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Theoretical
framework

Review: Lin, Hammer, UGM, Eur. Phys. J. A 57 (2021) 255

— UIf-G. MeiBner, Dispersive analysis of the nucleon’s electromagnetic form factors — talk, PREN22, Jun. 21, 2022 —



BASIC DEFINITIONS

e Nucleon matrix elements of the em vector current J;{

(N@YIIN®) = a0) | FL () v+ i 2 0" | u(p)

x isospin I = S,V (isoScalar, isoVector) [= (ptn)/2]

x four-momentum transfer t = ¢? = (p’ — p)? = —Q?

x F = Dirac form factor, F5 = Pauli form factor

« Normalizations: FY (0) = F5(0) = 1/2, F3"V (0) = (kp £ kn)/2
« Sachs form factors: Gg = Fy + 55 F2 , G = Fy + F

* NUC|eOI’1 rad” F(t) — F(O) [1 —l— t<7°2>/6 —I— o o .} [except for the neutron charge ff]
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WHY DISPERSION RELATIONS for the NUCLEON FFs ?

e Model-independent approach — important non-perturbative tool to analyze data
e Dispersion relations are based on fundamental principles: unitarity & analyticity

e Connect data from small to large momentum transfer
as well as time- and space-like data

¢ Allow for a simultaneous analysis of all four em form factors

e Spectral functions encode perturbative and non-perturbative physics
e.g. vector meson couplings, multi-meson continua, pion cloud, ...

e Specitral functions also encode information on the strangeness vector current
— sea-quark dynamics, strange matrix elements

e Allow to extract nucleon electric and magnetic radii

e Can be matched to chiral perturbation theory [and not the other way around!]
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DISPERSION RELATIONS

Federbush, Goldberger, Treiman, Drell, Zachariasen, Frazer, Fulco, Hohler, . . .

e The form factors have cuts in the interval [t,,, oo[ (n =0,1,2,...) and also poles

= Dispersion relations for F;(t) (¢ = 1, 2):

1 [° Im Fz (t,) A Imt
Fi(t)=— [ dt

T t' —t \

lik imelik
e NO subtractions SPACEIRE /Ume e Re t
[only proven in perturbation theory] : \t_—>
0

e suppression of higher mass states
e central objects: spectral functions

Im Fz(t)

N\ . .
— cuts = multi-meson continua
VAN
— poles = vector mesons
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SPECTRAL FUNCTIONS — GENERALITIES

L SpeCtral deCOmpOSItIOH Chew, Karplus, Gasiorowicz, Zachariasen (1958)

Im (N (p")N (p)|J,;|0) ~ ;(N(p’)N(p)lnMnlJiIO) = ImF

* on-shell intermediate states N
* generates imaginary part § L ave
N |n><n|

* accessible physical states

e Isoscalar intermediate states: 3w, 5n,..., KK, KK=,wp,...+ poles
— tg = 9M72r
e /sovector intermediate states: 2x, 4w, ...+ poles — to = 4M?2

e Note that some poles are generated from the appropriate continua

— UIf-G. MeiBner, Dispersive analysis of the nucleon’s electromagnetic form factors — talk, PREN22, Jun. 21, 2022 —



ISOVECTOR SPECTRAL FUNCTIONS 8

Frazer, Fulco, Hohler, Pietarinen, . ..

e exact 27 continuum is known from
threshold to = 4M?2 to t ~ 40 M? y ImFy S

Im GY,ar(t) = % Fr(8)* FL(t) . /k
:

*x Fr(t) = pion vector form factor

* f1(t) = P-wave pion-nucleon partial

waves in the t-channel

e Spectral functions inherit singularity on the second Riemann sheet in aN — w N

te = 4M?2 — M2/m? ~ 3.98 M2 | — strong shoulder — isovector radii

e This singularity can also be analyzed in CHPT Bernard, Kaiser, UGM, Nucl. Phys. A 611 (1996) 429
e For a recent determination of the 2# continuum, see HKRHM, EPJA 52 (2016) 331

e Higher mass states represented by poles (not necessarily physical masses)
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ISOSCALAR SPECTRAL FUNCTIONS

e K K continuum can be extracted from

analytically cont. K N scattering amplitudes , ImFS
! | V4
— analytic continuation must be stabilized ® § >
— generates most of the ¢ contribution " :
Hammer, Ramsey-Musolf, Phys. Rev. C 60 (1999) 045204, 045205 - t
e Further strength in the ¢-region generated \/—KK § ‘
by correlated mp exchange 0 s

— strong cancellations (KK, K*K, p)
— takes away sizeable strength from the ¢

UGM, Mull, Speth, van Orden, Phys. Lett. B 408 (1997) 381

e Spectral functions exhibit anomalous threshold (analyzed in 2-loop CHPT)

te = M2 (/4 — M2/m?2 + /1 — Mfr/m2)2 ~ 8.9 M2 | — effectively masked

Bernard, Kaiser, M, Nucl. Phys. A 611 (1996) 429

e Higher mass states represented by poles (with a finite width)
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CONSTRAINTS ON THE SPECTRAL FUNCTIONS

e Normalizations: electric charges, magnetic moments
e Radii not imposed [except for the neutron charge radius]  Fiinetal. Phys. Rev. ¢ 103 (2021) 024313

e Superconvergence relations = leading pQCD behaviour

F]_ (t) ~ ]_/t2 ,Fz(t) ~ 1/t3 (helicity — ﬂip) ; Brodsky et al.
ANCNATR
VLY

= | [, Im Fi(t)dt =0, [ TIm Fy(t)dt = [, Tm Fy(t)tdt =0

e Various ways of implementing the asymptotic QCD behaviour

‘ =- severely restricts the number of fit parameters I
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11

FORM FACTORS IN THE TIME-LIKE REGION

e Xsection for eTe™ <> pp, Aan in the one-photon approximation

471'0(2 2m2 k
o(s) = 3EMB ooy 1Ga(s)? + 2PN 1Ge(s)?|, B=Re
3s S k.
. 47ra]23MB c(s) (1+ 2m?\, le |2
- 3s S eff 10’ ?‘3@%}% o, (BABAR-2013) ||
e G, (s) are complex for s > 4m%,

e Threshold constraint:

Ty lPY]
S»—A

o

it

]

Ge(4m%) = Gu(4m¥yy)

e Gamov-Sommerfeld factor (only for the proton):

2.0 2.5 ]\34-(;[] [Gevf.s 4.0 4.5
C _ Yy y = WQEMmp
1 —ev’

Ay Vs = 2y/m + k3

e DatafromeTe™ — NN & NN — eTe™: strong threshold enhancement & oscillations
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SUMMARY: SPECTRAL & FIT FUNCTIONS i

e Representation of the pole contributions: vector mesons
[NB: can be extended for finite width]

2 a”?
Im FY (t) = Y way 8(t — MJ), af = F2gonn = Fi(t) = ¥ 55

v

e /sovector spectral functions:

Im FY(t) =Im F,"7(t) + Y wa/d(t— M)+ > ImF" (i=1,2)

V=V] 3V yees V=Vy,...

e /soscalar spectral functions:

ImFS (t) = ImF " (t) + ImF™” () + Y 7walé(t — M)+ > ImF/

V=W,P,81 82 4.+ §=S871,...
e Parameters: 2 for the w, ¢, 3 (4) for each other V-mesons minus # of constraints

e Additional broad poles w/ 3 parameters above the N N threshold [structures in the time-like ffs]

e lll-posed problem — extra constraint: | minimal # of poles to describe the data
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SUMMARY: SPECTRAL FUNCTIONS

e Cartoons of the isoscalar/isovector spectral functions:

' m F;
ImF;

S9 P

. M VA
A § o

-/
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Fit procedure &
theoretical
uncertainties

Review: Lin, Hammer, UGM, Eur. Phys. J. A 57 (2021) 255
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DATA BASIS i

e Data basis:
Region Observables coll. 14(6eV?) number
MAMI 0.00384-0.977 1422
do/d
PRad 0.000215-0.058 71
spacelike(t < 0)  #pGE/Gyy  JLab 1.18-8.49 16
Gg world 0.14-1.47 25
Gy world 0.071-10.0 23
G world 3.52-20.25 153
|G Id 3.53-9.49 27
Timelike(Z > 0) it wor
\GE/GY  BaBar 3.52-9.0 6
dor/d BESIII 3.52-3.80 10

e Number of data/fit parameters:

#data = 1753, #ﬁtpara. — . 4 +3SN3 iNv)J+4\(NS j;NV)J_ll + 31+ 2

w+@ best fit: 3+5 best fit: 3+3 norm.
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FIT PROCEDURE

2

e Fit strategy (weigthed average): xz..., = Z 7% d txi —
ata pol1nts

7 in data basis

e Two definitions of x? [(un)correlated errors]:

2 (neCi — C(Q7,0:,9))?
X1 —;; (s + v;)?

X5 = Z Z(nkcz — C(Qfa 0:,5)) [V ]ij(nkCj — C(ng 0;,p))
W Vij = 0i00;; + v;V;
— C'; = cross section data
— C(Q%,0;,p) = XS for a given FF parametrization
— p = parameter values for a given FF parametrization
— ng, = normalization constants for various data sets k

— V;; = covariance matrix w/ stat. (o;) & syst. (v;) errors
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TYPES of UNCERTAINTIES

e Systematic and statistical, only recently fully incorporated

e Systematics: Vary the number of poles

around the best solution - So53.05

; Total chi~2 P e
S0 that 5Xt0tal S 1% Reduced chi™2 53 4

35
2944.36  2958.66  3022.62
1.94604 1.9554 1.99777
. 54 63 45 36
Hohler et al. (1976) 2925.07  2930.96  2965.49  3030.21
1.93713  1.94104  1.96398  2.080676
64 55 73 37 46
Change 1% of total 2904.04 | 2906.76  2954.51  3058.50  3062.15
1.92703 1.92884 1.96052 2.02953 2.03195
chi”™ 2 of best fit: 74 56 65 83 a7 ag
2897.13  2900.41  2922.20  2967.10  3008.90  3032.76
2875~2933 1.92629  1.92846  1.94295  1.97281  2.00060  2.01646
66 57 84 75 48
2891.57 2909.94 2910.37 2911.52 2987 .44
1.92643  1.93867  1.93895  1.93972  1.9903€

76 58 85 67
2892.43 2897.60 2899.90 2901.95

1.93086 1.93431 1.93585 1.93722
86 T 68

2885.39 2890.74 2891.36

1.93002 1.933660 1.93402

87

2886.00 2891.97

1.93431 1

88

2886.83

1.938

e Statistical errors, use
— bootstrap method Efron, Tibshirani (1986)
— Bayesian analysis Bayes (1763)

= both give the same, bootstrap simpler to implement
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Results

Lin, Hammer, UGM, Phys. Rev. Lett. 128 (2022) 5, 052002
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2143MeV (1)29%) it 1 ; I { 1
e ep scattering data and neutron ffs: nowev 1
[error bands from bootstrap, x?/dof=1.223] . .
0.12
0.1
0.08]
Eg”o.oe; 1 +
0.04 . s
g
0021 | S 855Mev ;gé
0 | oﬁs | ‘1 | 15 720MeV 1'0%3
—t[GeV?] 0.99
i 585MeV ;gé
I : ssomev Ol
i *® 0.99f
~ 09
('E i s15mev Il
Sos- } 0.99}
S
© o1 180MeV (1).25%);
0.6 } '
w1
001 | ‘0"‘10 ) 0 0! 0 20 40 60 80 100 120 140
-t [GeV7]

scattering angle [°]
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SPAGCE-LIKE

RESULTS I

e Proton form factor ratio [Jlab data]:

1.2

1,GE(Q/Gh(Q?)

(e} (e] (e] () [
e Bk 5 & o
N

S
o

|
o
(\S)
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TIME-LIKE RESULTS |

e Proton effective form factor:

BESIII2021

BESIII2020

BESIII2019

BESIII2015

= BABAR

e E835
FENICE
PS170
E760
DM1
DM2

v BES
CLEO
ADONE73

o CMD-3

* %

open symbols not fitted

21

0.06} m BABAR v BESII2019 ¢4 BESIII2020
- % BESIII2021 ---. BABAR fit
0.04} \ ":
\\ ;
£ !l
S 0.02f g =laty)
B i
_t \ - P B ~ [
QCDCD 0.00} \‘ I-’Qv A\ ’/ & \T\\ l’ ! 1’
oo g R T
T -0.02} oty RET
— il 7/
Y ;
—-0.04}
—-0.06}
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

p[GeV]

|Gp | _ 7.7
eff Ismooth — (743774 8)(1—¢/0.71)2

BaBar fit formula:

Fp — AOSC eXp(_BOSCp)
X COS(COSCp _I_ DOSC)
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TIME-LIKE RESULTS |

22

e Neutron effective form factor:

0.7

0.10
0.6 U 0.08+ ---  BESIII fit
t :hsnvl ) * BESIII(ZOZ].)
05 0.06" ® SND(2019)

0.3

0.04}

|Geirl

0.02¢

n
| Ggff | _l Geff |sm00th

0.00¢

0.2

-0.02¢

0.1

—-0.04+

0.0
3

i ' ' 2.0 2.2 2.4 2.6 2.8 3.0 3.2
£ [GeV?]

open symbols not fitted |G s |smooth = Tt /14.84)’374 70.71)2

BESIII fit formula:

F. — Ao°sc eXp(_Boscp)
X cos(C°5¢p + D°5°)
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TIME-LIKE RESULTS Il

e More fits and predictions [pQCD & phases]

3.5
m BABAR 4 BESIN2021 . PS170 -
3.0l » CMD-3 - BESII2015 ¢ BESIII2019 S
5 BESIN2020 - E835
20}
=%
©)
e
TP 15
1.0f
6 8 10 12 14 16
t [GeV?]
150F
open symbols not fitted
B8 100}
=z
:EE
T os0
%
<
0
-50 L L L
0 50 100 150 200
t -2m[MeV]
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The proton radius

Fig. courtesy Yong-Hui Lin
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PROTON CHARGE RADIUS

p

e Definition: ['rz = _6 G'E(O)J

e Measurements:
— Leptonic hydrogen Lamb shift [in principle 2 numbers: r, & Ro]
AErs = AE, + AEC(r2) + O(Myreatiy)
C(r2) = c1 + car2 + O(Myreaagy,)
— Lepton-proton scattering (Rosenbluth sep.)

do - daMott 1
dQY  dQ 1+

T
(GZE —|— EG?\/I) (]- ‘I‘ 5rad.) _l_ O(mreda]zi‘,l\/[)

e The neglected sibling, the proton magnetic radius:
(rp")? = —(6/pp) G4, (0)
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PROTON CHARGE & MAGNETIC RADIUS

e Our determination incl. statistical and systematic errors:

p 40.0034-0.002 p 40.0034-0.001
[TE = 0.8401( 002 0.002 M, 73, = 0.8497 5503 5 004 fm}

e Comparison to earlier DR determinations (and some data)

CODATA,2018}
This work | l r .
Lin et al.,space-like data,2021} —r ~ .
[. T. Lorenz et al. 2014 ‘ ‘ - ®
I.T. Lorenz et al. 2012} —]— ~ ' ®
M. A. Belushkin et al. 2006+ ———— - g
H.-W. Hammer et al. 2003 [ ]
P. Mergell et al. 1995} - - B
G. Hohler et al. 1976+ [ e 1 L ' ®

0.8 0.81 0.82 0.83 0.84 0.85 0.86 0.87 0.88 080 082 084 086 088 090 002

I g7
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PROTON CHARGE RADIUS 7

e Comparison to recent measurements:

ep scattering MAMI+ A 1Bernauer et al., Al coll. [PRL 105 242001 (2010)]
u pspectroscopy CREMA 1Pohl et al., CREMA coll. [Nature 466 213 (2010)]
All ep scattering data, no MAMI A 1Zhan et al. [PLB 705 59 (2011)]
u pspectroscopy CREMA {Antognini et al., CREMA coll. [Science 339 417 (2013)]

ep spectroscopy f

ep spectroscopy f
CODATA(2018)

ep scattering MAMI+

ep spectroscopy f

ep scattering JLab|

ep spectroscopy

DR analysis to space-like datar

DR analysis to space and time-like dataf

»

»

{Beyer et al. [Science 358 6359 (2017)]
{Fleurbaey et al. [PRL 120 183001 (2018)]
{Tiesinga et al. [RMP 93 025010 (2021)]
1Mihovilovic et al. [EPJA 57 107 (2021)]
{Bezginov et al. [Science 365 1007 (2019)]
1Xiong et al. [Nature 575, 147—-150 (2019)]
1Grinin et al. [Science 370, 1061 (2020)]
1Lin et al. [EPJA 57 255 (2021)]

1Lin et al. [PRL 128 052002 (2022)]

0.82 0.84 0.86 0.88 0.90 0.92
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ZEMACH RADIUS & THIRD MOMENT

e Our determination incl. statistical and systematic errors:

__ 2 (0 dt Ge(t)Gnr(t) L +0.003+40.000
rz = 4 f—oo I~ —1T ( 14K, —1) = 1°O54—0.002—0.001 fm
3 __ 24 (0 dt 2 t/ 2 _ +0.02240.014 3
<’I° >(2) - T f—oo t2/—% (GE(t) —1-— §<’I" >P) T 2'310—0.018—0.015 fm
This work, ep -
Antognini2013 , uH - % A
Brodsky2005 , eH - % A
Dupays2003 , eH |- N’ S
Volotka2005 , eH |- A
Distler2011 , ep - o
Friar2003 , ep - = A
1.00 1.02 1.04 1.06 1.08 1.10 1.12
p
Iz
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COMPARISON TO SPECTROSCOPY OBSERVABLES *

e Relevant formulas:

AELs = 206.0336(15) — 5.2275(10)(r2) + 0.0347(r>) (3)

AFgrs = 22.9843 (30) — 0.1621 (10) Ty Antognini et al., Ann. Phys. 331 (2013) 127
. .
202.2 202.3 1 202.4 202.5 2026 22800  22.805 22810 22815  22.820  22.825  22.830
Es " mev) Eind " imev)

black triangles = our results
red bands from Antognini et al., Science 339 (2013) 417
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PREDICTIONS for PRAD-II 30

Lin, Hammer, UGM, Phys. Lett. B 827 (2022) 136981 [2111.09619 [hep-ph]]

e Predictions for the upcoming PRad-Il and e™p scattering

1.00+

0.95F

O reduced
©
)

o

085" o 1101 MeV \
« 2143 MeV }

Illfd‘4 | o Illfd‘s | T IHIO‘2 | T IIIfO‘l
Q” [GeV?/c?]

— Predictions for E, = 0.7,1.4,2.1 GeV
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NEUTRON RADII i

e The charge squared neutron (r%)? radius was mostly input in DR analyses,
but not the magnetic one

- +0.004+40.006
(TRJ = 0.864_ ' 504—_0.001 fmJ

— rather stable over time tinetal, fulldac 2021, °
Lin et al.,space-like data,2021 e
— bUt larger Var|at|0n I[. T. Lorenz et al. 2012+ = °
— always the largest em radius! M. A. Belushkin et al. 2006¢ e
H.—W. Hammer et al. 2003+ o
— lattice QCD gives rather
. . P. Mergell et al. 1995+ o
comparable isovector radii (p& n)
G. Hohler et al. 1976 ®
0.78 0.232 0.|86 0:9 0.|94 0.98
i
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SUMMARY & OUTLOOK 32

 Dispersion theory is the best tool to analyze the nucleon em FFs

 Description of all data, time- and space-like

« Always a small proton charge radius (0.84 fm), magnetic one bigger (0.85 fm)
« Most recent experiments tend to the small radius

* From a puzzle to precision Hammer, UGM, Sci.Bull. 65 (2020) 257
 Predictions for PRad-Il & positron-proton scattering (also MESA/Mainz)

« Magnetic radius of the neutron is the largest one

« Theory challenge: better understanding of the oscillations in |GZx"

« Experimental challenges
— proton form factor ratio at Q% ~ 10 GeV?
— more resolved form factor measurements in the time-like region
— up scattering - testing lepton flavor universality (MUSE, AMBER)
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Spares
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ISOSCALAR SPECTRAL FUNCTION :

Bernard, Kaiser, UGM, Nucl. Phys. A 611 (1996) 429 [hep-ph/9607428]

e Two-loop CHPT calculation e Electric/magnetic spectral fcts

Im Gep (t) / t2 1107 M,

6 | T T T T | T T T T | T T | T | T T | T T T
//"_ _ 5_
- —
7 // -~ L
VAVAV S \/\/\K—\\\ i
~ N L
\\ \\‘ N o
— 41—

33—
(@) (b) ;
2
e 77T~ .
_- / \
VAVAV S VAVAV -
\\\ \\\’// -
oL
5

* no shoulder on the left wing
* clean omega-pol dominance
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Once more on the
Isovector spectral
functions

Hoferichter, Kubis, Ruiz de Elvira, Hammer, UGM, Eur. Phys. J. A 52 (2016)331
[arXiv:1609.06722 [nucl-th]]
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ROY-STEINER EQUATION ANALY SIS SN

151

e improve the isovector spectral functions by

1/2
0+

— updated N amplitudes from Roy-Steiner equations

— include modern data (esp. pionic hydrogen & deuterium) S
— better treatment of isospin-violating effects o
— construct the pion FF from precise knowledge of d7 (s) %,
— perform systematic error analysis e

o

- > 12
Cm') [}
° S ool
= =
o+ =
= &oi
E =

o & A M O N B O ©
—— T T
o N A O
T

o
T

n

Hoferichter, Ruiz de Elvira, Kubis, UGM, Phys. Rev. Lett. 115 (2015) 092301; Phys. Rev. Lett. 115 (2015) 192301; Phys. Rept. 625 (2016) 1; J.Phys. G45 (2018) 024001
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NEW ISOVECTOR SPECTRAL FUNCTIONS

e Precise determinations of the isovector spectral functions

—- isospin limit

: .. —- isospin limit
—- with p—w mixing

—- with p—w mixing

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

—- isospin limit
—- with p-w mixing

—- isospin limit

—- with p—w mixing |

1.8 1.2 1.4 1.6 1.8
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BAYESIAN ANALYSIS

P(parameters)P(data|parameters)

e Bayes theorem: P(parameters|data) =

P(data)
posterior ~ prior X likelihood
. BayeSian analySiS " = ad)pr'ior dw‘str-ibut;zn aiv

of the PRad data .

10 1o 10 10 1o 1.0
usﬂ osf\ o.sﬂ nsm 05 \ 05
0 a 0 0 4 ! 0=

-05 0 0.5 -2 0 2 -1 0 1 -5 0 5 1 5

n;
0 m
0.99 10 Lo

(71 data pts) . . .
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posterior

4 w
my d;
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BAYESIAN versus BOOTSTRAP .

e Bootstrap sampling in comparison to the Bayesian analysis [PRad data]

Method ro [fm] ro [fm]
Bayes normal | 0.828 + 0.011 0.843 + 0.004
Bayes uniform | 0.828 4+ 0.011 0.843 £ 0.004

Bootstrap 0.828 + 0.012 0.843 + 0.005

1.10¢

GZ/ Gdlp
5
p
G/ (ppGaip)

0.90¢ 1.00+

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 018
Q% [GeV?] Q% [GeV?]

— identical results, but bootstrap much faster

— will use the bootstrap method to determine the statistical error
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PROTON CHARGE RADIUS - LEPTONIC LAMB SHIFT .

e Energy levels in hydrogen:

1 Me CnNs
Enﬂj = R Y ‘l‘f’nﬂj «, 9 oo e +5£O 3 ’I’p
n mp n

Jnej (a, ﬁ—;, . ) = Xp0a? + X300° + X310 Ina + Xyga* + ...

— n, £, 3 - principal, orbital, total ang. momentum quantum numbers
— fnej - relativistic corr’s, vacuum effects, other QED corrections

— me/m,, enters through the coefficients X2o, X30, ... (recoil)

— Cns calculable leading order correction due to the finite r,,

— higher order charge distributions are included in f,,¢;

= must measure at least 2 transitions to pin down the two unknowns

= this is done in recent measurements, but not before! [inconsistency]
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