
MITP YoungSt@rs 
“Axions in the Lab” 

06/10/2022

Joshua Eby
Kavli IPMU (WPI) UTIAS

University of Tokyo

Axion Stars
and how we might find them



Joshua Eby (IPMU)                                                                                                                                                           Axion Stars2

Outline
๏  What are axion stars?

๏  How to find (maybe) them: a highly biased overview

๏  Ultralight axions:   (galaxy cores)

๏  “Medium” axions:  (lensing, Bosenovae)

๏  QCD-ish axions:   (transients)

10−22 eV ≲ mϕ ≲ 10−19 eV

10−15 eV ≲ mϕ ≲ 10−8 eV

10−7 eV ≲ mϕ ≲ 10−2 eV

mϕ
Mass of the 
DM particle

M⋆
Mass scale of 

axion stars

Ultralight“Medium”

GalacticSolar

QCD-ish

Axteroid
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https://www.youtube.com/watch?v=bY1S6rkWU0c

Simulations by Schive et al., Phys. Rev. Lett. 113, 261302 (2014)

Axion Star

Quasiparticles

(Light) axions are w
avy
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๏ Light axions constitute non-relativistic field of very large occupation number ⇒ NR classical field

๏ Expand field 𝝓 in terms of non-relativistic wavefunction 𝜓 : 

๏ E.o.M is Gross-Pitaevskii+Poisson (GPP) equation:

ϕ(t, r) =
1

2 mϕ
[e−i mϕ t ψ(t, r) + c . c . ]

Equations of Motion

Gradient energy
(Repulsive)

Poisson Gravity

(Attractive)
∇2Vg = 4 π G m2

ϕ ψ
2

Coherent state → Oscillates 
Leading time dependence
·ψ ∼ (mϕ − ωϕ)ψ ≪ mϕ ψ mϕ ∫ d3r |ψ |2 = M⋆

Normalization
i

∂ψ
∂t

= [−
∇2

2mϕ
+ Vg ( |ψ |2 ) + Vint ( |ψ |2 )] ψ

Self-interactions
For axion potential,

V(ϕ) = m2
ϕ f 2 [1 − cos ( ϕ

f )] =
m2

ϕ

2
ϕ2 −

1
4! ( mϕ

f )
2

ϕ4 +
1

6! f 2 ( mϕ

f )
2

ϕ6 − . . .
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Axion Star
5

Ground-state solution of the GPP Equations
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๏ Self-gravitating bound state: gradients ~ self-gravity  
 

R⋆ ≃
M2

P

m2
ϕ M⋆

≃ 100 pc ( 10−22 eV
mϕ )

2

(
109 M⊙

M⋆ )
≃ 4 R⊙ ( 10−13 eV

mϕ )
2

(
M⊙

M⋆ )
≃ 300 km ( 10−5 eV

mϕ )
2

(
10−12 M⊙

M⋆ )“Dilute axion star”

∝
1

R⋆
2

∝ −
M⋆

R⋆

radius ➘

density ➚
mass ➚ i

∂ψ
∂t

= [−
∇2

2mϕ
+ Vg ( |ψ |2 )+Vint ( |ψ |2 )] ψ

(at low density)
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Mass-Radius Relation
6
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Very relativistic, , 
higher-harmonic 

corrections to field

ϕ ∼ f

Integrate out modes of energy  
 

Very unstable to decay
2μ0,3μ0, . . .

□ ϕ − V′ (ϕ) = 0

“Axiton”, “Oscillon”, Kolb+Tkachev (astro-ph/9311037)

Transition branch  
is unstable under perturbations

Gravity negligible, bound by self-interactions; 
sometimes called “oscillons”

Endpoint of (stable) Dilute Branch 
fixed by turn-on of attractive self-interactions

Mc =
10 MP

−λ
=

10 MP f
mϕ
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(Dilute) Axion Star Formation

Can be understood analytically as     gravitational relaxation of quasiparticles 

7

Δv2 ≃ 8 N ( G M
Rgal v ) ln N

Velocity change per crossing

⟶
Δv2

v2
≃

8 ln N
N

⟹ trelax ≃
0.1 N
ln N

tcross

Hui, Ostriker, Tremaine, Witten (1610.08297) 
Bar-Or, Fouvry, Tremaine (1809.07673)

Levkov, Panin, Tkachev (1804.05857)

Formed by “Gravitational cooling”
Seidel and Suen (gr-qc/9309015) 

Guzman and Urena-Lopez (astro-ph/0603613)

Binney and Tremaine, “Galactic Dynamics, 2nd Edition” 

N objects scatter gravitationally, exchange energy

Quasiparticle dispersion Axion star formation

Relaxation to ground state
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Axion Stars in Simulation
8

Eggemeier and Niemeyer, 
Phys. Rev. D 100, 063528 (2019)

Mocz et al., 
MNRAS, Volume 471, Issue 4, November 2017

Schive et al.,  
Phys. Rev. Lett. 113, 261302 (2014)

Levkov, Panin, Tkachev,  
Phys. Rev. Lett. 121, 151301 (2018)
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1. Ultralight Axions

10−22 eV ≲ mϕ ≲ 10−19 eV

Axion stars —> “solitons” 
(form cores in center of galaxies)
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Core-Halo Relation
๏ Simulations of ultralight fields suggest a relation between core soliton and host halo

10

Bar, Blas, Blum, Sibiryakov (1805.00122)

Core Halo

Schive et al.,  
Phys. Rev. Lett. 113, 261302 (2014)

Classic result (2014): * 
 

M⋆ ≃ 109 ( 10−22 eV
mϕ ) ( Mh

1012 M⊙ )
1/3

* Some call 1/3 exponent into question; some evidence  
of variability between galaxies; see e.g. 

Yavetz, Li, Hui (2109.06125)

If true, we can predict mass of central soliton 
— sharp predictions!
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Stellar Rotational Velocities
11
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Soliton-Halo 
Relation

Heavier 
solitons

Lighter 
solitons

mϕ = 10−22 eV

Bar, Blas, Blum, Sibiryakov (1805.00122)

Bar, Blum, JE, Sato (1903.03402)
Bar, Blum, Sun (2111.03070)

100s of similar galaxies 
in SPARC database
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Other (tentative) constraints
12

➤ Solitons around SMBHs 

➤ Orbits around Sgr A* 
“measure” mass  
enclosed

Bar, Blum,Lacroix, Panci (1905.11745)

➤ Cold star clusters 
➤ Fluctuations of ULDM induce “heating” of stellar 

populations, e.g. Eridanus II 

➤ Lingering soliton oscillations of ?A ≃ 0.3

Marsh and Niemeyer (1810.08543)

Soliton ULDM QPs
Veltmaat, Niemeyer, Schwabe (1804.09647)
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2. “Medium” Axions
10−15 eV ≲ mϕ ≲ 10−8 eV

Axion stars —> actually kind of like stars 
(at least in mass + radius)
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Gravitational Lensing of Axion Stars
14

Croon, McKeen, Raj (2002.08962)

projection for EROS-2 (red) and OGLE-IV (blue)
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Constraints 
from Lensing

15

Fujikura, Hertzberg, Schiappacasse, Yamaguchi (2109.04283)

M = α Mc = α
10 MP f

m

≃ α × 10−5M⊙ ( f
1014 GeV ) ( 10−9 eV

mϕ )

ER
O

S-
2

Su
ba

ru
 H

SC

Note the change of notation:
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Unstable 
(Decays fast)

Stable Axion Star

Mass Growth 
(accretion, merger) 

M⋆ ↑

C
ol

la
ps

e

Bosenova Explosion

Outgoing 
Relativistic Flux

Levkov, Panin, Tkachev (1609.03611)

Reformation? 
(Speculative)

Axion Star Collapse

<latexit sha1_base64="xq6KK+P/SeyQr9wicofcYPgPa9Q=">AAAB8nicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF49VrC2koWy223bpJht2X4QS+jO8eFDEq7/Gm//GTZuDtg4sDDPvsfMmTKQw6LrfTmlldW19o7xZ2dre2d2r7h88GpVqxltMSaU7ITVcipi3UKDknURzGoWSt8PxTe63n7g2QsUPOEl4ENFhLAaCUbSS340ojhiV2f20V625dXcGsky8gtSgQLNX/er2FUsjHiOT1BjfcxMMMqpRMMmnlW5qeELZmA65b2lMI26CbBZ5Sk6s0icDpe2LkczU3xsZjYyZRKGdzCOaRS8X//P8FAdXQSbiJEUes/lHg1QSVCS/n/SF5gzlxBLKtLBZCRtRTRnaliq2BG/x5GXyeFb3Lure3XmtcV3UUYYjOIZT8OASGnALTWgBAwXP8ApvDjovzrvzMR8tOcXOIfyB8/kDjBuRbg==</latexit>

R

JE, Leembruggen,  
Suranyi, Wijewardhana (1608.06911)

Prediction:

Simulation:
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Bosenova Signal

JE, Street, Suranyi,  
Wijewardhana (2011.09087)

For sensitivity estimate, 
we use ABRACADABRA 

broadband long-term reach
Kahn, Safdi, Thaler (1602.01086)

Though see also  
DMRadio (Snowmass2021) 

and SHAFT (2003.03348)

JE, Shirai, Stadnik, Takhistov (2106.14893)

https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
https://www.snowmass21.org/docs/files/summaries/CF/SNOWMASS21-CF2_CF0-IF1_IF0_Saptarshi_Chaudhuri-219.pdf
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3. QCD-ish Axions
10−7 eV ≲ mϕ ≲ 10−2 eV

Axion stars —> much smaller / less massive than stars 
(more like asteroids (axteroids?))
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Transient Signals
19
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<latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit><latexit sha1_base64="DnNwTrH6qH5yIF2UWLdgNt4LWSY=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiinorevFYwbSFJpbNdtMu3WzC7kYIIfhTPAmKePWPePLfuG1z0NYHA4/3ZpiZFySMSmXb38bS8srq2nplw9zc2t7Ztfb22zJOBSYujlksugGShFFOXEUVI91EEBQFjHSC8c3E7zwSIWnM71WWED9CQ05DipHSUt+qOvZDfnJeQO8Y5p6IIGkXfatmN+wp4CJxSlIDJVp968sbxDiNCFeYISl7jp0oP0dCUcxIYda9VJIE4TEakp6mHEVE+vn0+gLWtTKAYSx0cQWnqvlrIkeRlFkU6M4IqZGc9ybif14vVeGln1OepIpwPFsUpgyqGE6igAMqCFYs0wRhQfWxEI+QQFjpwEydgjP/8yJxTxtXDefurNa8LuOogANwCI6AAy5AE9yCFnABBhl4Bq/gzXgyXox342PWumSUM1XwB8bnD0VPk1c=</latexit> 10 �
7
eV

<latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit><latexit sha1_base64="xq0z24LfQVnttmOkDP8iv9wylyI=">AAAB/HicbVBNS8NAEN34WeNXtEcvi6XgQUsiQvVW9OKxgmkLTSyb7aZdupuE3Y0QQvCneBIU8eof8eS/cdvmoK0PBh7vzTAzL0gYlcq2v42V1bX1jc3Klrm9s7u3bx0cdmScCkxcHLNY9AIkCaMRcRVVjPQSQRAPGOkGk5up330kQtI4uldZQnyORhENKUZKSwOr6tgP+VmzgN4pzD3BIekUA6tmN+wZ4DJxSlIDJdoD68sbxjjlJFKYISn7jp0oP0dCUcxIYda9VJIE4Qkakb6mEeJE+vns+gLWtTKEYSx0RQrOVPPXRI64lBkPdCdHaiwXvan4n9dPVXjp5zRKUkUiPF8UpgyqGE6jgEMqCFYs0wRhQfWxEI+RQFjpwEydgrP48zJxzxtXDefuota6LuOogCNwDE6AA5qgBW5BG7gAgww8g1fwZjwZL8a78TFvXTHKmSr4A+PzB0hxk1k=</latexit>

�
=
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<latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit><latexit sha1_base64="0oOEM284bZPUsukrtSUkwCsYqRA=">AAACKXicbVDLSsNAFJ34tr6iLt2MFsFVTURQF4LoQpcVrBWaUm4mt3boTBJmJsUSuvZndKv/4Urd+gd+gdM2C18HBg7n3HvncMJUcG08782ZmJyanpmdmy8tLC4tr7ira9c6yRTDGktEom5C0Ch4jDXDjcCbVCHIUGA97J4N/XoPleZJfGX6KTYl3Ma8zRkYK7XczWB0I1cYDWhwDlICPab+bh4oSfsIatByy17FG4H+JX5ByqRAteV+BlHCMomxYQK0bvheapo5KMOZwEFpO8g0psC6cIsNS2OQqJv5KMeAblslou1E2RcbOlJL3zZykFr3ZWgnJZiO/u0Nxf+8Rmbah82cx2lmMGbjj9qZoCahw2JoxBUyI/qWAFPchqWsAwqYsfX9uBT1eKqL1Hfj2LYk/3clf0ltr3JU8S/3yyenRVtzZINskR3ikwNyQi5IldQII/fkkTyRZ+fBeXFenffx6IRT7KyTH3A+vgDLkqeS</latexit>

� =
1

<latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit><latexit sha1_base64="QZRPuSoJEVLKCIbWlD12qz47rCo=">AAACH3icbVDLSsNAFJ3UV62vqgsXbgZLwVVJRFAXQtGNywrGFtpQJpObduhkEmYmxRL6M7rV/3AlbvsbfoHTNgvbeuDC4dzX4fgJZ0rb9sQqrK1vbG4Vt0s7u3v7B+XDo2cVp5KCS2Mey5ZPFHAmwNVMc2glEkjkc2j6g/tpvzkEqVgsnvQoAS8iPcFCRok2Urd80pndyHyewhh3AuCa4FvsdMsVu2bPgFeJk5MKytHoln86QUzTCISmnCjVduxEexmRmlEO41K1kypICB2QHrQNFSQC5WWz72NcNUqAw1iaEhrP1NKfjYxESo0i30xGRPfVcm8q/tdrpzq89jImklSDoPNHYcqxjvE0DhwwCVTzkSGESmbMYtonklBtQlu4FAxZonLXL3PbJiRnOZJV4l7UbmrO42WlfpenVUSn6AydIwddoTp6QA3kIorG6A29ow/r1fq0vqzv+WjByneO0QKsyS8KPqOP</latexit>

� =
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3

<latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit><latexit sha1_base64="n9z+UbaCZ5SMwP1W/6QkNJBvcpM=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KokK6kIounFZwdhCG8tkctsOnTyYmRRL6MKf0a3+hytx48Kf8AucplnY1gMDh3PuvXM4XsyZVJb1ZSwtr6yurRc2iptb2zu75t7+vYwSQcGhEY9E0yMSOAvBUUxxaMYCSOBxaHiD64nfGIKQLArv1CgGNyC9kHUZJUpLHbPUzm6kHk9gjHHbB67IJca29XDSMctW1cqAF4mdkzLKUe+YP20/okkAoaKcSNmyrVi5KRGKUQ7jYqWdSIgJHZAetDQNSQDSTbMEY1zRio+7kdAvVDhTi382UhJIOQo8PRkQ1Zfz3kT8z2slqnvupiyMEwUhnX7UTThWEZ5Ugn0mgCo+0oRQwXRYTPtEEKp0cTOX/CGLZZ76cRpbl2TPV7JInOPqRdW+PS3XrvK2CqiEDtERstEZqqEbVEcOougJvaBX9GY8G+/Gh/E5HV0y8p0DNAPj+xcwhqSY</latexit>

� =
10
6

<latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit><latexit sha1_base64="g06axIsMFu6izEkIx9hmTf0sWJo=">AAACI3icbVDLSsNAFJ34rPUVddnNYCm4KomIj4VQdOOygrGFNpbJ5LYdOnkwMymW0IU/o1v9D1fixoU/4Rc4TbOwrQcGDufce+dwvJgzqSzry1haXlldWy9sFDe3tnd2zb39exklgoJDIx6JpkckcBaCo5ji0IwFkMDj0PAG1xO/MQQhWRTeqVEMbkB6IesySpSWOmapnd1IPZ7AGOO2D1yRS4xt6+G0Y5atqpUBLxI7J2WUo94xf9p+RJMAQkU5kbJlW7FyUyIUoxzGxUo7kRATOiA9aGkakgCkm2YJxriiFR93I6FfqHCmFv9spCSQchR4ejIgqi/nvYn4n9dKVPfcTVkYJwpCOv2om3CsIjypBPtMAFV8pAmhgumwmPaJIFTp4mYu+UMWyzz14zS2Lsmer2SROMfVi6p9e1KuXeVtFVAJHaIjZKMzVEM3qI4cRNETekGv6M14Nt6ND+NzOrpk5DsHaAbG9y81b6Sb</latexit>

U
ns
ta
bl
e

<latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit><latexit sha1_base64="Ohb4gRAEsTc2Wb6NgKJTwunMcqw=">AAACJnicbVDNSgMxGMz6W+vfqkdBgqXgqeyKoN6Kgnis4NpCdynZbNqGJtklyRbL0psvo1d9D08i3nwGn8B0uwfbOhAY5vu+yTBhwqjSjvNlLS2vrK6tlzbKm1vbO7v23v6DilOJiYdjFstWiBRhVBBPU81IK5EE8ZCRZji4nsybQyIVjcW9HiUk4KgnaJdipI3UsY/83CO7SXFfUTSGmS859ITSyFiMO3bFqTk54CJxC1IBBRod+8ePYpxyIjRmSKm26yQ6yJDUFBu/ctVPFUkQHqAeaRsqECcqyPIQY1g1SgS7sTRPaJir5T8XGeJKjXhoNjnSfTU/m4j/zdqp7l4EGRVJqonA04+6KYM6hpNWYEQlwZqNDEFYUhMW4j6SCGvT3YxTNKSJKlI/TmObktz5ShaJd1q7rLl3Z5X6VdFWCRyCY3ACXHAO6uAWNIAHMHgCL+AVvFnP1rv1YX1OV5es4uYAzMD6/gU5u6dt</latexit>

f
=
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6 G
eV

<latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit><latexit sha1_base64="ICP/kML5JFnYucwJoQOq/0U7440="></latexit>

f
=
10

8 G
eV

<latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit><latexit sha1_base64="grGiCe7sgh5X07SrL7wweq+FZU0="></latexit> f
=
10

10
G
eV

<latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit><latexit sha1_base64="gT3Pq9bbQZQG5u9bJKeDvgEJ4es="></latexit>

G
NO
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E

<latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit><latexit sha1_base64="IziXwn6kWx5XPz2/Ux4oetsBGvI=">AAACFHicbVDLSsNAFJ3UV62vqks3wVJwVRIR1F1RRDdqBWMLbSyTyaQdOpOEmZvSEvodutX/cCVu3fsbfoHTNgtbPTBwOOfeO4fjxZwpsKwvI7ewuLS8kl8trK1vbG4Vt3ceVJRIQh0S8Ug2PKwoZyF1gAGnjVhSLDxO617vfOzX+1QqFoX3MIypK3AnZAEjGLT02AI6ACnSy5vb64tRu1iyKtYE5l9iZ6SEMtTaxe+WH5FE0BAIx0o1bSsGN8USGOF0VCi3EkVjTHq4Q5uahlhQ5aaT2COzrBXfDCKpXwjmRC382kixUGooPD0pMHTVvDcW//OaCQQnbsrCOAEakulHQcJNiMxxB6bPJCXAh5pgIpkOa5IulpiAbmrmkt9nscpSD6axdUn2fCV/iXNYOa3Yd0el6lnWVh7toX10gGx0jKroCtWQgwiS6Bm9oFfjyXgz3o2P6WjOyHZ20QyMzx9IwKAj</latexit>

relaxion
stars
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Γ = n⋆σv⋆

ρlocal

M⋆
π R2

⋆ 200 km/sec

Γ ∝ ρlocalR3
⋆ m2

ϕso 

δ ≡
ρ⋆

ρlocal
∝ ρ−1

local R−4
⋆ m−2

ϕ
but 

Sometimes they might pass through Earth?

Competition between density and rate!

Banerjee, Budker, JE, Kim,  
Perez (1902.08212)
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Rare Transient Events
Motivate 

Global Network Searches
๏ E.g. Global Network of Optical Magnetometers  

 
for Exotic Physics (GNOME) Experiment 
 
 

๏ Maximize cross section; allow for discrimination from  
 
large noise sources; potential for continuous running 
 

๏ Difficult: share time-series data between experiments?

20

Afach et al.  
(GNOME Collaboration) 

(2102.13379)
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Search inside our solar system?
21

0.1 0.5 1 5 10
0.1
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1000

105

107

109

∘ planets ∘ asteroid

PRELIMINARY
∘ possible future targets

Tsai, JE, Arakawa, 
Farnocchia, Safronova 

(2210.xxxxx) 
 

(appearing next week!)

Analysis of static overdensity

What would the passage of a transient 
axion star do to the trajectory of a 

planet or asteroid? 
 

Can we see this?
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Conclusions
๏Axion stars are known to form in many theories of light scalar fields 

๏Can be a useful astrophysical (or terrestrial) probe over a wide range  
 
of scales (galactic, solar, and smaller) 
 

๏Lot of ideas, lots of ways to search for them!

22

Thanks!

This work was supported by the World Premier International 
Research Center Initiative (WPI), MEXT, Japan and by the 
JSPS KAKENHI Grant Numbers 21H05451 and 21K20366.
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Bonus Round
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Types of axion overdensities
1. Clumps as traveling waves of axion dark matter 

➤
Typical occupation number  

➤ “Quasiparticles”, “granules”, … 

➤ Typical over/under-density  

2. Virialized substructure: axion miniclusters 

3. Self-gravitating clumps: axion stars 

➤ Ground state configuration 
(at fixed mass) 

➤ “BEC”, “soliton”, “oscillaton”, … 

➤ Typical overdensity 

𝒩 ∼ 1026 × ( ρlocal

0.4 GeV/cm3 ) ( 10−5 eV
mϕ )

4

( 10−3

σ )
3

δ ≡
ρ

ρlocal
∼ 𝒪(1)

δ ≫ 𝒪(1)

Levkov, Panin, Tkachev (1804.05857)

Schive et al. (1407.7762)

Eggemeier and Niemeyer (1906.01348)
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Discovered and Re-Discovered
26

JE, Suranyi, Vaz, Wijewardhana  
(1412.3430)

Ruffini + Bonazzola (Phys Rev 187, 1767 (1969))

Kaup (Phys Rev 172, 1331 (1968))

Colpi, Shapiro, Wasserman (PRL 57, 2485 (1986))

Chavanis (1103.2050)

Schiappacasse and Hertzberg  
(1710.04729)

Visinelli, Baum, Redondo, Freese, Wilczek  
(1710.08910)



Joshua Eby (IPMU)                                                                                                                                                           Axion Stars

103 104 105

101

102

103

104

105

What is an Axion Star
27

Very relativistic, , 
higher-harmonic corrections to field

ϕ ∼ f

Integrate out modes of energy  
 

Very unstable to decay
2μ0,3μ0, . . .

Use Klein-Gordon Equation

□ ϕ − V′ (ϕ) = 0

Non-relativistic, 
coupled to (Newtonian) gravity, 

leading self-interaction, 
STABLE for , 

number-changing negligible
M < Mc

“[Dilute] Axion Star”, 
“Soliton”, “Oscillaton”

Non-relativistic, 
gravity negligible, 

leading self-interaction, 
unstable to perturbations 

decay processes become important
“[Transition] Axion Star”, 

“Oscillon”

“[Dense] Axion Star”

Kaup (Phys Rev 1968);  
Ruffini+Bonazzola (Phys Rev 1969)

Chavanis (1103.2050),  
+Delfini (1103.2054)

Braaten, Mohapatra, Zhang (1512.00108)

“Axiton”, “Oscillon”, Kolb+Tkachev (astro-ph/9311037)

In
c. 

f
Rapid decay
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Searches for (pseudo)scalar particles
28

ℒ ⊃
gϕγ

4
ϕ FμνF̃μν

Consider, for example,  
photon couplings:

mϕ [eV]
(figure credit: Ciaran O’Hare)

mϕ [eV]

ℒ ⊃
gγ

4
ϕ FμνFμν
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Constraints: “Extra” DM near Earth

Mext M1

M2

M2 − M1

Inner orbit “measures” M1 + Mext

Outer orbit “measures” M2 + Mext

Comparison of the two “measures” , 
the “extra” mass contained between the orbits

M2 − M1

Can measure effective mass nearby 
by comparing orbits:

Banerjee, Budker, JE, Kim,  
Perez (1902.08212)
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Constraints based on 
Pitjev and Pitjeva (1306.5534)


