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Introduction

Over the last few years:
Enormous refinement of Lattice Methods
This does NOT make non-lattice methods obsolete:

In many cases complementary information
Important for cross checks of lattice results

Vcb from exclusive decays:
B → D and B → D∗ at zero recoil (v = v ′)
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Kinematic variable for a heavy quark: Four Velovity v
Differential Rates

dΓ

dω
(B → D∗`ν̄`)=

G2
F

48π3 |Vcb|2m3
D∗(ω

2 − 1)1/2P(ω)(F(ω))2

dΓ

dω
(B → D`ν̄`)=

G2
F

48π3 |Vcb|2(mB + mD)2m3
D(ω2 − 1)3/2(G(ω))2

with ω = vv ′ and
P(ω): Calculable Phase space factor
F and G: Form Factors
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Normalization of the Form Factors is known at
vv ′ = 1: (both initial and final meson at rest)
Corrections can be calculated / estimated

F(ω) = ηQEDηA
[
1 + δ1/µ2 + · · ·

]
+ (ω − 1)ρ2 +O((ω − 1)2)

G(1) = ηQEDηV

[
1 +O

(
mB −mD

mB + mD

)]

Parameter of HQS breaking:
1
µ

=
1

mc
− 1

mb

ηA = 0.960± 0.007, ηV = 1.022± 0.004,
δ1/µ2 = −(8± 4)%, ηQED = 1.007
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B → D∗ from Zero Recoil Sum Rules

Start from (ε: Excitation Energy )

T (ε) =
1
3

∫
d4x ei (v ·x)[ε−(MB−MD∗ )]

〈B(P)|T
{

b̄v (x)γµγ5cv (x) c̄v (0)γµγ5bv (0)
}
|B(P)〉

compute the contour integral I0(µ) = − 1
2πi

∮
|ε|=µ

T (ε) dε

−2m
c

2m
b

0

ε
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Insert a complete set of states:

I0(εM) =
1
3

εn<εM∑
n

〈B(P)|b̄vγµγ5cv |n〉 〈n|c̄vγ
µγ5bv |B(P)〉

The lowest resonance state is the D∗

〈B(v)|b̄vγµγ5cv |D∗(v , ε)〉 = F(1) 2
√

MBMD∗ εµ

Hence

I0(εM) = |F(1)|2

+ inelastic contributions with ε > 0 ,non-negative!
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On the other side: Compute T (ε) in OPE
... and take this to compute I0

I0(εM) = ξpert(εM , µ)−∆1/m2(εM , µ)−∆1/m3(εM , µ) + · · ·

ξpert(εM , µ): Perturbative Contribution, computed in
Wilsonian Cut Off Scheme

ξpert(0,0) = ηA
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Perturbative Corrections

√
ξpert(0.75 GeV,0.75 GeV) = 0.98± 0.01
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Non-perturbative Corrections

∆1/m2 =
µ2

G

3m2
c

+
µ2
π − µ2

G

4

(
1

m2
c

+
1

m2
b

+
2

3mbmc

)
∆1/m3 =

3ρ3
D − ρ3

LS

12m3
c

+
ρ3

D + ρ3
LS

12mb

(
1

m2
c

+
3

m2
b

+
1

mbmc

)
∆1/m4,5 = known

Numerically:

∆1/m2 + ∆1/m3 = 0.102± 0.017
∆1/m4 ∼ −0.023 ∆1/m5 ∼ −0.013
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The Sum Rule

Combining everything

F(1) ≤ 0.925

Saturation of the sum rule means no inelastic
contributions
To obtain a value of F(1) one needs to estimate the
inelastic contribution
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Estimate of the Inelastic Contribution
Starting point: First Moment

I1(µ) = − 1
2πi

∮
|ε|=µ

εT (ε) dε

No contribution from the ground state ε = 0
Estimate of the inelastic contribution:

Iinel =
I1(εM)

ε̃
, ε̃ = average excitation energy

for moderate εM :
I1 is dominated by the lowest “radial” excitations, so

ε̃ ∼ 700 MeV

T. Mannel, Siegen University Non-Lattice Determinations of the B → D(∗) Form Factors



B → D∗ from Zero Recoil Sum Rules
The BPS Limit

B → D from BPS Limit
Zero Recoil Sum Rule for Λb → Λc

Compute I1 in OPE:

I1(ε) = −
ρ3
πG + ρ3

A

3m2
c
−

2ρ3
ππ + ρ3

πG

3mcmb

+
1
4

(ρ3
ππ + ρ3

πG + ρ3
S + ρ3

A)

(
1

m2
c

+
2

3mcmb
+

1
m2

b

)
+ · · ·

in terms of (′ means ground state removed)

4MBρ
3
ππ = i

∫
d4x 〈B|T [b̄(x)(iD⊥)2b(x) b̄(0)(iD⊥)2b(0)]|B〉′

4MBρ
3
πG = i

∫
d4x 〈B|T [b̄(x)(iD⊥)2b(x) b̄(0)(~σ · ~B(0))b(0)]|B〉′

4MB

(
1
3
δijδklρ

3
S +

1
6

(δikδjl − δilδjk )ρA

)
=

i
∫

d4x 〈B|T [b̄(x)σi Bk (x)b(x) b̄(0)σj Bl (0)b(0)]|B〉′

What do we know about the (non-local) matrix
elements?
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The BPS Limit (Uraltsev (2003)

Observation: Numerically we have µ2
π − µ2

G ≤ µ2
π

Consider a limit where µ2
π = µ2

G
Generalization: (... looks like the BPS relation known from string theory)

i /D⊥bv |B〉 = 0 , Dµ
⊥ = Dµ − vµ(v · D)

This implies

0 = 〈B|b̄v (i /D⊥)2bv |B〉 = 2MB(µ2
π − µ2

G)

... and also

ρ3
D = −ρ3

LS ρ3
πG = −2ρ3

ππ ρ3
πG + ρ3

A = −(ρ3
ππ + ρ3

S)

In the BPS limit: I1 = −
ρ3
πG + ρ3

A

3m2
c
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What else do we know?
Hyperfine Splitting of the Ground State Mesons:

MB∗ −MB =
2
3
µ2

G

mb
+
ρ3
πG + ρ3

A − ρ3
LS

3m2
b

+ · · ·

Constraints on µG and ρLS from
heavy quarks sum rules (Uraltsev)

ρ3
πG + ρ3

A ∼ 0.45 GeV3 Iinel(εM = 0.75) ∼ 0.45 GeV3

3mc ε̃

Numerically Iinel = 0.13± 0.04 (30% uncertainity
estimated)
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Remarks

Estimate of the continuum Dπ contribution
yields + (3 ... 5) %
Other estimates yield a similar value for Iinel

from this we obtain

F(1) ≤ 0.90 F(1) = 0.86± 0.04

this depends a bit on the value of µ2
π

This is lower than the lattice values!

T. Mannel, Siegen University Non-Lattice Determinations of the B → D(∗) Form Factors



B → D∗ from Zero Recoil Sum Rules
The BPS Limit

B → D from BPS Limit
Zero Recoil Sum Rule for Λb → Λc

B → D from BPS Limit

For the form factor G we have

G(w) = h+(w)− mB −mD

mB + mD
h−(w)

The presence of h−(w) was considered a problem for
a precise Vcb determination
In the BPS limit we have have to all orders in 1/m

MB = mb + Λ̄ MD = mc + Λ̄ MB −MD = mb −mc

With this and from the equation of motion

i∂µ(b̄γµc) = (mb −mc)(b̄c) =

we get h−(w) = 0
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Furthermore, in the BPS limit: h+(1) = 1 to all orders
in 1/m, hence

G(1) = ξV (µ) ∼ 1.03
ξV (µ) are QCD corrections to the vector current
Corrections to the BPS limit: Expansion in

β2 =
µ2
π − µ2

G

µ2
π

For the form factor:

G(1) = ξV (µ)+β2 µ
2
π

3ε̃

(
1

mc
− 1

mb

)
(MB −MD)

(MB + MD)
+O(1/m2

Q)

Numerically
G(1) = 1.04± 0.02
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Zero Recoil Sum Rule for Λb → Λc

Start from

T (ε) =
1
3

∫
d4x ei (v ·x)[ε−(MΛb−MΛc )]

〈Λb(P)|T
{

b̄v (x)γµγ5cv (x) c̄v (0)γµγ5bv (0)
}
|Λb(P)〉

and perform the same steps as for B → D∗
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Inserting a complete set of states:
Lowest state is Λc

Form factor definition: (T. Feldmann , M. Yip (2011))

〈Λc(v ′, s′)|c̄γ5γµb|Λb(v , s)〉 = ūΛc (v ′, s′)γ5

[
g0(w)(MΛb + MΛc )

qµ

q2

+g+(w)
MΛb −MΛc

s−

(
MΛb vµ + MΛc v ′µ − (M2

Λb
−M2

Λc
)

qµ

q2

)
+g⊥(w)

(
γµ −

2MΛc MΛb

s+
(vµ − v ′µ)

)]
uΛb (v , s)

Zero Recoil Sum Rule:

I0(εM) =
1
3
[
2|g⊥(1)|2 + |g+(1)|2

]
+ inelastic

= ξpert(εM , µ)−∆1/m2(εM , µ)−∆1/m3(εM , µ) + · · ·
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Perturbative Contribution as before:

ξpert(εM = µ = 0.75 GeV) = 0.970± 0.02

Nonperturbative Contributions

∆1/m2 =
µ2
π(Λb)

4

(
1

m2
c

+
1

m2
b

+
2

3mbmc

)
∆1/m3 =

ρ3
D(Λb)

4m3
c

+
ρ3

D(Λb)

12mb

(
1

m2
c

+
3

m2
b

+
1

mbmc

)
Note µG = ρLS = 0 and µ2

π(Λb) ∼ µ2
π(B)
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... or as an inequality
1
3
[
2|g⊥(1)|2 + |g+(1)|2

]
≤ ξpert(εM , µ)−∆1/m2(εM , µ)−∆1/m3(εM , µ)+· · ·

Numerically we have (Preliminary)

1
3
[
2|g⊥(1)|2 + |g+(1)|2

]
≤ 0.86

... to be compared to the lattice number
(W. Detmold, C. Lehner, S. Meinel (2015))

1
3
[
2|g⊥(1)|2 + |g+(1)|2

]
= 0.824± 0.020
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Outlook

There is a persisting tension between the lattice
determinations of the form factors and the ones form
“continuum methods”
→ further scrutiny needed: “Hyperfine constraint”
This seems also to be the case for the Λb → Λc form
factors.
Inclusive Vcb may give a hint,
... or there is new physics? (see Vub)
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