy

optical cavity (red) so that either µAu events or regular muon decay can be investigated. The cavity is

mounted on a dummy target mechanics (black) emulating the prospected material budget. Upstream and

downstream of the target there are two BGO clusters (yellow), each of them having a transverse size of

about 250 ⇥ 400 mm2 and a thickness of 60 mm. Two thin plastic scintillators Veto3 and Veto4 (cyan) of

250 ⇥ 250 ⇥ 5 mm3 are sandwiching the target region to intersect the decay-electron traveling from the target

region towards the BGO clusters. An additional plastic scintillators Veto1 (cyan) is protecting the BGO

clusters from beam electrons, while a cylindrical scintillator, Veto2, is identifying decay-electrons produced

in the small vacuum pipe transmitting the muons through the upstream BGO cluster. (Right) Simplified 3D

drawing of the detection system tested in the 2019 beamtime.

6

Figure 14: Pictures of the open vacuum chamber containing the dummy cavity, target and

target mount as well as the electron-veto 3 and 4. (Top, Left) Upstream part of the vacuum

chamber mounted in ⇡E1. (Top, Right) Detail of the upstream chamber showing the PCB

board holding the cylindrical veto 2 detector. (Middle, Left) The veto 3 detector with WSF

fibers has been mounted in the chamber. Well visible in grey is also the box containing

the upstream BGO cluster. (Middle, Right) Also the dummy Cu cavity, target and target

mount have been mounted. (Bottom) As in (Middle, Right) but zoomed.

16

cavity H2

μ−

X-ray detector

BGOBGO

BGO

Realised a system with two BGO 

clusters for efficient detection of  

MeV X-Rays


Several large size plastic scintillators 

for rejection of decay-electrons


Figure 15: Pictures of some detectors. (Top, Left) Veto 4 detector of 250 ⇥ 250 ⇥ 5 mm3

size with WSF read out by two 6 ⇥ 6 mm2 SiPM. (Top, Right) Fiber bundle of veto 3
detector. (2nd row, Left) Veto 1 detector of 150 ⇥ 150 ⇥ 5 mm3 size directly read out by
SiPM with central hole for muon transmission. (2nd row, Right) Veto 2 detector with
hollow cylindrical shape of 100 mm length. (3rd row, Left) Backside of veto 2 detector.
(3rd row, Left) Entrance detector with 20 mm active area based on a thin plastic scintillator
read out with SiPM. (Bottom, Left) BGO detectors of 200 mm length read out by a PMT.
(Bottom, Right) Downstream BGO cluster.
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Results from the detection system
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Estimated background and event rates
<latexit sha1_base64="QuFxctM3JuHxah06PLEzOjTKLjM="></latexit>

Psignal = 400 events/h

PBG
di↵usion = 2500 events/h

PBG
electron = 800 events/h

PBG
uncorrelated = 500 events/h

These numbers depends

on various still unknown 

factors as laser and cavity 
performance, muon beam etc

Detection efficient for µAu events: 80%

False identification of muon-decay events: 10%

Anti-coincidece efficiency: >95%

Uncorreletaed background quantified
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The laser system

19
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Single-frequency thin-disk laser oscillator

20

M. Zeyen , PhD Thesis, ETH 2021
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Thin-disk laser amplifier
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The laser system
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Sketch of the down-conversion stages (in preparation)
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The multi-pass cavity
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Resonant vertically

Unstable horizontally

The two cavity types under development

Resonant vertically

Stable horizontally

M. Marszalek , PhD Thesis, ETH 2022
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Simulated laser fluence
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Average 4uence

  

Average 4uence
E=1 mJ, 99.8 % Rm =

E=1 mJ, 

ROI:  mm, d=1 mmϕ = 10

M. Marszalek , PhD Thesis, ETH 2022
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The various passes in the toroidal cavity
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Simulated performance of the cell
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Qualify cavity with ring-down techniques
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Extraction of the lifetime

  

What do we measure?

in

out

  

Extraction of the lifetime

Use ps laser pulses 


Measure light escaping through the input slit


Developed a model for the variance und used 
to fit the data
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Results for the two measured cavities
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Expected average 4uence

Developed two cavity designs


Cavities perform as expected


Developed monitoring method


Development of a dielectric 
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Losses in 1 mm slit?
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Test at cryogenic temperatures
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Summary of status  
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2S-2P

HFS
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Message to theorists
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There  is a need to improve on the HFS theory of µp and H.

This will simplify tremendously the experimental efforts

This will pay off after the measurement of the muonic HFS resonance

Combining H with µp will result in testing QED for a hyperfine splitting on the ppt level 


Present theory uncertainty: 

7 µeV from QED in µp (very conservative estimate)

2 µeV from -contribution  (limited by recoil-finite-size contribution)
2γ

1. Structure E↵ects Through Forward Two-Photon Exchange

We are interested in the proton-structure correction, which in turn splits into three terms: Zemach
radius, recoil, and polarizability contributions:

�structure = �Z + �recoil + �pol. . (V.31)

Let us now specify the decomposition of the structure-dependent correction into the three terms of
Eq. (V.31). An examination of di↵erent decompositions of the TPE e↵ect can be found in Ref. [409].
The formalism presented by us is consistent with the choice of Carlson et al. [409].

1.6.1. Born Contribution

As stated earlier, the master formulae in Section V.1.2 contain all the structure e↵ects to order
(Z↵)5, i.e., also the Fermi energy, which has to be subtracted in the following. The TPE Born
contribution to the HFS splits into the Zemach radius contribution [269]:
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8Z↵mr
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ˆ 1
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dQ
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
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1 + 
� 1

�
⌘ �2Z↵mrRZ, (V.32)

and a recoil-type of correction:
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�
. (V.33)

In contrast to the Zemach radius term, the recoil corrections are not zero in the static limit of the
elastic FFs.

1.6.2. Polarizability Contribution

In the polarizability contribution, we separate contributions due to the spin-dependent structure
functions g1 and g2:

�pol. =
Z↵m

2⇡(1 + )M
[�1 + �2] = �1 + �2, (V.34a)

with:
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If you have new fits of   

—> gratis publication of the recoil contribution for H and  µp

GE, GM, F1, F2
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The CREMA collaboration
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