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Introduction

o Teleparallel gravity is an alternative theory of gravity known to be
considered equivalent to General Relativity.

@ The teleparallel formulation of gravity is described by a non-vanishing
torsion = Riemmanian-Cartan geometry.

@ Three-dimensional gravity with torsion possesses black hole solutions
(Teleparallel black hole) m siagojevic and M. Vasitic (2003)]

@ The asymptotic symmetry is described by two Virasoro algebras.
[M. Blagojevic and M. Vasilic (2003)]
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Introduction

@ It can be derived as a particular case of the MB gravity model.

[ Ive = al + N + B33 + Bals ]

where a, A\, 53 and (34 are constants and

Il = 2/631‘?‘:J
1

L = —Z [ epce?elef
a 1 abc
3 = wiqdw, + §€ WaWpWe
I4 = /eaTa
R? = dw? + leabcw w T2 = de® + abc
= > bWc = € WhHec

Evelyn Rodriguez (UTalca) Sugravity and Holography Workshop 2021 December 14, 2021 5/47



Introduction

Three-dimensional teleparallel gravity can be obtained by fixing the
parameters (a, A, B4) appearing in the MB gravity as

1 1 1
~ 167G N=—1ce Pa=—grci

With this choice, the MB action takes the form

_ i 2 a b 2 a
e = 167TG/63L(w)~|— <2eaR + 3€2eabce e’e — geaT)

B3 = 167G 5.
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© Chern-Simons Supergravity with torsion
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Chern-Simons gravity with torsion

The teleparallel gravity action can alternatively be obtained as a CS gravity
action invariant under a deformation of the Poincaré algebra:

Teleparallel algebra

[LaaLb] = eabcLC
[5375b] = €abc5C
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Chern-Simons gravity with torsion

The gauge field connection one-form A for the teleparallel algebra reads
A=w?l,+ €°P,
The corresponding curvature two-form F = dA + %[A, Al is given by
F=RJ,+ TP,
with
R? = duw?+ %eabcwbwc
1

T? = T‘a—ze"bcebeC

where T2 is the usual torsion two-form. The teleparallel algebra admits the
following invariant tensor

20(1
(Jado) = aoma  (JaPp) =a1map  (PaPb) = === nab
Here ag and «; are arbitrary constants which are related to the so(2,1)
constants through oo = p + fi and a3 = — (2fi) /4.
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Chern-Simons gravity with torsion

Considering the non-vanishing components of the invariant tensor and the
gauge potential one-form in the general definition of the CS action

K 2
leslA] = - /M<AdA + 34

we get

1 4 2
e = 6-C //vl apl(w) + g <2Raea + @eabceaebec =7 Taea>

The first term is the gravitational CS term with coupling constant «g. The
second term proportional to the constant «y contains the usual Einstein-
Hilbert Lagrangian, a cosmological constant term and a torsional CS term.
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Chern-Simons gravity with torsion

The corresponding equations of motion are given by

24
doe? 0=y <Ra — £T3>
ow? 0=caoRs+ a1 T,

Since a1 # 0 and ag # —%al, the above equations reduce to the vanishing
of the curvature two-forms

R?=0

1
T? — Zeabcebec =0

These field equations are geometrically dual to the AdS ones characterized
by a Riemannian spacetime. Here, the CS gravity action describes a non-
Riemannian geometry with a vanishing curvature and non-vanishing torsion
T2 #£0.
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Minimal supersymmetric extension of gravity with torsion

Teleparallel superalgebra

[Ja,-jb] = 6achC
[Jav'Db] = GabcPC

2
['Daapb] = _Zeabcpc
1
U@ = —3 00 @
2
{Qu s} = —(7Cs (34 +P2)

¢ — oo = Poincaré superalgebra

[R.Caroca, P.Concha, D.Pefiafiel, E.Rodriguez (2021)]
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Minimal supersymmetric extension of gravity with torsion

This superalgebra can be written as the osp (2|1) ® sp (2) superalgebra by
considering the following identification of the generators

{ L ¢
L, = Ja+§Pa SaE_EPa gaE\/;Qa

where {L,,G,} satisfy the osp (2|1) superalgebra, while S, are sp (2) gene-
rators,

[L37 Lb] = €cl®
[537 5b] = Eabcsc
1
[Laa ga] = _5 ('Ya)aﬁ Ga
{Ga, gﬁ} = - ('Yac)aﬁ L,

Although the teleparallel superalgebra is isomorphic to the osp (2|1) @sp (2)
one, they have noticeable differences at the dynamics and geometric level.
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Minimal supersymmetric extension of gravity with torsion

The gauge field connection one-form for the teleparallel superalgebra reads
A=w?ly+eP+19Q
The corresponding curvature two-form is
F=RJ+ TP+ V§Q
where
RP = R4+ iy
Y .
Ve = dy+ sutha

In particular, V4 defines the covariant derivative of the gravitino.
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Minimal supersymmetric extension of gravity with torsion

The teleparallel superalgebra admits the following invariant tensor,

<Jan> = @oTab
<Jan> = Q17ab
2c
(PaPp) = —71 Nab
2x
(@) = 2(%+ar) s
where o and s are arbitrary constants. Then, the action reads
1 1 4 _
s = 6 C /M oo (wadwa + geabcwawbwc — €¢V¢>
4 2 -
+a1 <2Raea + @eabceaebec -3 T, — 2ww>
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Minimal supersymmetric extension of gravity with torsion

The corresponding field equations read

2
Je? 0= (Ra - 67;>
ow? 0=aoR,+ a17;
- 2
FI 0= %w} Vi
The non-degeneracy of the invariant tensor requires a3 # 0 and ag # —30a

which implies that the equations of motion are given by the vanishing of the
curvature two-forms. In particular, this theory corresponds to a supersym-
metric extension of the teleparallel gravity being characterized by a non-
vanishing super-torsion

1
A= wvw = —*epe.
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Further developments

The results presented here could serve as a starting point for diverse further
studies:

@ To study appropriate boundary conditions to our teleparallel
supergravity theory and analyze its boundary dynamics. One could
expect to obtain a superconformal structure.

@ To explore the non-relativistic counterpart of the teleparallel
(super)gravity theory. To study the role of torsion in a non-relativistic
environment.

o To explore a Maxwellian version of the teleparallel gravity.
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Outline

e Non-relativistic Chern-Simons Supergravity with torsion

Evelyn Rodriguez (UTalca) Sugravity and Holography Workshop 2021 December 14, 20



Non-relativistic gravity with torsion

@ There has been a renewed interest in non-relativistic (NR) theories

due to their utilities to approach strongly coupled condensed matter
systems as well as NR effective field theories.

@ A NR theory can be obtained by a suitable limiting process from a

relativistic theory.

@ In particular, through this talk, the NR limit corresponds to the limit

in which ¢ — oc.

AdS

l{’—)m

Poincaré

NR limit
—

Newton-Hooke

l

Galilei
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Non-relativistic gravity with

@ In the limit ¢ — oo there might appear infinities in the expansion of
the original Lagrangian = enlargement of the field content

NR limit Extended
2
AdS @ U(1) — Newton-Hooke
l{’ - o0 l
] ; s Extended
Poincaré @ U(1) —) Bargmann
NR limit )
Teleparallel @ U(1)? —) a
l{’ S m l
Extended
. 3 2
Poincaré U(l) — Bargmann

Evelyn Rodriguez (UTalca) Sugravity and Holography Workshop 2021 December 14, 2021 20 /47



U(1)-enlargements

A torsional NR algebra can be obtained by applying the NR limit to a
particular U (1)-enlargement of the teleparallel algebra. To this end, we
introduced two extra U (1) gauge fields to the field content

A= WAJs+ EAPs+ MYy + SY)
The extra generators yield the following non-vanishing invariant tensors

201

(YaY2) = g (Y1Y2) = q (Yivi) = — 7

The relativistic CS action based on the [teleparallel]@u (1)? algebra is

1 1
R = ¢ /M g (WAdWA + geABC WaWpWc + 5d5>
4 2 2
+ o <2EARA (W) + 35 eABCEAEREC — ZTAEA + 2MdS — gMdM>
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Torsional NR gravity theory

The NR counterpart of the relativistic [teleparallel]@u (1) algebra can be
derived through an Inéni-Wigner procedure . To this end, we shall first
consider the decomposition of the A index as follows:

A — (0, a) a=12

Then, we will introduce a dimensionless parameter £ which will allows us to
identify the relativistic generators in terms of the NR ones (denoted with a
tilde) as:

Jo = é+§2§ Js = €6, Yz_é—g%
H . . .
Po = ¢ +EM Pa=P, Yi= e -

Furthermore, in order to ensure a finite NR symmetry after the contraction
process we shall consider the following scaling of the length parameter,

{— &L

Evelyn Rodriguez (UTalca) Sugravity and Holography Workshop 2021 December 14, 2021 22 /47



Torsional NR gravity theory

Then, considering the previous identification and the limit £ — oo in the
relativistic commutation relations, we obtain a novel NR symmetry span-

ned by the set of generators {j, G., H, P,, 5,/\7]} which satisfy the following
commutators: [P. Concha, L. Ravera, E. Rodriguez (2021)]

-

¢ — oo = Extended Bargmann algebra

It can be written as two copies of the Nappi-Witten algebra
[75,62] = cwli
[62.65] = —cuS*
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Torsional NR gravity theory

The torsional NR algebra admits a non-degenerate invariant bilinear trace

= —ao
= Gapdap

)
)
(GaPy) = Gda
)
)

HS) = (MJ)=-&
(#8) - (i)
<'ba~b = _%(%b
) -

where the relativistic parameters «'s have been rescaled as

ag = Gpé? a1 = 01§
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Torsional NR gravity theory

The gauge connection one-form for the torsional NR algebra reads

A=wl+w?G,+TH+ P, + mM + sS

The curvature associated to this gauge connection is given by

F = R(w)J+R3(wP)G,+ R(T)H + R%(e’)P, + R(m)M + R(s)S
where
R(w) = dw
R(wP) = dw?+ e ww,
R(t) = dr
2
Ra(eb) = de? + e*we; + € Tw, — ZeacTec
1
R(m) = dm+ e eqwe — —€™ezec

14

1
ds + §eacwawc
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Torsional NR gravity theory

The CS action based on the torsional NR algebra is:
e = / o [waR?(wP) = 25R (w)] + 1 [26,R?(w?) — 2mR(w) — 27R(s)
2 ./ 2 2 2
— zeaR (e ) + ZmR(r) + ZTR(m) + T el

In this torsional NR gravity theory, the cosmological constant can be seen
as a source for the spatial torsion T2 eb) = de? + e“we. + €?“Tw. and

for the curvature T (m) = dm + €*e,wc. Indeed, on-shell we find

2
T? (eb) = Eeacrec
1
T(m) = Zeaceaec

{ — oo = Extended Bargmann gravity
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Torsional NR gravity theory

The NR gravity action can be alternatively recovered from the relativistic
U (1)-enlarged teleparallel CS action. Indeed, one can express the relativistic
gauge fields in terms of the NR ones as follows

S w? S

Wo = = W= =w-— 55
w+2£2 ¢ S=w 267

0 _ ﬂ a_ ,a — _ﬂ
E° = 57'4—26 E e M=¢r 2%

which satisfy A = A. The NR CS action appears considering these last
expressions along the rescaling of the relativistic parameters o and a3 on
the relativistic CS action and then applying the limit £ — oo.
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Non-relativistic CS Supergravity with torsion

The formulation of NR supergravity theories has only been approached re-
cently and remains as a challenging task mainly motivated by the diverse
applications of these models in the context of holography and relativistic
field theory. One way to circumvent the difficulty to establish a well-defined
NR limit in presence of supersymmetry is through the Lie algebra expansion
method which allows to recover the respective NR version of a Lie (su-
per)algebra.

@ Atorsional NR superalgebra can be obtained by applying the S-expansion
method to the N = 2 teleparallel superalgebra.

@ The S-expansion will also provide us with a non-degenerate invariant
tensor and therefore be able to produce a well-defined torsional NR
CS supergravity action which can be seen as the corresponding NR
counterpart of the N' = 2 teleparallel supergravity action.
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Torsional non-relativistic superalgebra

@ The N = 2 teleparallel superalgebra is spanned by the generators
(Ja, Pa, Z, Q).
@ In order to have a well-defined flat limit £ — oo, we performed the
redefinition 7 = Z — %S.
1

Q] = 50
AR
(@) - ) (e 20) - 3708

@ The N = 2 teleparallel superalgebra is endowed with the following
non-vanishing components of the (non-degenerate) invariant tensor:

<TT> = —2040 (TS>:—2a1
s5) = @@ =2(TRrar) G
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Torsional non-relativistic superalgebra

We first proceed as before considering the decomposition of the A index as
A — (0, a) . Besides, we perform a redefinition of the supercharges by

defining
1
+_ 1 (A~ 0 2
0: = 5 (@£ (), )
Then, we consider 5,(52) = {0, A1, A2, A3} as the relevant semigroup

A3 | A3 Az A3 A3
X | X A3 A3 A3
A1 A1 A2 Az A3
A Ad A1 A A3

Do M A g

where A3 = 05 is the zero element of the semigroup such that 0s\x = O,
k=0,1,2,3.
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Torsional NR superalgebra

Before applying the S-expansion procedure, we consider the following subs-
pace decomposition: Vo = {Jo, Po,T,S,QF} and Vi = {45, P, Q. },
which satisfies

[Vo, Vo] C Vo [Vo,Vi] Cc W4 Vi,Vil Cc W

Let us consider now 51(52) = So U S; as decomposition of the relevant semi-

group 5(2), where

So = {Xo, A2, A3}
S1 = {A, A3}

This decomposition is said to be resonant since it satisfies the same structure
as the subspaces, that is

SO'SOCSO 50-51C51 51-51C50

Evelyn Rodriguez (UTalca) Sugravity and Holography Workshop 2021 December 14, 2021 31 /47



Torsional NR superalgebra

After extracting a resonant subalgebra of the S(Ez)—expansion of the N =2
teleparallel superalgebra and applying a Os-reduction, one ends up with a
new NR expanded superalgebra spanned by the set of generators

{-77 éa)§> Flv 'E)éh A~/Ia 7—17 7—2) Ula 027 é;) 'E;)aa Q(;}
which are related to the relativistic ones through the semigroup elements as
A3
>\2 Sa M7 T27 U2, Ra
)\1 Gav P27 Qo_t

Xo | J, H, Ty, Up, QF
Jo, Po, T, S, Q;t Ja, Pa, Q;
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Torsional NR superalgebra

The NR generators satisfy precisely the purely bosonic subalgebra along with
the following (anti-)commutation relations:

[0.05] = —260f0  [R]=—200fR [5,Q1] =1 (0) R
6.0 = 2@ [6.@]=—20)0R

[7.Q8] = £(4"),Q [RQ]=0") Rk [TuR]=("),Rs
{@:.05) = -(0),, (F+27)-(0),, G+ ),
(0:0) = 0, (1439)+ (70, (1)

(@) = (0, (5 23) - (70, (210
{QL8) = (7, (Pt 78)

{ — oo = Extended Bargmann superalgebra
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Torsional NR supergravity action

The gauge connection one-form for the torsional NR superalgebra reads
A =wl4+wiG,+TH+ P+ mM+sS+tuTi+tTo+ ulh
+upUp + QT + 47 Q™ +pR
The non-vanishing components of the invariant tensor for the NR teleparallel
superalgebra are

(iT)) = —2do
(i) = (ThU) = —2&
(hin) = %
o (2 .
<Qa R,B> = 2 (f + al) Caﬂ
o 24 .
<Qa Q,B > = 2 <jo + al) Ca,B
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Torsional NR supergravity action

The NR supergravity action is

[3per % /ao [waRa(wb) — 25R (w) — 4t1dt, — ﬂszp - 5ﬁv¢+ - %1; Ve~ }

+a [2eaRa(w”) —2mR(w) — 27R(s) — 7eaRa (&) + émR (7) + 2TR(m)
+ %Teaceaec — 4tidun — dtrdun + Zulduz —2tVp —2pVyt — 21/_)_V¢_}

where the fermionic field-strenghts are

1
vyt o= dyt+ §w70¢+ + tiyop™
_ 11, _
Vy = dy + EUJ’YOUJ + v Ya ' — 1Yoy
1 1 v+, 1. +
Vp = dp+ Sw0p + Eswb tow Yath~ + YY" + tiyop

{ — oo = most general extended Bargmann supergravity
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Torsional NR supergravity action

Analogously to the bosonic case the cosmological constant can be seen as
a source for the spatial super-torsion T2 (eb) = de? + € “we + € Twe +

¢4~ and for the curvature T (m) = dm+e*e;we+ 3072y +¢t0p.
In particular, on-shell we have

A 2
T? (eb> = Eeacrec

A 1
(m) = Zeaceaec
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Outline

@ Maxwell Chern-Simons gravity with torsion
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Maxwell CS gravity

A particular extension and deformation of the Poincaré algebra is given by
the Maxwell algebra, which is characterized by the non-vanishing commu-
tator of the translational generator P,:

[Paa Pb] = eachC

Three-dimensional gravity based on this symmetry describes (as Poincaré)
a Riemannian and locally flat geometry. However, the presence of an ad-
ditional gauge field in the Maxwell case leads to new effects compared to
GR. In particular, the gravitational Maxwell gauge field modifies not only
the vacuum energy and angular momentum of the stationary configuration
but also the asymptotic structure.
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Maxwell CS gravity with torsion

Using the CS formalism, we presented the three-dimensional gravity theory
based on a particular deformation of the Maxwell algebra. The deformed
Maxwell algebra is spanned by the generators {J,, P,, Z,}, which satisfy
the following non-vanishing commutation relations [p. concha, H.Safari (2019); H. Adami,

P. Concha, E. Rodriguez, H. Safari (2020)]

Deformed Maxwell algebra

[Jay Jb] - EachC
[Jaa Pb] = €abcPC
[Jaa Zb] = eachC

2
[Paa Pb] = eabc(zc - ZPC)

{ — oo = Maxwell algebra
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Maxwell CS gravity with torsion

Considering the following redefinition of the generators

4 2
LaEJa—i_EPa_ZZa
4 02
Sa=-— ) a+ZZa
l
T, = Z

the deformed Maxwell algebra can be rewritten as

[La, Lb] = eabcLC
[L37 Tb] = €abc T
[Sa,Sb] 6abc s

The motivation to use the basis {J,, P,, Z,} is twofold. First, it allows us
to recover the Maxwell CS gravity theory in a particular limit. Second, it

reproduces the Maxwell field equations with a non-vanishing torsion.
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Maxwell CS gravity with torsion

The gauge connection one-form A for the deformed Maxwell algebra reads
A=¢eP,+wil,+f3Z,
The associated field strength can be written as
F=TP,+RJ,+WZ,
where
R? = dw? + %eabcwbwc
Ta=T2- %e"bcebec
W?e = Df? + %eabcebec
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Maxwell CS gravity with torsion

The non-degenerate bilinear form of the deformed Maxwell algebra reads

2
(Jadb) = a0nabs  (PaPb) = (—71 + Q2)7ab,
<Jan> = (17)ab, <PaZb> =0,
<JaZb> = Q27)ap, <ZaZb> =0,
where g, a1 and «ap are arbitrary constants.
The CS gravity action invariant under the deformed Maxwell algebra reads

3/2 4
2
+ an (T"ea + 2R%f, — eabceaebec>

IpefMax = i /MOéoL(w) + s <2Raea + —ePCe,epe. — = T"”ea>

3¢

{ — oo = Maxwell CS gravity theory
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Maxwell CS gravity with torsion

When «ap # 0 the e.o.m are given by the vanishing of the curvature two-
forms

A

R?=0 T°=0 Wa=0

The first two equations are those corresponding to the three-dimensional
teleparallel gravity theory, in which the cosmological constant can be seen
as a source for the torsion

1
T? — Eeabcebec =0

In the flat limit £ — oo the field equation for f, remains untouched and is
analogue to the constancy of the electromagnetic field in flat spacetime

1
dw? + §eab°wbwc =0
T°=0
a 1 abc
Df? + 56 epec =0
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Maxwell CS gravity with torsion

By considering suitable boundary conditions, we found the following asym-

ptotic symmetry algebra for the Maxwell CS gravity with torsion:
[H. Adami, P. Concha, E. Rodriguez, H. Safari (2020)]

i {mydn} = (M= 1) Jin + %m%mﬂ,o
i LUy Pad = (m— 1) Poin+ 1%7135,%”,0
i {dms Mot = (M — 1) Mn + %m%mﬂ,o
i{Pm,P,} = (m—n)Mpi,— % (m—n)Ppin+ % (—2;2 + C3> m35m+,,70
i{Pm My} = 0
i {Mm, My} = 0

This algebra corresponds to an infinite-dimensional lift of the deformed Max-
well algebra

{ — oo = deformed bmss algebra
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Outline

© Comments and further developments
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Comments and further developments

Now that we have seen how to include a non-vanishing torsion in a CS
(super)gravity theory, it would be interesting to go further.
@ It would be interesting to study appropriate boundary conditions to the
teleparallel (super)gravity theory and analyze its boundary dynamics.
One could expect to obtain a (super)conformal structure.

@ Another aspect that deserves further investigation is the Maxwellian
version of the teleparallel supergravity.

@ The study of the black hole solution and thermodynamics of the Max-
wellian teleparallel gravity could bring valuable information about the
physical implications of a non-vanishing torsion in Maxwell gravity
theory.
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Thank you!
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