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  Motivation  

  Introduction: semileptonic form factors from lattice 

  Recent progress related to |𝑉𝑢𝑏| 

•  𝐵 → 𝜋ℓ𝜈 

•  𝐵𝑠 → 𝐾ℓ𝜈 

•  Λ𝑏 → 𝑝ℓ𝜈 

  Conclusion and outlook 
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Why lattice QCD? 

 Quantitative understanding of the non-perturbative effects is crucial for 

precision calculations of SM and beyond. Lepage, Mackenzie & Peskin, 1404.0319  

 Lattice QCD is a mature method for the calculations of “simple quantities”: 

[with one or zero initial (final) hadron]: masses, decay constants, weak matrix 

elements… A. El-Khadra CKM2014 

 Lattice QCD errors are systematically improvable: 

•  Emerging simulation techniques combined with hardware improvements 

(cost/performance drop 100 times in the last decade) 

•  Calculations can be well planned! 

3 R. Sugar: DOE report (2008) 
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 Exclusive 𝐵(𝑠) → 𝑀𝑢ℓ𝜈 decays 

• Precise measurements of partial rates are available (𝐵 → 𝜋ℓ𝜈) 

• Mature theoretical techniques for ME (LQCD or LCSR) 

 

 

 

 

 

 

 

 Exclusive Λ𝑏 → 𝑝ℓ𝜈 decay 

• Very recent LHCb experiment  LHCb,1504.01568 

• Possible probe of NP with right-handed currents  Chen et al. 0807.0896 

Semileptonic decays and CKM  
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𝜋 (𝐾) 

Experiments Lattice QCD 



Semileptonic decays on the lattice: introduction 
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Semileptonic decays on the lattice: extrapolations 
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Semileptonic decays on the lattice : extrapolations 
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Model-independent parameterizations: 
𝑧-expansion (BCL, BGL, .. ) 𝑞2 = 0 
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Semileptonic decays on the lattice: errors 
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Physical world 

Finite volume effects 

Tuning: 𝒎𝒒, 𝒂 … 

What are the major sources of error?  

Statistical error 

Discretization effects 
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Current renormalization 
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(Lattice spacing) 



LQCD calculations for |𝑉𝑢𝑏|: recent progress 

 Disclaimer: the list is not meant to be inclusive. I am focusing on the publicized results.  

 

 

 

 

 

 

 

 

 

 

 

 

 

• (): work in progress 
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Results for |𝑉𝑢𝑏| 
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 From lattice semileptonic form factors (2008 and earlier) 



Results for |𝑉𝑢𝑏| (most recent development) 

 From lattice semileptonic form factors (2015) 
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𝐵 → 𝜋ℓ𝜈 



𝐵→𝜋ℓ𝜈  form factors 

 Vector current matrix element 

 

 

 

 

 

 

 

 

  Last published result is dated back to Fermilab/MILC 2008 

  Major source of error in |𝑉𝑢𝑏|:  ~8%  compared to ~3% from experiment! 
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Easier to extract on the lattice 



 Improvements with respect to FNAL/MILC 2008 

• Increased statistics:  > 3X number of configurations    

• Finer lattice spacing: 𝑎𝑚𝑖𝑛 = 0.09 fm → 0.045 fm  

• Smaller light quark masses: ( 𝑀𝜋=177~450 MeV)  

• Improved (non-perturb. and perturb.) renormalization factors  

• b-quark mass mistuning correction 

• Functional z-expansion for 𝑞2 extrapolation 

𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 
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    Data used in FNAL/MILC 2008 

   Data used in FNAL/MILC 2015 

Fermilab/MILC, 1503.07839 

Fermilab/MILC, 0811.3640 

Circle size proportional to config. number 



𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 

11 

 SU(2) Hard-pion HMs𝜒PT is used for the 𝝌PT/continuum extrapolation  

 

 

Fermilab/MILC, 1503.07839 



𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 
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 Full error budget 

 

Improvement over Fermilab/MILC 2008  
is about factor of 3 

Fermilab/MILC, 1503.07839 



𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 

 Functional BCL z-expansion is used for the kinematic extrapolation   

 

 

 

 

 

 Kinematic constraint 𝑓+ 0 = 𝑓0(0),  up to 𝑧3 ( actually 𝑧4, but it is not free) 
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𝑓0 

1 −
𝑞2

𝑀𝐵∗
𝑓+ 

( 𝑡0 is chosen to symmetrize the whole range) 

𝑡+ = 𝑀𝐵 + 𝑀𝜋
2 



𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 

14 

 Combined fit using lattice + experiments for |𝑉𝑢𝑏| 

• Experimental data are converted using combined-fit |V𝑢𝑏| 
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𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 

 Combined fit using lattice + experiments for |𝑉𝑢𝑏| 
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Fermilab/MILC, 1503.07839 



𝐵→𝜋ℓ𝜈 (Fermilab/MILC 2015) 

 Result 

 

 

• The error includes full uncertainties from both experiment and lattice  

• Lattice error is now comparable to the experimental error: looking at 𝑞2 = 20 𝐺𝑒𝑉2 

Experiment combined fit: 2.8% 

Lattice: 3.4% 

Total: 4.4%  ( same as the result from full-𝑞2 fit, 4.3%) 

• The fit has a small p-value,  𝑝 = 0.02, which is due to a tension among the 

experimental datasets.  
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𝐵→𝜋ℓ𝜈 (RBC/UKQCD 2015) 

 

 

 

 

 

 

 

 Simpler 𝜒PT formula with Domain-Wall fermions:  

 continuum-like NLO SU(2) 𝜒PT in hard-pion limit 
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RBC/UKQCD, 1501.05373 



𝐵→𝜋ℓ𝜈 (RBC/UKQCD 2015) 

 Error budget 
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RBC/UKQCD, 1501.05373 



𝐵→𝜋ℓ𝜈 (RBC/UKQCD 2015) 

 BCL z-expansion (up to 𝑧2) using 3+3 synthetic data points from 𝜒PT 

 Kinematic constraint 

 

 

 

 

 

 

 

 

 

 

 Result 

 

 

       estimated error breakdown: lattice 8.3%, experiment 2.8%  
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Lattice only Lattice+expt. 

RBC/UKQCD, 1501.05373 



𝐵→𝜋ℓ𝜈 (HPQCD recent results) 

 

 

 

 

 

 

 

 Improved valence action (HISQ) 

 BCL Modified z-expansion: 

𝑎 and 𝑚𝑞 dependence in 𝑧 

 Dominant error: current matching 

     Future improvement:  
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2013 

HPQCD, 1310.3207 

Matching done 
nonperturbatively 



𝐵→𝜋ℓ𝜈 (HPQCD recent progress) 

 Simulation at very high recoil using HISQ  

 Could reduce the error due to 𝑞2 extrapolation 
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kindly provided by C. Bouchard 



Comparison of lattice results (with full errors) 
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𝜒PT fit results 

𝑧 fit result 

Fermilab/MILC, 1503.07839 (“this work”) 



Ratio of 𝑓0
𝐵→𝜋/𝑓+

𝐵→𝜋 

  In the soft-pion limit, HQ symmetry gives 
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𝑂(1/𝑚𝑏
2) 

HPQCD, 1503.05764 

Burdman et al., hep-ph/9309212 

𝑔𝐵𝐵∗𝜋 = 0.45 ± 0.08 

Fermilab/MILC, 1503.07839 RBC/UKQCD, 1501.05373 



𝐵𝑠 → 𝐾ℓ𝜈 



𝐵𝑠 → 𝐾ℓ𝜈 (HPQCD 2014) 
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HPQCD, 1406.2279 



𝐵𝑠 → 𝐾ℓ𝜈 (HPQCD 2014) 

 Error budget 
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HPQCD, 1406.2279 



𝐵𝑠 → 𝐾ℓ𝜈 (HPQCD 2014)  

 Prediction of BR(𝐵𝑠 → 𝐾𝜇𝜈) 
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HPQCD, 1406.2279 



𝐵𝑠 → 𝐾ℓ𝜈 (RBC/UKQCD 2015) 

 Comparison of  𝑓+,0
𝐵𝑠→𝐾
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RBC/UKQCD, 1501.05373 



𝐵𝑠 → 𝐾ℓ𝜈 (RBC/UKQCD 2015) 

 SU(3) breaking effects 
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RBC/UKQCD, 1501.05373 



𝐵𝑠 → 𝐾ℓ𝜈 (other ongoing efforts)  

 Fermilab/MILC: ( Y. Liu et al., 1312.3194) 

•  Use a subset of the MILC asqtad ensembles 

 

 

 

 Alpha: (Bahr et al., 1411.3916) 
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1406.2279 

With 𝑓∥ 



Λ𝑏 → 𝑝ℓ𝜈 



 A new alternative method to determine |𝑉𝑢𝑏| 

 LHCb has just reported their results  

 Axial vector current form factors: probe to right-handed currents 

 

Λ𝑏 → 𝑝ℓ𝜈  
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𝑋 = 𝑝 

1504.01568 

Feldmann&Yip, 1111.1844   



Λ𝑏 → 𝑝ℓ𝜈 (Detmold et al. 2015) 

 Improves upon their earlier calculation Detmold, Lin, Meinel & Wingate, 1306.0446 

𝑏-quark action: static limit → RHQ (large error reduction) 

 

 

 

 

 

 

 

  The modification of 𝑏-quark action enables 𝑧 expansion: 

• Incorporates the 𝑎 and 𝑚𝑞 dependence in the fit (similar to HPQCD) 

• 𝑧 and poles are evaluated at the experimental values 

 
 

30 

Detmold et al., 1503.01421v2 



Λ𝑏 → 𝑝ℓ𝜈 (Detmold et al. 2015) 

 Error budget 
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1503.01421v2 



Λ𝑏 → 𝑝ℓ𝜈 (Detmold et al. 2015) 

 The partial rate  
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Includes systematic due to  
 

1306.0446 1503.01421v2 



Λ𝑏 → 𝑝ℓ𝜈 (LHCb 2015 + Detmold et al. 2015) 

 Determination of |𝑉𝑢𝑏| 

 

 

 

 

 

 

 

 Result:  

 

 

•  Comparable uncertainties from experiment and lattice 

•  Relies on the value of exclusive |𝑉𝑐𝑏| 
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Use excl. avg:  
39.5 ± 0.8 × 10−3 

LHCb 2015 
Form factors  
ratio (Lattice) 



Summary and outlook 

 Major updates from lattice-QCD on semileptonic form factors for |𝑉𝑢𝑏| 

•  Progress in 𝐵 → 𝜋ℓ𝜈, 𝐵𝑠 → 𝐾ℓ𝜈 and Λ𝑏 → 𝑝ℓ𝜈 decays 

•  For 𝐵 → 𝜋ℓ𝜈, the lattice error shrinks to 3.4%; now comparable to experiment 

•  The exclusive |𝑉𝑢𝑏| (from Fermilab/MILC 2015) is updated 3.72 ± 0.16 × 10−3 

•   𝐵𝑠 → 𝐾ℓ𝜈 is awaiting experimental measurements 

•  More lattice QCD calculations are coming!  
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Summary and outlook 

 

 Multiple lattice groups on the same quantities (averaging: LLV, FLAG)  

 Beyond simple quantities (vector meson decay channels)? 

 

 

 

 

 

 

 

 

*  Projection 2018: Snowmass 2013 Quars Flavor Working Group, 1311.1076  

** Belle II:  Phillip Urquijo,  CKM 2014 
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* 

** 



Thank You 



Backup slides: 

 Form factor shape from experiment: fit details 
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Backup slides:   

 Fermilab/MILC 2015 + experiments: fit details 
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Extrapolation in 𝑞2: functional z-expansion 

 The 𝑞2 extrapolation is another extrapolation in addition to the 

chiral/continuum extrapolation.  Match a new function form (better) to the 

old function form (insufficient). 

 The number of independent functions in the 𝜒PT extrapolated results 

determines the degrees of freedom of the fit (singular modes in the 

FNAL/MILC 2008) 

 Functional 𝑧-expansion:  

Covariance function  𝐾𝑓 𝑧, 𝑧′ = 〈 𝛿𝑓𝜒𝑃𝑇 𝑧  𝛿𝑓𝜒𝑃𝑇 𝑧′  〉 

Mercer’s Theorem:  

 

 

Minimizing “𝜒2” to find expansion coefficients  𝑏𝑛.  
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