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Holographic Renormalization

• Gubser, Klevanov, Polyakov; Witten (AdS/CFT)

ZCFT [φ0 ] ≈ exp(iIgrav[φ])|φ→φ0

• For Asymptotically AdS (AAdS) spacetimes, Fefferman-Graham (FG)
form of the metric

ds2 =
`2

z2
dz2 +

1
z2
gij (x , z) dx

idx j

• the boundary of the spacetime is located at z = 0

• gij (x , z) accepts a regular expansion in powers of z

gij (x , ρ) = g(0)ij (x) + z
2g(2)ij (x) + z

4g(4)ij (x) + · · · .

• g(0)ij is the boundary data for the holographic reconstruction of the
spacetime, i.e., solving g(k ) as a covariant funtional of g(0)
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Counterterm method

• Renormalized AdS gravity action (Holographic Renormalization)
[Henningson, Skenderis JHEP 9807:023(1998)]

Iren =
1

16πG

∫
M
dd+1x

√
−ĝ (R − 2Λ)− 1

8πG

∫
∂M
dd x
√
−h K+

+
∫

∂M
dd x Lct (h,R,∇R)

Λ = −d (d − 1)
2`2

• Renormalized quasi-local stress tensor: T ijren [h] = πij + 2√
−h

δLct
δhij
.

• Holographic stress tensor T ij [g(0)] = lim
z→0

(
1

zd−2T
ij [h]

)
.

Contains the holographic information of the theory (e.g., Weyl anomaly)
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−ĝ (R − 2Λ)− 1

8πG

∫
∂M
dd x
√
−h K+

+
∫

∂M
dd x Lct (h,R,∇R)

Λ = −d (d − 1)
2`2

• Renormalized quasi-local stress tensor: T ijren [h] = πij + 2√
−h

δLct
δhij
.

• Holographic stress tensor T ij [g(0)] = lim
z→0

(
1

zd−2T
ij [h]

)
.

Contains the holographic information of the theory (e.g., Weyl anomaly)

R. Olea (UNAB) () Conformal Renormalization Dec 15th, 2021 4 / 33



Counterterm method

• Renormalized AdS gravity action (Holographic Renormalization)
[Henningson, Skenderis JHEP 9807:023(1998)]

Iren =
1

16πG

∫
M
dd+1x

√
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Counterterms in AdS gravity

•

8πG Lct = d−1
`

√
−h+ `

√
−h

2(d−2)R+
`3
√
−h

2(d−2)2(d−4)

(
RijRij − d

4(d−1)R
2
)

+ `5
√
−h

(d−2)3(d−4)(d−6)

(
3d−2
4(d−1)RR

ijRij − d (d+2)
16(d−1)2R

3

−2RijRklRijkl − d
4(d−1)∇iR∇

iR+∇kRij∇kRij
)
+ ...

• Renormalized Brown-York stress tensor

T ij =
1

8πG

(
K ij − hijK

)
+

1
8πG

(
d − 1
`

hij − `

(d − 2)

(
Rij − 1

2
Rhij

)
+ ...

)

• Stress tensor is linear in the extrinsic curvature
• No general form of Lct for arbitrary dimensions.
• Far more complicated in higher-curvature gravity theories.
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Boundary conditions in AdS gravity

• Dirichlet boundary condition δhij = 0 does not make sense in AAdS spaces

[I.Papadimitriou and K.Skenderis, hep-th/0404176]

hij =
g(0)ij
z2

+ ...

• Renormalization = variational problem in g(0)ij

δIren =
1
2

∫
∂M

√
−g(0)T ij [g(0)] δg(0)ij

• Asymptotic form of the extrinsic curvature

Kij =
1
`

g(0)ij
z2

+ ...
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Counterterms of a different sort...

•
Ĩren = IEH + cd

∫
∂M

dd x B(f (h),K )

• ...as long as the theory is holographic

δĨren =
1
2

∫
∂M

√
−g(0)τij δg(0)ij

• Finite variation of the action and expressed in terms of δg(0)ij .
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Conformal Mass in AdS gravity

• Ashtekar-Magnon-Das charges

QAMD [ξ] =
1

8πG
`

D − 3

∫
Σ

dSi E ij ξj E ij = W
iβ
jν nβn

ν = W iz
jz

• Electric part of Weyl tensor is traceless E ii = 0
• Trace of stress tensor = Weyl anomaly

T ii = z
dA

• In d + 1 = 5, one can prove that

T ij = E ij + ∆ij , ∆ii = z
4A
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Conformal Mass in AdS gravity

• Weyl tensor is traceless

W iβ
jβ = 0 =⇒ W iz

jz = −W ik
jk

• Electric part of the Weyl tensor

E ij = −
(
R ik jk +

d − 1
`2

δij

)
• Using Gauss-Codazzi relations

T ij = −
(
Rij −K ij K +K ikK kj +

d − 1
`2

δij

)
+ ∆ij

• Are counterterms the truncation of boundary terms nonlinear in K?
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R ik jk +

d − 1
`2

δij

)
• Using Gauss-Codazzi relations

T ij = −
(
Rij −K ij K +K ikK kj +

d − 1
`2

δij

)
+ ∆ij
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Kounterterms in AdS gravity

• Extrinsic counterterms Ĩren = IEH + cd
∫

∂M
dd x Bd (h,K ,R)

• Kounterterms = counterterms of unusual sort (depend on Kij and Rklij (h))
• D = 2n dimensions [R.O., hep-th/0504233]

B2n−1 = 2n
√
−h

1∫
0

dt δ
[i1 ···i2n−1 ]
[j1 ···j2n−1 ]K

j1
i1

(
1
2
Rj2 j3i2 i3 − t

2K j2i2 K
j3
i3

)
× · · ·

· · · ×
(
1
2
Rj2n−2 j2n−1i2n−2 i2n−1

− t2K j2n−2i2n−2
K j2n−1i2n−1

)
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Kounterterms

• Kounterterms in D = 2n+ 1 [R.O., hep-th/0610230]

B2n = 2n

1∫
0

dt

t∫
0

ds δ
[j1 ···j2n ]
[i1 ···i2n ] K

i1
j1

δi2j2

(
1
2
Ri3 i4j3 j4 − t

2K i3j3 K
i4
j4
+
s2

`2
δi3j3δi4j4

)
× · · ·

· · · ×
(
1
2
Ri2n−1 i2nj2n−1 j2n

− t2K i2n−1j2n−1
K i2nj2n +

s2

`2
δ
i2n−1
j2n−1

δi2nj2n

)
.
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Kounterterms

• In D = 2n dimensions

tr(F n) = dLCS2n−1(A)

F = dA+ A∧ A

• Explicit realization of Chern-Simons forms

LCS2n−1(A) = n

1∫
0

dt tr
[
AF n−1t

]
Ft = tdA+ t2A2 = tF − t(1− t)A2

• Global issues (topology)∫
M2n

(Euler)2n = (4π)nn!χ(M2n) +
∫

∂M2n

B2n−1
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Kounterterms

• D = 2n+ 1 dimensions

LTF2n+1(A, Ā) = (n+ 1)

1∫
0

dt tr [(A− Ā) F nt ]

Ft = dAt + A2t , At = tA+ (1− t)Ā

• Gauge-invariant version of Chern-Simons forms

LTF2n+1(A, Ā) = L
CS
2n+1(A)− LCS2n+1(Ā) + dβ2n(A, Ā)

• Contact term

β2n(A, Ā) =

1∫
0

dt

t∫
0

ds tr
[
At (A− Ā) F n−1st

]
Fst = sFt + s(s − 1)A2t
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Renormalized Action = Renormalized Volume

• Black Hole Thermodynamics G = TIE = U − TS

ds2 = f 2(r)dτ2 +
dr2

f 2(r)
+ r2dΩ2

D−2

f 2(r) = 1− 2ωDGM
rD−3

+
r2

`2

TIEbulk =
(D − 3)
(D − 2)M − TS + lim

r→∞

V (SD−2)
8πG

rD−1

`2

• Euclidean Kounterterms

T cd

∫
∂M

Bd =
M

(D − 2) + E0 − lim
r→∞

V (SD−2)
8πG

rD−1

`2

• Correct Black Hole Thermo with U = M + E0
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From extrinsic to intrinsic renormalization in 4D

• AdS gravity action + KTs

I = IEH +
`2

16πG

∫
∂M

d3x
√
−h δ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 (h)−

1
3
K j2i2 K

j3
i3

)
.

• Adding zero...

Ĩren = IEH −
1

8πG

∫
∂M

d3x
√
−h K +

∫
∂M

d3x Lct .

Lct =
`2

16πG

√
−hδ

[i1 i2 i3 ]
[j1 j2 j3 ]

K j1i1

(
1
2
Rj2 j3i2 i3 (h)−

1
3
K j2i2 K

j3
i3
+
1
`2

δj2i2 δj3i3

)
.

• And expanding...

K ij =
1
`

δij − `S ij (h) +O(R2)

S ij (h) =
1

d − 2 (R
i
j (h)−

1
2(d − 1) δijR(h))
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From extrinsic to intrinsic renormalization

•

Lct = `2

16πG

√−g
z 3 δ

[i1 i2 i3 ]
[j1 j2 j3 ]

(
δ
j1
i1
` − `S

i1
j1

)
×

×
(
1
2 R

j2 j3
i2 i3
(h)− 1

3

(
δ
j2
i2
` − `S

i2
j2

)(
δ
j3
i3
` − `S

i3
j3

)
+ 1
`2

δj2i2 δj3i3

)
+ ...

• Kounterterms turn into counterterms
[O.Miskovic and R.O., 0902.2082]

Lct =
1

8πG

√−g
z3

(
2
`
+
`

2
z2R(g)

)
+O(z)

=
1

8πG

√
−h
(
2
`
+
`

2
R(h)

)
.
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From extrinsic to intrinsic renormalization

• Ĩren = IEH + c2n−1
∫

∂M
d2n−1xB2n−1

B2n−1 = 2n
√
−h

1∫
0
dt δ

[i1 ···i2n−1 ]
[j1 ···j2n−1 ]K

j1
i1

(
1
2R

j2 j3
i2 i3
− t2K j2i2 K

j3
i3

)
× · · ·

· · · ×
(
1
2R

j2n−2 j2n−1
i2n−2 i2n−1

− t2K j2n−2i2n−2
K j2n−1i2n−1

)
.

• Ĩren = IDir +
∫

∂M
d2n−1xLct

Lct = c2n−1B2n−1 + 1
8πG

√
−hK

= (−`2)n
8πG (2n−2)!

√
−h δ

[i1 ···i2n−1 ]
[j1 ···j2n−1 ]K

j1
i1

1∫
0
dt
[(

1
2R

j2 j3
i2 i3
− t2K j2i2 K

j3
i3

)
× · · ·

· · · ×
(
1
2R

j2n−2 j2n−1
i2n−2 i2n−1

− t2K j2n−2i2n−2
K j2n−1i2n−1

)
+ (−1)n

`2n−2 δj2i2 · · · δ
j2n−1
i2n−1

]
.
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K j2n−1i2n−1

)
+ (−1)n

`2n−2 δj2i2 · · · δ
j2n−1
i2n−1

]
.
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From extrinsic to intrinsic renormalization

• And expanding...
Lct =

√
−h

8πG

[
(2n−2)
` + `

2(2n−3) R+
+ `3

2(2n−3)2(2n−5)

(
2RijRij − (2n+1)

4(2n−2)R
2 − (2n−3)

4 RijklRijkl
)
+ · · ·

]
.

• Boundary Weyl tensor W ijklWijkl implies

RijklRijkl =W ijklWijkl +
4

(2n− 3) (R
ijRij −

1
2(2n− 2)R

2)

• And, finally
Lct =

√
−h

8πG

[
(2n−2)
` + `

2(2n−3) R+
+ `3

2(2n−3)2(2n−5)

(
RijRij − (2n−1)

4(2n−2)R
2
)
− `3

8(2n−3)(2n−5)W
ijkl (h)Wijkl (h) + · · ·

]
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Holographic Renormalization = Kounterterms?

• Well...almost. [G.Anastasiou, O.Miskovic, R.O. and I.Papadimitriou, 2003.06425]

Ĩren = IHR −
`3

64πG (2n− 3)(2n− 5)

∫
∂M

√
−hW ijklWijkl + ...

• A similar result in D = 2n+ 1 dimensions.
• Last term is zero for most AAdS spaces, but not for gravitational instantons.
• Patching up the theory

IHR = Ĩren +
`3

64πG (2n− 3)(2n− 5)

∫
∂M

√
−hW ijklWijkl + ...

.

R. Olea (UNAB) () Conformal Renormalization Dec 15th, 2021 19 / 33



Holographic Renormalization = Kounterterms?

• Well...almost. [G.Anastasiou, O.Miskovic, R.O. and I.Papadimitriou, 2003.06425]
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Renormalized AdS Action

• Euler-Gauss-Bonnet Theorem in 4D∫
∂M

d3x B3(K ,R) =
∫
M

d4x GB − 32π2χ(M)

• 4D Renormalized AdS action

Iren =
1

16πG

∫
M

d4x
√
ĝ
[
(R − 2Λ) +

`2

4
(RµναβR

µναβ − 4RµνRµν + R2)
]

[R. Aros et al, gr-qc/9909015]
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Renormalized AdS Action

• GB coupling is also singled out by SUSY
[Andrianopoli and D’Auria, arXiv:1405.2010]

• Renormalized AdS action = MacDowell-Mansouri action (1977)

Iren =
`2

256πG

∫
M

d4x
√
−ĝ δ

[ν1 ···ν4 ]
[µ1 ···µ4 ]

[
R

µ1µ2
ν1ν2 +

δ
µ1µ2
ν1ν2

`2

] [
R

µ3µ4
ν3ν4 +

δ
µ3µ4
ν3ν4

`2

]
,
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Renormalized AdS Action

• Weyl tensor
W αβ

µν = Rαβ
µν − S [a[µ δ

β]
ν]
,

Schouten tensor Sα
µ =

1
D−2 (R

α
µ − 1

2(D−1) δ
α
µR)

• Weyl tensor for Einstein spaces Rµν = −D−1`2 gµν

W αβ

(E )µν
= Rαβ

µν +
1
`2

δ
[αβ]
[µν]

• Renormalized action for Einstein spaces

Iren =
`2

64πG

∫
M

d4x
√
−ĝ W(E )µναβW

µναβ

(E )

• Thermodynamic of global AdS

IEren = 0 , Qα
Wald = 0 .
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Conformal Renormalization

• Embedding Einstein theory in Conformal Gravity
(invariant under rescalings of the metric)

• Why?: Conformal Gravity is finite for generic AAdS conditions.
• What for?: Renormalization should be inherited by the Einstein sector.
• How?: a well-defined mechanism to turn CG into Einstein gravity
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Einstein Gravity from Conformal Gravity in 4D

• Einstein gravity from CG with Neumann bc’s
[J. Maldacena, arXiv:1105.5632]

ICG = αCG

∫
M

d4x
√
−ĝ WµναβW

µναβ

• Fefferman-Graham expansion for AAdS spaces in CG

ds2 =
`2

z2
dz2S +

1
z2
gij (x , z) dx

idx j

gij (x , ρ) = g(0)ij (x) + z
2g(2)ij (x) + · · ·

+zg(1)ij (x) + · · ·

• EOM for Conformal Gravity

Bµν = ∇λCµνλ + S
λσWλµσν = 0 ,

Cµ
νλ = ∇νS

µ
λ −∇λS

µ
ν
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Einstein spaces: holographic prescription

• Einstein-AdS spaces Sµ
ν = − 1

2`2 δ
µ
ν , Cµνλ = 0, Bµν = 0.

• Traceless Ricci tensor

Hµ
ν = R

µ
ν −

1
D
Rδ

µ
ν = 0

• Hµν = 0 ⇐⇒ ∂zgij = g(1)ij = 0 and tr(∂
3
zgij ) ∼ tr(g(3)ij ) = 0

• g(2)ij is free data in CG =⇒chosen as in Einstein g(2)ij = −`2S(0)ij
[Imbimbo, Schwimmer, Theisen and Yankielowicz, hep-th/9910267]
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AdS gravity in 6D

• EH Action+Euler term

Ĩren =
1

16πG

∫
M

d6x
√
−ĝ

(
R +

20
`2
− `

4

72
(Euler)6

)
,

• In terms of fully-antisymmetric objects

Ĩren =
1

16πG × 192

∫
M

d6x
√
−ĝδ

[ν1 ···ν6 ]
[µ1 ···µ6 ]

[
R

µ1µ2
ν1ν2 δ

[µ3µ4 ]
[ν3ν4 ]

δ
[µ5µ6 ]
[ν5ν6 ]

+
2
3`2

δ
[µ1µ2 ]
[ν1ν2 ]

δ
[µ3µ4 ]
[ν3ν4 ]

δ
[µ5µ6 ]
[ν5ν6 ]

− `
4

3
R

µ1µ2
ν1ν2 R

µ3µ4
ν3ν4 R

µ5µ6
ν5ν6

]
,
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− `

4

72
(Euler)6

)
,

• In terms of fully-antisymmetric objects

Ĩren =
1

16πG × 192

∫
M

d6x
√
−ĝδ

[ν1 ···ν6 ]
[µ1 ···µ6 ]

[
R

µ1µ2
ν1ν2 δ

[µ3µ4 ]
[ν3ν4 ]

δ
[µ5µ6 ]
[ν5ν6 ]

+
2
3`2

δ
[µ1µ2 ]
[ν1ν2 ]

δ
[µ3µ4 ]
[ν3ν4 ]

δ
[µ5µ6 ]
[ν5ν6 ]

− `
4

3
R

µ1µ2
ν1ν2 R

µ3µ4
ν3ν4 R

µ5µ6
ν5ν6

]
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AdS gravity in 6D

• Polynomial of W(E )

Ĩren =
`4

16πG × 4!

∫
M

d6x
√
−ĝ
[ 1
2`2

δ
[ν1 ···ν4 ]
[µ1 ···µ4 ]

W
µ1µ2
(E )ν1ν2

W
µ3µ4
(E )ν3ν4

− 1
4!

δ
[ν1 ···ν6 ]
[µ1 ···µ6 ]

W
µ1µ2
(E )ν1ν2

W
µ3µ4
(E )ν3ν4

W
µ5µ6
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Conformal Gravity in 6D

• There are three Conformal Invariants in 6D

I1 = WαβµνW
ασλνW βµ

σ λ ,

I2 = WµναβW
αβσλW µν

σλ ,

I3 = Wµρσλ

(
δ

µ
ν�+ 4Rµ

ν −
6
5
Rδ

µ
ν

)
W νρσλ +∇µJµ ,

with

Jµ = 4R λρσ
µ ∇νRνλρσ + 3R

νλρσ∇µRνλρσ − 5Rνλ∇µRνλ

+
1
2
R∇µR − Rν

µ∇νR + 2Rνλ∇νRλµ.
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Lu-Pang-Pope CG in 6D

• 6D CG with an Einstein sector [Lu, Pang and Pope, 2013]

ICG= αCG

∫
M

d6x
√
−ĝ

(
1
4!

δ
[ν1 ···ν6 ]
[µ1 ···µ6 ]

W
µ1µ2
ν1ν2 W

µ3µ4
ν3ν4 W

µ5µ6
ν5ν6 +

1
2

δ
[ν1 ···ν5 ]
[µ1 ···µ5 ]

W
µ1µ2
ν1ν2 W

µ3µ4
ν3ν4 S

µ5
ν5

+8CµνλCµνλ

)
+αCG

∫
∂M

d5x
√
−hnµ

(
8W κλν

µ Cκλν −W κλ
νσ ∇µW νσ

κλ

)
.

• LPP action appears as type-B anomaly and one-loop divergences in
7D

• Variation of ICG gives EOM in terms of Weyl, Cotton and Schouten
tensors.

• Any Einstein-AdS spacetime is solution of LPP CG.
[Anastasiou, Araya and RO, 2010.15146]
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Einstein gravity from Conformal Gravity in 6D

• LPP CG action decomposed into Einstein and non-Einstein parts:

ICG = −4!αCG
∫
M

d6x
√
−ĝ

[
P6
(
W(E )

)
+Q

(
W(E ),H

)]
−αCG

∫
∂M

d5x
√
−hnµ

(
W κλ
(E )νσ∇µW νσ

(E )κλ

)
.

• Hint: powers of Rie must enter into topological term.

• Einstein condition, and αE = − `4

384πG :

ICG [E ] =
1

16πG

∫
M

d6x
√
−ĝ

(
R +

20
`2
− `

4

72
(Euler)6

)

+
`4

384πG

∫
∂M

d5x
√
−hnµ

(
W κλ
(E )νσ∇µW νσ

(E )κλ

)
,
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Einstein sector of LPP Conformal Gravity in 6D

• Extra boundary term

∆I =
`4

384πG

∫
∂M

d5x
√
−hnµ

(
W κλ
(E )νσ∇µW νσ

(E )κλ

)
=

`4

384πG

∫
∂M

d5x
√
−hnµ∂µ

(
1
2
W κλ
(E )νσW

νσ
(E )κλ

)

• In terms of the electric part of Weyl tensor E ij = W iz
jz and the boundary Weyl

W κλ
(E )νσW

νσ
(E )κλ = 4E

i
j E
j
i + z

4W ijkl (g)Wijkl (g) +O(z6)
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Einstein sector of LPP Conformal Gravity in 6D

•

nµ =
z
`

δ
µ
z , normal vector

√
−h =

√
−g(0)/z5 + ...

E ij ∼ O(z5) .

• Extra boundary term

∆I =
4`3

2× 384πG

∫
∂M

d5x
√−g
z5

z4W ijkl (g)Wijkl (g) ,

=
`3

192πG

∫
∂M

d5x
√
−hW ijkl (h)Wijkl (h) .

•
ICG [E ] = IHR
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Conclusions

• Conformal Gravity =⇒ Renormalized Einstein-AdS Gravity

• Conformal Gravity in higher even dimensions D ≥ 8?
• Renormalized Volume =⇒ Renormalized Area
(in conically singular manifolds)

• Computation of HEE (codim-2 CI’s) (with M.Taylor)
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