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AND MOTIVATION a very small scale cannot be distinguished from the one at a
large scale. It is also a clear indication that ordinary geometric
concepts can break down in string theory at the string scale.

@ In the simplest case of circular compactifications, T-duality is
encoded, for bosonic closed strings, in the simultaneous
transformations R <> o//R and p, <> w?/a’ under which
X? = X7 + X3 < X, = X7 — X2, with w? playing the role of
momentum mode for )~(a. These transformations leave the mass
spectrum invariant.

o In toroidal compactifications (with constant backgrounds G,,,,
and B,,,) T-duality is described by O(D, D;Z) transformations.
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O(D,D) DUALITY IN STRING THEORY

o Already on the classical level the indefinite orthogonal group
O(D, D;R) appears naturally in the Hamiltonian description of
the usual bosonic string model.

R e With * the Hodge operator with respect to h = diag(—1, 1), the
AND MOTIVATION aCtIOn |S

S[X;G,B] = g / [Gap(X)dX? A %dX® 4 Bop(X)dX? A dX®]
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o Already on the classical level the indefinite orthogonal group
O(D, D;R) appears naturally in the Hamiltonian description of
the usual bosonic string model.

TRERETTER e With * the Hodge operator with respect to h = diag(—1, 1), the
AND MOTIVATION aCtIOn |S

S[X;G,B] = g / [Gap(X)dX? A %dX® 4 Bop(X)dX? A dX®]

@ Varying S with respect to X? yields the equation of motion:
1
d * dX? 4 T2, dXP A xdX© = EG"””Hmbch" A dX© (1)

with H = dB and %, = %Ga’”(amec + 0:Gmp — OmGpe) the
coefficients of the Levi Civita connection.
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et @ The dynamics of the theory is determined by the equations of
motion for the coordinates X? accompanied with the constraints
(in the conformal gauge):

Gap(X?XP + X2X'P) =0 G X2 X" = 0. (2)
INTRODUCTION

05 DBINESIER These derive from the vanishing of the energy-momentum
tensor T,z = 0, i.e. from the equation of motion for a general
world-sheet metric h.

@ The Hamiltonian density can be determined from the Lagrangian
density by performing a Legendre transformation with respect to
the canonical momentum

Py = aXa = gow (_Gabxb + BabX'b) and X°.

e By virtue of the constraint G,,X?X’> = 0, the Hamiltonian
density can also result from a Legendre transformation with
respect to the canonical winding

W, = 55 = 2 (GabX™ = BopX®) and X",

27ra’

6/44



O(D,D) INVARIANCE OF THE STRING

HAMILTONIAN DENSITY

@ The Hamiltonian density can be written equivalently as:

1 X \' 0 X
Fruco H = Y ( 2ra’ P > M(G’B)< 2ma’ P )
e 1 o-X \' a- X
.]Alll\‘l\[('l'l'l\.Xl'll')l\ - _471—@/ ( 727TO/W ) M(G7 B) ( 271’0/W )

where the generalised metric is introduced:

1 1
M(G,B)—(G_GB_G B BG )

o Defining the generalised vectors Ap(X) and AW(
TM & T*M with components

w0 = (0 ) A= (00, )

one can see that the Hamiltonian density is proportional to the
squared length of Ap and Ay, as measured by the generalised
metric M.
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CONSTRAINTS AND (GENERALISED VECTORS

@ In terms of the generalised vector Ap the constraints, i.e. the
components of the energy-momentum tensor can be rewritten
as:

S1GMA MODEL

: ALMAp =0 ALQAp = 0. (4)

INTRODUCTION
AND MOTIVATION

The first constraint sets the Hamiltonian density to zero, hence

the second constraint completely determines the dynamics and it
. . . . 1 .

is rewritten in terms of the matrix Q = < 2 0 ) i.e. the
invariant metric of the group O(D, D) defined by the D x D
matrices T satisfying the condition T*QT = €. In particular the
generalised metric is an element of O(D, D).

o All the admissible generalised vectors satisfying the constraints
are related by O(D, D) transformations, which implies a
simultaneous inverse transformation of the generalised metric.
This, in turn, leaves the Hamiltonian density and the

energy-momentum tensor invariant.
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O(D, D; R) IN THE PRESENCE OF CONSTANT

BACKGROUNDS

@ In the presence of constant backgrounds (G, B), the equations
of motion for the string coordinates are a set of conservation
laws on the world-sheet:

Dad® =0 = JO = Gap0aXP + P BLposX® (5)
R o Locally, one can express such currents as:
GapOu X2 + €*P B,y = —6“685)?3 — dual coordinates

in terms of which the action S can be rewritten as:
T [~ & - - - -
SIX;G,B] = 5 / [Ga,,dxa A xdXP + Boy(X)dX? A dXP

with G = G — BG !B and B=-GB™'G. )
@ The equations of motion for the coordinates y = (X, X) can be
combined into a single equation O(D, D)-invariant:

Mdsx = Qeapd®x (6)
@ For B =0, the equations of motion become the duality

conditions: 9, X? = —€,30° X2,
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o(D, D;R) — O(D, D; Z)

or T o If the closed string coordinates are defined on a compact target

SiGMA MoDEL, manifold, the dual coordinates will satifisfy the same periodicity

o conditions and then T-duality maps two theories of the same
type into one another — exact symmetry.

INTRODUCTION

AND MOTIVATION o For closed strings, toroidal compactification means:
d

X(o,m) = X(0 +m 1)+ 277 7= wRief (7)
i=1

with w; being the winding numbers and e vector basis on Td.

@ In the compact space O(D, D;R) — O(D, D;Z). The latter
becomes the T-duality group of the toroidal compactification.
For closed strings on compactified dimensions, this group
becomes a symmetry not only of the mass spectrum and the
vacuum partition function but also of the scattering amplitudes.
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T-DUAL INVARIANT BOSONIC STRING
FORMULATION

o @ The presence of the O(D, D) symmetry suggests to extend the
oo standard formulation of String Theory, based on the Polyakov
AND MOTIVATION action, by introducing this symmetry at the level of the
world-sheet sigma-model. It would be interesting, therefore,
looking for a manifestly O(D, D)-dual invariant formulation of
the string theory.

@ The introduction of both the coordinates X? and the dual ones
X, is required. Such formulation is based on a doubling of the
string coordinates in the target space.
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DOUBLING COORDINATES: MOTIVATION

CLASSICAL AND

@ The main goal of this new action would be to explore more
closely aspects of stringy geometry and, in particular, of string
gravity. In fact, if interested in writing down the complete
effective field theory of such generalised sigma-model, one

INTRODUGTION should consider, correspondingly to the introduction of X? and

AP HOTATION X,, a dependence of the fields associated with string states on

such coordinates. In this way, double string effective field theory

becomes a double field theory.
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DoUBLING COORDINATES: MOTIVATION

@ The main goal of this new action would be to explore more

closely aspects of stringy geometry and, in particular, of string

: gravity. In fact, if interested in writing down the complete

P effective field theory of such generalised sigma-model, one
INTRODUGTION should consider, correspondingly to the introduction of X? and
AP HOTATION X,, a dependence of the fields associated with string states on
such coordinates. In this way, double string effective field theory
becomes a double field theory.

@ What the well-known effective gravitational action of a closed
string
S = [dXVGe 2 [R+4(0¢)? — L HyppHHP]
becomes when G, B and ¢ are dependent on X2 and X,? Which

symmetries and what properties would it have? This could shed
light on aspects of string gravity unexplored thus far.

@ How the string theory would look like when the T-duality is
manifested in the sigma-model Lagrangian density?
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HODGE-DUALITY SYMMETRY FOR 2D SCALAR

FIELDS

@ The usual Lagrangian of a 2D scalar field ¢
£ = —40.00°0 = b 0,920 = 1~ 30"

can be rewritten in a manifestly invariant form under ¢ < b, its
Hodge dual defined by 0,0 = —c,307¢ (2 = 1).
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HODGE-DUALITY SYMMETRY FOR 2D SCALAR

FIELDS

@ The usual Lagrangian of a 2D scalar field ¢
£ = ~30060°0 = 100006 = 16 — 162
can be rewritten in a manifestly invariant form under ¢ < @, its
Hodge dual defined by 9,6 = —¢,30°¢ (¢?* = 1).

@ Two steps are necessary.

@ The first consists in rewriting £ in a first order form, after
introducing an auxiliary field p whose equation of motion
reproduces p = (b

o The second consists in trading p for the new field ¢ defined
through p = ¢'. It is easy to see that this procedure leads to the
following symmetric Lagrangian:

Loym = % [Wﬂf N (g/z]

@ The manifest Lorentz invariance has disappeared, but it holds
on-shell.
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FREE SCALARS FIELDS IN 2D - EQUATIONS OF

MOTION

@ The equations of motion for ¢ and ¢ result to be respectively:

0, [8,,(;5 - (9T<5} -0 : B, [a[,(/") - aT¢] —0
Osp — 0,0 =F(1) : 0,0 —0-¢=F(r) (8)
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@@m-@ﬂ:o; @pﬁ—@ﬂzo

0o — 0-p = () ; Oop—0rp = F(7) (8)
@ Hence, they can be rewritten as first-order equations:
Dep— 07 =0
0o — - =0

by invoking another symmetry of L, i.e. the one under a shift:
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FREE SCALARS FIELDS IN 2D - EQUATIONS OF

MOTION

CLASSICAL AND

@ The equations of motion for ¢ and ¢ result to be respectively:

@@m-@ﬂ:o; @pﬁ—@ﬂzo

0o — 0-p = () ; Oop—0rp = F(7) (8)
@ Hence, they can be rewritten as first-order equations:
Dep— 07 =0
0o — - =0

by invoking another symmetry of L, i.e. the one under a shift:

¢— ¢ +g(r)
o —o+g()
@ The equations of motion reproduce on-shell the duality
conditions, after gauging away f(7) and (7).

14/ 44



FLOREANINI-JACKIW LAGRANGIANS FOR

CHIRAL FIELDS

CLASSICAL AND

@ The symmetric Lagrangian Ls,, can be diagonalized by
introducing a pair of scalar fields ¢ and ¢_ defined by:

GMA I\In[EL
FRANCO - 1
‘ + = (py— o 9
\f(m ¢-) ¢ 2(¢+ ¢-) 9)
I in terms of which it becomes the sum of two Floreanini-Jackiw
METRIC Lagrangians, the one associate with ¢ and the other with ¢_:
Esym = £+(¢+) =+ E—(¢—) (10)
with
1. . 1.,
Li(p+) = 150401 — 50 (11)
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FLOREANINI-JACKIW LAGRANGIANS FOR

CHIRAL FIELDS

CLASSICAL AND

@ The symmetric Lagrangian Ls,, can be diagonalized by
introducing a pair of scalar fields ¢ and ¢_ defined by:

GMA I\In[EL

B - 1

. + ; = — o 9
\f(mw d= (0 0-) (9)

Honer DAL in terms of which it becomes the sum of two Floreanini-Jackiw

MMBTRIC Lagrangians, the one associate with ¢, and the other with ¢_:
Loym = Ly(dy) +L(¢-) (10)

with
1. 1.,

Li(px) = 50104 — 50 (11)

o It is only on-shell that ¢ become functions of o &+ 7:
b =¢, b =—¢_ (12)

15/ 44



SYMMETRIES

i e Lgm is invariant under space-time translations acting as (the
DOUBLE

Siama MopeL constant parameters of the transformations are omitted):
E

S0=6¢ ; bsp=0¢ (13)

and under moditfied global Lorentz transformations:

S1p=7¢ +0d ; Sp=1¢ +o¢

that on-shell become the usual two-dimensional Lorentz
rotations:

Sip=7¢'+0¢ ; 0p=1¢ +0d
@ The Lorentz invariance is recovered on-shell.
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CHIRAL AND NON-CHIRAL BASIS

@ The free Lagrangians considered here can be rewritten, in both
cases, as:

Lo == (Cjoo® 0P + Mo d'0,9/) . (14)

N~

In the chiral basis ®' = (¢;,¢_) (i = 1,2)

in the non-chiral basis &' = (¢, $)

_~_ (01 (-1 0
C:Q—(l())andl\/l—(o _1)
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CHIRAL AND NON-CHIRAL BASIS

@ The free Lagrangians considered here can be rewritten, in both
cases, as:

Lo == (Cjoo® 0P + Mo d'0,9/) . (14)

N~

In the chiral basis ®' = (¢;,¢_) (i = 1,2)

in the non-chiral basis &' = (¢, $)

_~_ (01 (-1 0
C:Q—(l())andl\/l—(o _1)
e C and M, will become respectively, in the string case, the

O(D, D) invariant metric and the generalised metric.
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TWO-DIMENSIONAL SCALAR FIELDS ON
CURVED SPACE

o In order to couple Ly, or the two FJ Lagrangians for chiral
scalar fields, to the external 2-bein e?, one is to replace 9, — ef
and to multiply by e = dete? :

1 ~ ~
Lom = 5e|e5e/0:00md + ef e 020055

_eféefaad)aﬁqﬁ - eféelﬁaag)aﬁqz

o After eliminating gg through its equation of motion, one returns
to the usual scalar Lagrangian:

L= %enabeaaefaaqﬁagqﬁ (15)
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GENERAL STRING SIGMA-MODEL

o General string “sigma model”:

T r - S
S = ) / d’ce [CiVox'Vix! + MyVix'Viy] (16)

e e?, — zweibein defined on the string world-sheet.
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o General string “sigma model”:

T r o o
S = -5 / d’ce [C,-J-Vox’lej + M;jle’lef] (16)

e e?, — zweibein defined on the string world-sheet.
o Cj = Cjiand M = Mj; Vox' = €20, X', the functions X' the
string coordinates in an N-dimensional Riemannian target space.
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GENERAL STRING SIGMA-MODEL

: o General string “sigma model”:
DoveL
SIGMA MODEL T : 2 i J i J
Frasco S = 75 doe [CUVOX Vix! + M,‘jle Vix ] (16)
e e?, — zweibein defined on the string world-sheet.
o Cj = Cjiand M = Mj; Vox' = €20, X', the functions X' the
string coordinates in an N-dimensional Riemannian target space.

Symmetries
@ Invariance under diffeomorphisms:
o® = d'*(o)
@ Invariance under Weyl transformations:
e’y = Mo)e',

© Request of invariance under local Lorentz transformations:
e’ — €2, = N, (0)e”, where A% is an arbitrary Lorentz matrix

S0(1,1).
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REQUIRING LOCAL LORENTZ INVARIANCE

CLASSICAL AND

@ The action S is not manifestly invariant under the group
50(1,1) of local Lorentz transformations:

de?, = a(a)eab(o)eba 17

but such invariance has to hold since physical observables are
independent on the choice of the vielbein. Hence, the theory is
required to be locally Lorentz invariant on shell.

DOUBLE

MobEL (
STRINGS)
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REQUIRING LOCAL LORENTZ INVARIANCE

CLASSICAL AND

QuANTOM @ The action S is not manifestly invariant under the group
50(1,1) of local Lorentz transformations:

de?, = a(a)eab(o)eba 17

but such invariance has to hold since physical observables are
independent on the choice of the vielbein. Hence, the theory is
required to be locally Lorentz invariant on shell.

@ Since the variation of S under an infinitesimal local Lorentz

DOUBLE .
Mo ( transformation results to be:
STRINGS)
0S e
a a b
e’ =alo)=ze",t
5eaa « ( )2 bta

the above requirement implies:

Pty =0 tb=-== (18)
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A MoDEL @ The Weyl invariance implies:
nabtab =0.

DouBLE
MODEL
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ING DOUBLE

A MODEL @ The Weyl invariance implies:
nabtab =0.

@ The equations of motion for e?, give t,, = 0 providing
constraints that have to imposed at classical and quantum
levels, analogously to what happens in the ordinary formulation
with Tog = —%ﬁégfﬁ = 0. Hence, on the solutions of these
equations the local Lorentz invariance holds.
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ING DOUBLE
sMA MODEL

@ The Weyl invariance implies:

nabtab =0.

@ The equations of motion for e?, give t,, = 0 providing
constraints that have to imposed at classical and quantum
levels, analogously to what happens in the ordinary formulation
with Tog = —%ﬁégfﬁ = 0. Hence, on the solutions of these
equations the local Lorentz invariance holds.

o Local symmetries (Reparametrization + Weyl + Local Lorentz
inv.) allow to fix the flat gauge

a __ a
el =56,
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CONSTRAINTS AND EQUATIONS OF MOTION

CLASSICAL AND

e The constraint €2°t,, = 0 can be rewritten in the following way:
I

[C,‘jaoXj + M,-jalxj] (Cil)ik [Ck,()ox’ + Mk,()lx’)]
+ [C — MC_IM]U81Xi 81Xj =0. (19)
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e Equations of motion for x':
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CONSTRAINTS AND EQUATIONS OF MOTION

e The constraint €2°t,, = 0 can be rewritten in the following way:

[C,‘jaoXj + M,-jalxj] (Cil)ik [Ck,()ox’ + Mk,()lx’)]
+ [C — MC_IM]U81Xi 81Xj =0. (19)

e Equations of motion for x':
01 [C,‘jaoxj + l\/l,-jale] — rl,-kC/jaoXj81Xk
—3(0iM)d1x 91 < = 0

@ Boundary conditions:

O=T

[(3Ci0ox! + Myorxd)]" ) =0
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CONSTANT BACKGROUNDS

e When C and M are constant, the equations of motion for '
drastically simplifies into:

Oh [C,‘j(r)oxj + /\/I,-jc?le] =0.
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CONSTANT BACKGROUNDS

e When C and M are constant, the equations of motion for '
drastically simplifies into:

Oh [C,‘j(r)oxj + /\/I,-jc?le] =0.
@ The further local gauge invariance of the action under shifts as:
5x' = fi(r,0) with Vif =0 (20)

allows to rewrite the equation of motion for x' as:

DOUBLE SIGM!

P C,'jaoxj + M,-jale =0 (21)

with boundary conditions dictated by the vanishing of the
surface integral:

1 P
. / dr Gy [00x/x] [9Z5 = 0 (22)

describing both open strings with Dirichlet boundary conditions
and closed strings.
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EMERGING ouT OF O(D, D)

@ This causes the constraint on the e-trace to become:
[C - MC_IM]U 81)(" 81Xj =0
implying the restriction on C and M: C = MCM.

o After rotating and rescaling x/, C can always be put in the diagonal
form:

DOUBLE SIGM: C = (17 717_1a"' 7_1)

MobEL (

STRINGS)

with N, eigenvalues 1 and N_ eigenvalues —1 and N = N + N_.
So the action can be interpreted as describing N, chiral and N_
antichiral scalars interacting via the bilinear term

(M +6;)V1ix'V1x’ and the absence of a quantum Lorentz anomaly
requires N, = N_ =D = g Hence, N = 2D.

o C becomes the O(D, D) invariant metric while C = MCM implies
that M is an O(D, D) element.
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NON-CHIRAL COORDINATES

o It is possible to make a change of coordinates in the 2D-dimensional
target space according to the definition:

SIGMA l\lm»rl

Xt= (Xt+ X" X,=6,

L 5 (X2 = x2)
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NON-CHIRAL COORDINATES
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NON-CHIRAL COORDINATES

o It is possible to make a change of coordinates in the 2D-dimensional
target space according to the definition:

o — 1 4 Ly — 1 v v
X! :—Q(X’++Xi) Xy =05 (XY = XY)
o It makes the matrix C become off-diagonal:

0, I¥
CGi=- ; Q= ( ]IZ,, Oﬁy )
with (Q); = (Q_l)ij.

@ The expression for M results to be:

_ (G—BG™!B),, (BG_l)M’“
= (e eyt )

being M parametrized by D?.
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O(D, D) INVARIANCE

‘ @ The sigma-model action can be expressed, in the non-chiral basis, as:

- o o
S=-+ / d?o [Qyox 01! — Morx'01X’] -

e It is invariant under the combined O(D, D) transformations of x' and
the matrix of the couplings parameters in M:

X =Rx ; M=R""MR™'; RIQR=Q ; Re O(D,D).

e The O(D, D) invariant metric Q is itself an element of O(D, D).
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RECOVERING THE FAMILIAR T-DUALITY

INVARIANCE

@ Define the duality transformation R = Q under which X*# — )NQL.
The action, expressed in terms of X* and X, after this
transformation, becomes:

T . .
S=—5 / d2o [aoxualxﬂ + X1 O1X,
—(G =BG 'B) o1 X1 X" — (BG 1) YO X Ou X,
+(GLBYL X, XY — (G*l)“”c‘)lf(“al)"(l,}

and exhibits what in string theory is the familiar T-duality invariance,
in presence of backgrounds, i.e. X <+ X together with a
transformation of the generalised metric given by M’ = M~1, i.e.

G+ (G-BG'B)!
BG '+ —G'B

27 /44



CORRESPONDENCE WITH THE STANDARD

FORMULATION IN CONSTANT BACKGROUNDS

@ In order to understand the relation to the standard formulation, one
can integrate over 5(# by eliminating it through the use of the
equations of motion. In the case of G, B constant one gets the
standard sigma-model action:

S[X] = 7§ / d?o(VGG™ + ¢™)(G + B OmX 9, X"

which describes the toroidal compactification under proper
periodicity conditions on X. If, instead, one eliminates X from its
equation of motion one obtains the dual model for X:

~ T B }
S[X] = _E /dQU(\/EGmn + em")(G + B)—llulamxpanxy

e The action S[X, X] is therefore a first-order action which interpolates
between S[X] and S[X] and is manifestly duality symmetric.
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FREE CLOSED DOUBLED STRINGS

o From the above formulation it is easy to derive the free action for
doubled strings. This corresponds to the case in which:

01 G 0
C——<1 O)andM—(O Gl) (23)
with G, being the flat metric in the target space. One gets:
So = S[X" €]+ S[Xy,e]
1

— / d*ce [voxwlxﬂ + Vo X1V X,

DUALITY 4/

SYMMETRIC

STRINGS e —GMVV1XMV1XU - CN;“VV1)N<HV1)N<V:|
= S[XE e] + S[XE, €] (24)

with G = G:l*“’, Va,=1¢€,"0, and p=1,---,D. This is invariant
under X* <+ X, together with G, <+ G*V.
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INSERTING VERTEX OPERATORS

F THE

Bl o The free action Sp still describes D and not 2D scalar degrees of
B freedom (only the zero mode of X and X are independent on-shell).

DuALITy

SYMMETRIC
FRrEE Ci 2
S
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INSERTING VERTEX OPERATORS

CLASSICAL AND
QUANTUM

@ The free action Sp still describes D and not 2D scalar degrees of
freedom (only the zero mode of X and X are independent on-shell).

@ Sp can be perturbated by S;[X, )N(] with the insertion of vertex
operators involving both X and X. If S;pe does not depend on X one
can integrate X out in the path integral of the theory and reproduce
the usual results of the standard formulation.
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can integrate X out in the path integral of the theory and reproduce
the usual results of the standard formulation.

@ Assuming that strings are compactified on a circle of radius R, one
should expect that: at large scales R >> v/a/ the relevant
interactions are S;,:(X) ; at intermediate scales R = v/’ the relevant
interactions involve both X and X while at R << /&' the relevant
interactions are Sy:(X).
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S1GMA MODEL

DuALITy

@ The free action Sy still describes D and not 2D scalar degrees of

INSERTING VERTEX OPERATORS

freedom (only the zero mode of X and X are independent on-shell).

@ Sp can be perturbated by S;[X, )N(] with the insertion of vertex

operators involving both X and X. If S;pe does not depend on X one
can integrate X out in the path integral of the theory and reproduce
the usual results of the standard formulation.

@ Assuming that strings are compactified on a circle of radius R, one

should expect that: at large scales R >> v/a/ the relevant
interactions are S;,:(X) ; at intermediate scales R = v/’ the relevant
interactions involve both X and X while at R << v/’ the relevant
interactions are Sy:(X).

@ The duality symmetric formulation may be considered as a natural

generalization of the standard one at the string scale.
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EQUIVALENCE BETWEEN NON-COVARIANT AND

COVARIANT ACTIONS

@ The action
T

S=-= / d?o [Ciidox' O1x! + Moy 01X’ (25)

is candidate to describe, with C and M constant, bosonic closed
strings in a background and compactified on a torus T2. It exhibits a
manifest T-duality invariance O(D, D) with the fields x' interpreted
as string coordinates on the double torus T2P.

DUALITY

SYMMETRIC

o
STRINGS
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EQUIVALENCE BETWEEN NON-COVARIANT AND

COVARIANT ACTIONS

@ The action
T . . S
S= —E/d% [Ciox' DX + Mdr1x'd1X’] (25)
is candidate to describe, with C and M constant, bosonic closed
strings in a background and compactified on a torus T2. It exhibits a
manifest T-duality invariance O(D, D) with the fields x' interpreted

as string coordinates on the double torus T2P.

@ It can be shown to be equivalent to the following covariant action
(Hull, 2005):

DuALITy

SYMMETRIC

T . )
S=-+ / d?00% X Mjj0a X’ (26)

)SE
STRINGS

with the self-duality relation imposed in order to halve the degrees of
freedom from 2D to D (also Duff, 1987):

OaX' = €apn? Mu(0°x*) (27)

equivalent to the condition e,,t?? = 0.
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NON-CONSTANT BACKGROUNDS

e Aim: to introduce interactions and understand if the local Lorentz
constraint still holds under the form C = MCM in case of
non-constant backgrounds.

S1GMA MODEL

C constant and M only X-dependent (or only X-dependent).

e @ In the case in which C = Q and M only X-dependent, in deriving the
equations of motion for X# and X,, one has to keep in consideration
the contribution coming from the term

5 (0 M )01 X D1 k.
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@ The equations of motion for X* and )N<u respectively become:

O [~06X, + (G ~ BG T B)uwduX” + (BG ), 01X, | =

SOX [0,(G — BGB),,ouX" +9,(BG ) 01K,

and

DUALITY

SYMMETRIC

STRINGS a1 [_80)(” + (_G_lB)Nyalxy + (G_l)‘wal)?,,} -
1 v 3 — v 3 —1\v v
50K, [aﬂ(—c; LB uXP + (G Palxp} ~0

where 9" denotes the derivative with respect to )N(H.
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@ Also in this case, one can use the invariance of the equation of
motion for X, under shifts for putting:

—0pX* 4+ (=GB 91 XY + (G H* 9 X, = 0. (28)

DuALITy
SYMMETRIC
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@ Also in this case, one can use the invariance of the equation of
motion for X, under shifts for putting:

—0pX* 4+ (=GB 91 XY + (G H* 9 X, = 0. (28)

o When this expression is substituted in the condition €,,t?® = 0, that
is valid for any kind of backgrounds:

[C,'jao)(j + M,'jalxj] (Cil)ik [Ck/aoxl + Mk/alxl)]
+[C—MCTIM] 01X a1 = 0. (29)

DuALITy

one can easily see that the off-diagonal structure of C makes the first
term vanish and so one gets again the condition C = MCM
characterizing the O(D, D) invariance.
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FURTHER OSSERVATION ON C = {2 AND

@ In the case of C = Q, M = M(X) the constraint C = MCM is still
valid and the expression for M keeps on being:

_((G=BG'B)., (BG)Y
v~ (e )

but now with X-dependent G and B.

o Starting from S(X*, X,,) and eliminating X, through the equation of
motion, one can get the usual sigma-model action for X*#:

T
SIX1= -+ / d’o (vgg™ + €) (G + B)0.X"9pX"  (30)

DuALITy

SYMMETRIC

e that corresponds to the usual formulation of the world sheet of the
string in arbitrary background (G + B).

o If X* is eliminated, then one gets the dual sigma model for )N(#:

S[X] = —g / d?o (\/gg™ +€®) (G + B) 9, X", X"  (31)
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C AND M BOTH NON-CONSTANT

pousie [l SECOND CASE:

S1GMA MODEL

Frasco C and M both depending only on X (or X).

@ In this case one has to consider, in the equation of motion for X ,
also the contribution coming from

— I",k C,jaoxfé‘l Xk

DuALITy

SYMMETRIC
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@ In this case one has to consider, in the equation of motion for X ,
also the contribution coming from

—I",k C,J-aoxf&‘lx“
DuatiTY @ When rewritten explicitly, this quantity vanishes when the index runs

over the ones of )N(M and therefore it does not give any contribution to
the equation of motion of this coordinate.
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C AND M BOTH NON-CONSTANT

CLASSICAL AND

SECOND CASE:
C and M both depending only on X (or X).

@ In this case one has to consider, in the equation of motion for X ,
also the contribution coming from

—I",k C,J-aoxf&‘lx“

DuaLTy @ When rewritten explicitly, this quantity vanishes when the index runs
over the ones of X, and therefore it does not give any contribution to
the equation of motion of this coordinate.

@ One can conclude that the condition C = MCM still holds under the
hypothesis that C and/or M are dependent only on X (or only on X).
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C AND M BOTH X, X-DEPENDENT

both C and M depending on the coordinates x'. l

\/a/

re

@ One can think to introduce a small parameter ¢ =
C and M up to the second order according to:

C=C+eC +€eC
M= My+eM; + 62/\/,2 (32)

and to expand

e By linearizing the condition €,,t?* = 0 and the equations of motion
D for the coordinates, one gets, at the order e:

SYMMETRIC
Fr DSED

: A 1 ; )

STRINGS (Eabt b)on—shell = —§QU81X alxj + 0(6)

Q= Ci— (Cy *Mo)*My — My(Cy " M)
+( Gyt Mo) G ( Gy M)

Hence, the linearized condition on Gy and My is @ = 0.
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DuALITy

This condition can be actually derived by linearizing the condition
C = MCM. So at this order the O(D, D) condition keeps on holding,
being the first term in the expression of the e-trace order €:

[C,‘jaoxj + M,-j61Xj] (C_l)ik [Ck/aoXI + Mk/alxl)]
+[Cc— MC‘IM]UOlX’ o1 = 0. (33)

This means that the latter plays a role going to the order €2 and the
contribution coming from it adds to the one coming from the term
proportional to C — MCM. Starting from this order, it seems that the
O(D, D) invariance does not hold anymore or one can ask if the
deformation is compatible with O(D, D) (discussions with Olaf Hohm
and Hai Lin). This is the case that seems to reproduce the
o/-corrections found in double field theory (Hohm and Zwiebach,
2014)
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CONSTRAINTS OF THE FJ LAGRANGIAN

@ The quantization of the action in the flat gauge and for constant
IRING DoUBL backgrounds corresponds to the quantization of the Floreanini-Jackiw
- Lagrangians.

QUANTIZATION
OF THE DOUBLE
STRING MODEL
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CONSTRAINTS OF THE FJ LAGRANGIAN

CLASSICAL AND

@ The quantization of the action in the flat gauge and for constant

backgrounds corresponds to the quantization of the Floreanini-Jackiw
Lagrangians.

o In the case of a discrete number of degrees of freedom g’ with
i=1,---, N it looks like:

1. .
L= Eq’c,-jif — V(q) with detc; # 0.
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CONSTRAINTS OF THE FJ LAGRANGIAN

@ The quantization of the action in the flat gauge and for constant
backgrounds corresponds to the quantization of the Floreanini-Jackiw
Lagrangians.

o In the case of a discrete number of degrees of freedom g’ with
i=1,---, N it looks like:

1. .
L= Eq’c,-jif — V(q) with detc; # 0.

o It is first-order and is characterized by N primary second-class
constraints:

1 i
QUANTIZATION 7—] = pj — 7q Cij (34)

OF THE DOUBLE 2
STRING MODEL

with
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QUANTIZATION OF THE FJ LAGRANGIANS

@ In order to quantize the theory, the Dirac quantization method has to
be applied with the corresponding brackets:

{f.gtpg =1{f Titpe c(~Hk {T«.8}pg
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QUANTIZATION OF THE FJ LAGRANGIANS

@ In order to quantize the theory, the Dirac quantization method has to
be applied with the corresponding brackets:

{f.gtpg =1{f Titpe c(~Hk {T«.8}pg

e According to the usual transition rule i {f, g}z — {f, g} from the
classical to the quantum theory, the following commutators are
obtained:

1 1

QUANTIZATION _ -1 — [ . — I,

o lgis qj] =1c; [qi,Pj] = Sidj ; [Pth] = —7ICjj

OF THE DOUBLE 2 4
STRING MODEL
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QUANTIZATION OF THE DOUBLE SIGMA

MODEL - NON COMMUTATIVITY

@ When translated to the string case, one gets, among the others, a
non-commutativity relation between X* and X,:

I

‘ i

[X(T, 0).X(r.0")| = ZIe(o — ) (35)

with e(0) = 3 [0(c) — 6(—0)].

@ The Dirac quantization method implies that X* and )~(# behave like
non-commuting phase space type coordinates, but it can be shown
that their expressions in terms of Fourier modes generate the usual
oscillator algebra of the standard formulation (De Angelis, Gionti,
Marotta, FP - 2014).
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CONCLUSION

ING DOUBLE
sMA MODEL

e An O(D, D) manifest formulation has been analyzed, providing a
generalization of the standard formulation at the string scale. It is
based on the Floreanini-Jackiw Lagrangians for chiral and antichiral
scalar fields.
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THE END

Thank you for your attention.
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