[IB Supergravity and the
E6(6) covariant
vector-tensor hierarchy
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The question whether the duality invariances of the low-
dimensional maximal supergravities are already reflected in
the higher-dimensional theories, is an old one.

Thirty years ago it was shown in the case of 77D dimensional
supergravity and its 4D descendant that one can rewrite the
former in a 4D perspective

. In that case the higher-dimensional

theory indeed shows a pattern that is consistent with E7 (7).
dW, Nicolai, 1984

In supergravity and string theory it is relevant to compare
theories living in space-times of different dimensions. Hence
it is important to know whether solutions can be ‘uplifted’ and
whether truncations can be consistent.

Here | intend to return to the original approach and apply it to
IIB supergravity, while taking many of the more recent

developments Into account. in collaboration with Franz Ciceri

and Oscar Varela, JHEP 1505
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The initial motivation for the present work was to demonstrate
that the approach followed for 77D supergravity can also be
applied to other theories. As compared to /IB supergravity the
11D theory is rather simple. Unlike the latter the //IB theory is
reducible. Besides the gravitini and the graviton, there are

types of bosonic fields, and matter fermion (the
dilatino). But even worse, the /IB theory posseses two
supersymmetries ( ). These two features

give rise to many subtleties in the analysis.

From the point of view of D=5 maximal supergravity, the
tensor fields are expected to play a more dominant role. This
indicates that the must enter at an
earlier stage!

dW, Samtleben, Trigiante, 2004
dW, Samtleben, 2005
dW, Nicolai, Samtleben, 2008
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The embedding tensor formalism

rank = 1 2 3 4 5 6
7 SL(5) 10 5 5 10 24 15 + 40
6 SO(5,5) |16, 10 16, 45 144, 10+126,+320
5 Eg(+6) 27| |27 78 351 27+1728
4 By 56 133 912 13348165

3 Egus 248 3875 38754147250

Implicit connection between space-time electric/magnetic
(Hodge) duality and the U-duality group

© dial

Probes new states in M-Theory!
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Meanwhile there has been quite a variety of new
developments, such as generalized geometry, double field
theory, exceptional field theory, vector-tensor hierarchies, and

more.:
Ge nera lized geo metry Koepsell, Nicolai, Samtleben, 2000
D b/ f /d h West, 2001
ou e. e t eory Hillmann, 2009
Exceptional geometry Hohm, Hull, Zwiebach, 2010

E Xceptlona/ fle/d theory Coimbra, Strickland-Constable, Waldram, 2011
Berman, Godazgar, Perry, West, 2011

etC. Berman, Cederwall, Kleinschmidt, Waldram, 2012
Hohm, Samtleben, 2013
Cederwall, Edlund, Karlsson, 2013
Aldazaba, Grana, Marqués, Rosabal, 2013

etc.

As it turns out, all these schemes do have certain common
features and relations, although their initial starting points are
sometimes rather different.
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IS In some sense the opposite of
what | will be presenting. In that case one extends the D=5
maximal supergravity by introducing 27 extra coordinates
transforming according to the fundamental representation of
Fe(6). For consistency the space must subsequently be
constrained by a covariant section condition that enables one
to obtain a conventional supergravity. One theory that one
can obtain in this way is //IB supergravity.

Hohm, Samtleben, 2013
Samtleben, Musaev, 2014

We shall also take advantage of many recent advances and
extensions of the 77D supergravity program, when applying
the same strategy in the context of //1B supergravity!

dW, Nicolai, 2013
Godazgar, Godazgar, Nicolai, 2013, 2014
Godazgar, Godazgar, Hohm, Nicolai, Samtleben, 2014
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IIB SUPERGRAVITY

The existence of this theory was inferred from the /IB superstring
theory. The theory has a non-linearly realized SL(2) = SU(1,1)
symmetry. Its field configuration contains the vielbein, a

gravitino, a fermion (dilatino),
a complex scalar, and a number of anti-symmetric tensor gauge
fields:

EMA ¢ Arn® Ao ) Gb M )\) Green, Schwarz, 1982
( ¢ < Schwarz, West, 1983

Schwarz, 1983
Howe, West, 1984

Upon truncation:
Its compactification on a five-torus leads to ungauged 5D

maximal supergravity with a non-linear realized Egg)invariance.
Cremmer, 1980

Its compactification on the five-sphere is expected to lead to
SO(6) gauged Supergravity_ Gunaydin, Romans, Warner, 1986

Highly reducible field representation !
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The Lagrangian description is subtle. It involves a Chern-Simons
term and there is a supersymmetric constraint on the five-form

field strength:
Funpor =50 Anpor — 2icas A%un 0p A R

naicaseppraars FF9"" = Fapepe — 210 T™T apeppl ™My
+ LiXTapcpe A
Bosonic supersymmetry variations
SEyn™ = 3(€T4pny + e T4Y5,)
Sp* = LePpg e
JA“ N = — 20" (AT mve — 4eTbnr) + 365 (ETan A + 49, T )
5AMNPQ = %igf[MNPwQ] + %M[MFNPQ]G T %igaﬂAa[MN 5ABPQ]

N~ N

wM, ch’ €, €” positive chirality spinors

)\, A° negative chirality spinors
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THE 10=5+5 SPLIT:

Extended tangent space group: by means of a gauge choice

Spin(9,1) x U(1) — Spin(4,1) x USp(4) x U(1)
— Spin(4, 1) x USp(8)

Fermion decomposition: ¥ @ A — 9, @ P O A

(44 4)+ (20+ 20+ 4 +4) 5D spinors

Identification with a USp(8) spinor and tri-spinor:

] SU(%U(l) (

AR SU(4)4><>U(1) (

T S\

( ) dilatini A gravitini 1, ¥,
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Make use of the standard Kaluza-Klein ansatze:
—1/2 10 m a
| A—1/ e, B,"en
Ey(x,y) =

0 e

~detle,*(z,y))
57 detlen )

and likewise for the other fields, including the fermion fields.
Cremmer, Julia, 1979

In this way the fields transform consistently with respect to the
diffeomorphisms of the lower-dimensional space-time. The
diffeomorphisms in the internal space are not so systematic.

They will be related to a form of exceptional geometry.
Hohm, Samtleben, 2013

To realize a local USp(8) covariance one needs compensating

phases! ® € USp(8)/[USp(4) x U(1)]
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Counting vector and tensor fields

B,"©A%m ®Amnp 5+10+10
A% ©Avmn 2 +10

We expect 27+27 vectors and tensors! Some of them are

provided by the dual six-form fields:
(following e.g. Godazgar, Godazgar, Nicolai, 2013)

Aa MNPQRS — Aoz umnpqr S Aa urmnpq SPARE

Hence we obtain 27 vector fields and 22 tensor fields. The

remaining 5 tensor fields can be provided by a descendant

of the 10D dual graviton. Hull, 2000
Curtright, 1985
Bekaert, Boulanger, Henneaux, 2001

A uv minpgrs  fepresentation consistent with the vector-tensor hierarchy!
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The dual six-form field

The field equation for A%, takes the following form

OmENPQRsTU] 0 = 0
with

Fo MNPQRST = — 2EemnpPorsTUVW (Eay 705 + €5 07 a) OV AV P

— 12048 A[MNH [3PAQRST] — %1575 Apq’ 8RAST5}

— 1 apd’ [Yu TYT ynvporst TV Iy ¢ + ATY fMNPQRST@DU}

- %i Pa WUC f[UfMNPQRST Indg Yy — &U 1\AMNPQRSTIAU )‘}
Now apply a supersymmetry transformation,

0Fy MNPQRsT = 6 a[M5Aoz NPQRST T -

up to equations of motion.

Friday, 25September, 15



In this way we find
0A, MNPQRS = — %ieagqﬁﬁ (S\FMNPQRSG —+ 25F[MNPQR¢§]>
+ %iqﬁa (GPMNPQRS)\ - 2¢fMFNPQRS] E)
— 20 eaBA[ﬁMN (5APQRS] - %15751473@ 5ACSRS])

which can be treated in the same manner as the previous
vector and tensor fields.

The fact that the vector fields are complete is an interesting
feature of the /IB supergravity. Furthermore the tensor fields
will play a more major role in this case (as is to be expected)!
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Determination of the ‘proper’ vector fields:
Kaluza-Klein decompositions (example):
A%, BR = pe
Ao‘um =A% — B" A%,
Ae KK — A% +2B,P A%, + B,P B,7A%,,
Cremmer, Julia, 1979

Further redefinitions required by the vector-tensor hierarchy:
C ™m — B ™m
uom =A%

_ KK 3. a KK 48
Crmnp = Amnyp i€ A% m - Anp

dW, Samtleben, Trigiante, 2004
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Supersymmetry variations of some of the vectors

0C,™ =LA, [i(ET %, + € T,
+ €7, (0% + 0Ty )Y + €7, (6% + 20T )]
00, %, = — SATY3¢[21eT,,90,8 — 2€7,(6m™ — AT I™)¢ + € Ty X
— LAY g (20 E T thy, — 289, (0™ — AT Ty, + €0 ]
+ ATYB AN TPy, + ETP,C]
+ 3ATVBAG [Eyu(ea” + FTPTL)Y" + € yu(ea” + §T70 )]
detlen" (,y)]

where A = -
det[én(y)]

Note: spinors will eventually be written as eight-component
symplectic Majorana spinors.

Friday, 25September, 15



Determination of the proper vector and tensor fields:
C/“/a _ Aa,uuKK o C[,up Oy]ap

C,LLI/ mn — A,ul/mnKK — T%igaBAa,ul/KK Aﬁmn — C[,up Cl/]pmn

such that
0Cuw™ + OpP 6C%)p + Cyp 6C, P

Note: agreement with the vector-tensor hierarchy is essential for these results!

Likewise for the dual vector and tensor field!
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Dual Eg ) representations for vectors and tensors
C,u,m — C ™m

Cumnp = 153 B Vhé Emnpgr COp'
C2n =1 C, pm

1 o
O,LL omnpqr — T § \/5 € Emnpqr C

c,M

—_ SL(2)xSL(6) __ SL(2)x50(5)

27 TS (1,15) + (2, 6) (1,5) 4+ (1,10) + (2,5) + (2,1)

C'LW m:npgrs X €Enpgrs CMV m — dual graviton
O,U,I/ mn — C,LLI/ mn C

_ 1 . 9 T pv M

C,uu amnpq —— 6\/51 € 5mnpq7° 5045 O/u/B

87 (87
C/,LI/ — C’u/]/

SL(2) X SL(6) (1.15) + (2.6) SL(2) X 30(5)

27 (1,5) + (1,10) + (2,5) + (2,1)
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DECOMPOSE | 6C, ar — 2dnnp Cp™ 60, F

0Cu ™ — 1€ [Clupn 60 ™ + C1u™" 6Cy) gn] — 1™ [CL™ 0C,y5 + Clyup 6C)™]

T
8

OCu " +1e®?[C1™ 6C, g + Clyupm 0C1)™"]

OC s mn + 155 V5 € Emnpar [Cl” 6C) ™" + CLu ™" 6C,)] — 316°7 Cluafm 0Cy)6m

5C,u1/m L igaﬁ [C[M o (501/] g — C[,uoz 50,/] Bm] -+ ﬁ\/gé Emnpqr C[’unp 501/]‘17"

d(mn|ap|5q) — §,,,P1c%P
dMNP X d(mn‘pq‘fr) — éemnpqr 7 0
d(m‘an|ﬁ) _ mn gaﬂ
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Comparison to the 5D transformation rules
a _ 1= _a )
— 567 %

5VM7:j =1 VMkl {4 Qp[kilmn] e’ +3 Q[kl%mn]pep} Qe Qnd

oe,

5AMM =2 {i Qik Ekwuj + Ek’yluxijk} Vf,;jM
4

0B, v = 7

V¥ {2 Vit € Lk — i)?z‘jk%yek} +2dynp Ay 0A,"
dW, Samtleben, Trigiante, 2004

Enables you to read off the generalized vielbeine from the
variations proportional to the gravitini.

Combining all the information you can also determine the
expression for the spinor field x*’*in terms of the 10D fields Vg
and A\, generalized vielbein postulate, etc.

Note: In the generalized vielbeine one has to include
the local compensating phase factor

® < USp(8)/[USp(4) x U(1)]
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The generalized vielbeine VijM :
V™ = = jiATV?(@TQrr, @)

V" = — 2VEi A (@TQTT; @)
(¥}
2\/71 6_1 mnpqerz Vz’j .
+ 28VB TP [ A s — icagA%g AL Vi

Vijam = — Y872 [(¢a — £apd”) (BTQT @), + (b0 + capd”) (@TQT,,T7 @), ]
— 5aﬁAﬁmn Vijn

Vija = — 15V A [(fa — £agd?) (@TQATG D), + (do + £0pd”) (PTQT(T7 @),
— lcc:oz[i’«’457nn Vijmn
- 561 [ Apnpg Vijar — 2€ap Amn Apgrs Vi’

15
— E\/gl Eap é—lgmnpqr [Aﬁmn A’quvij yr + %8’75 A’Ysm Aénp Aﬁqr VZJS]

Note the presence of the phase P.
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We found s,e,\]geral (equivalent) expressions for the
tri-spinor X’ . The most elegant and efficient one is

ABC

VA = {(n;sz)[AB (T72) <) + (D71 ) 145 X7

i (P*T6D7 Q)17 49, — 1 QAP (D79, ) !

»#IOJ OOIOO

Here we combined the spinors on the right-hand side to
eight-component symplectic Majorana spinors. For
these extended spinors it was convenient to extend the
SO(5) gamma matrices to SO(6) gamma matrices. We
still have to include the phase factor ®, which will
convert the indices A4, B, ...into 1, 7, .. ..

Symplectic Majorana condition:

C™ %k " = Qit Qi Qen X
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Likewise one determines the vielbeine VMU from the
supersymmetry transformations of the tensor fields.

As it turns out the vielbeine V;;* and V" are both
27 x 27 matrices, which are each others inverse (up to
a phase) just as in five dimensions!

Under supersymmetry the vielbeine transform in the
same way as in the five-dimensional theory, up to a
field-dependent infinitesimal USp(8) transformation:

Ap = — LeT7[TapA + 4Tty (T°) 5
+ 4_18€I‘7 :I‘abCG)\ + 2 I‘abcd6¢d] (FabC)AB
+ 17T ¢ (T99) g + LeT Tgathy (T*0) 45

All bosons now transform as in 5D supergravity.
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Consistent truncation

To establish that the maximal five-dimensional SO(6) gauged
supergravity can be viewed as a consistent truncation of //IB
supergravity compactified on the five-sphere, one can follow
the same procedure as before. In this case the Killing spinors
must be solutions of

(fpm 4o a ra1“6) — 0

These Killing spinors will capture the ¥ dependence of the
various fields in such a way that the supersymmetry
transformations are consistent. The " dependence of the
generalized vielbeine is captured in terms of the corresponding
expressions of the five-dimensional theory.

The y-dependence is described by the coset representative of S° Apart
from the Killing spinors, from which one constructs Killing vectors K ;"™ (y),
one has the vector fields Y¢(y), subject to Y (y) Ya(y) = 1.
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Then one exploits a number of quadratic contractions between
the generalized vielbeine, some of which explicitly contain
some of the /IB supergravity fields:

f}ikm ijn 4+ f}zkn ijm _ _ié‘ij f}kl m Vkln

f}klm Vi™ o A—Q/ngn

Q' V" Vit an = i€ag Ay VI ™ V57

Pim oy, e = 8B g lenpars [ 4 Be o A% AP DTy,

Eary Qi Qu VT VPR = SAT/3(5.5 —2¢,07)

Then expand the generalized vielbeine in terms of the
Y-dependent quantities indicated earlier.
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The first two identities enable the determination of the internal
metric:

A—2/3 gmn(aj7y) _ QQik le U ( )Ukléd(x) KmAB(y) K™ A(y)

T T a cd

5D 27-bein

The next two identities enable the determination of the
remaining scalars:

A_Z/S [Amnpq -+ 1_3615045 Aa[mnAB ]q} — 6_14\/EQZk le Uij&i’(x) U Cd( )gqr(x y)
X éemnptuKT&B(y) Ktuéj(y)

A3 A0 = 218 QF UL () Urg o) K2 15 (4) Gppn (2, y) 00y Y E ()
The last identities determines the dilaton:

A™Y3(667 = 20a0”) = 2eay Qur QU (2) UM (2) Ya(y) Y3 (v)

Note: for convenience we suppressed the background volume form
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These results only reproduce the results that have already been
determined by similar methods or on the basis of generalized
geometry arguments. They have been partially confirmed by

explictit comparison of five- and ten-dimensional supergravity

solutions. _
L ee, Strickland-Constable, Waldram, 2014

Pilch, Warner, 2000

A more complete analysis can be given along these lines.

Friday, 25September, 15



Conclusion

The results of this analysis are qualitatively in line with what has
been achieved for 11-dimensional supergravity. Apart from
many complications of a technical nature, there are interesting
new features, such as the role played by the vector-tensor
hierarchy.

The higher-rank tensor fields do not constitute full
representations of Eg ). This is a generic phenomenon that
will be come more dominant for increasing rank.

See, e.g. West, 2001
The results are still incomplete and there are still many open
questions. Besides establishing a more complete set of
truncation anséatze and verifying their mutual consistency, the
relation with Exceptional Field Theory is especially worth
pursuing. This especially because the geometry of the internal

dimensions has traditionally been ignored.
See, however, Gadazgar, Gadazgar, Nicolai, 2014
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