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e Gubser, Klevanov, Polyakov; Witten (AdS/CFT)

Zert ol = explilgrav($])p—g,

e For Asymptotically AdS (AAdS) spacetimes, Fefferman-Graham (FG)
form of the metric
d2—£d2+i i(x, 2) dx’ dx/
7= 5 dz" + 5 gj(x, z) dx'dx

e the boundary of the spacetime is located at z =0

* gj (x,z) accepts a regular expansion in powers of z

8ij(x,0) = g(0);j (%) + 2282 (x) + 2" gray;; (x) + - - .

* 8(0)j is the boundary data for the holographic reconstruction of the
spacetime, i.e., solving g as a covariant funtional of g,
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Counterterm method

e Renormalized AdS gravity action (Holographic Renormalization)
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Counterterm method

e Renormalized AdS gravity action (Holographic Renormalization)

_ c/+1 _ d
lren = 167‘(Gf x+/—& (R—2A) f d9%/—hK+
+ [ ddxﬁct(h,R,VR)
oM
_d(d-1)
A= 2(2

e Renormalized quasi-local stress tensor: T,.,[h] = ¥ + \/th ‘Sﬁﬁ.
- U

e Holographic stress tensor T¥ [800)) = Iim0 (zd% T’J[h])
z—
Contains the holographic information of the theory (e.g., Weyl anomaly)
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Counterterms in AdS gravity
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e Renormalized Brown-York stress tensor

y 1 3 3 1 d—1 - ¢ P
i b pi g i Zppi
T 8ntG (K h K)+87TG ( ¢ h (d —2) (R 2Rh >+>

Stress tensor is linear in the extrinsic curvature

No general form of L. for arbitrary dimensions.

Far more complicated in higher-curvature gravity theories.
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Counterterms of a different sort...

Tren = lgp + c4 / d9x B(F(h), K)
oM

e ...as long as the theory is holographic

~ 1 .
Olren = 2 / A/ *g(O)TU (Sg(O)ij
oM

e Finite variation of the action and expressed in terms of dg(q);; -
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Conformal Mass in AdS gravity

e Ashtekar-Magnon-Das charges

1 ¢ . o .
QAMD[g] = %m/dsl SJ’ (;rj g_/l — Wﬁ_/l/ nﬁnv — lejz
M
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Conformal Mass in AdS gravity

Ashtekar-Magnon-Das charges

1 ¢ . o .
QAMD[g] = %m/dsl SJ’ (;rj g_/l — Wﬁ_/l/ nﬁnv — lejz
M

Electric part of Weyl tensor is traceless 5[ =0

Trace of stress tensor = Weyl anomaly

Ti =274

!

In d +1 =5, one can prove that

Ti— gt A, A=A
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Conformal Mass in AdS gravity

e Weyl tensor is traceless

B _ iz _ ik
Wop=0= W5 =-W",

o Electric part of the Weyl tensor

. . d—1
_ k

e Using Gauss-Codazzi relations

. . . . d—1 . .
i i i i ok i i
T _—<Rj—KJ-K+KkKJ- +£25j>+Aj
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Conformal Mass in AdS gravity

Weyl tensor is traceless

B _ iz _ ik
Wop=0= W5 =-W",

Electric part of the Weyl tensor

. . d—1
_ k

Using Gauss-Codazzi relations

J

. . . . d—1 . .
i i i i ok i i

e Are counterterms the truncation of boundary terms nonlinear in K7
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Kounterterms in AdS gravity

o Extrinsic counterterms lrep = gy +cg [ d9xBy(h K, R)
oM

e Kounterterms = counterterms of unusual sort (depend on Kj; and RZ/(h))

e D = 2n dimensions

“jan— 1] i3 i3

Bop-1 = 2n\/7/ dt (5[’1 n-1] ye ( RIS _ 2KJ2KJ3> X

2n—212n—-1 2p—2  12p—1

. X <1RJ:ZI72J:2n1 _ KJZn 2KJ2n 1)
2
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Kounterterms

e Kounterterms in D =2n+1
2 \ 2 "3a 02 "3 Ja

1 t
.. 2
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0 0
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Kounterterms

e In D = 2n dimensions

tr(F") = dL2n 1(A)
F = dA+AANA

e Explicit realization of Chern-Simons forms

1S5 (A) = n/dttr [aFp1]

Fr = tdA+tA2 tF — t(1— t)A?

¢ Global issues (topology)

/(Euler)2n:(47r)"n!)((/\/l2n)+ / Brn_1

MQ,, a,\ﬂ2n
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Kounterterms

e D =2n+1 dimensions

1
UFa(AA) = (n+1) [deerl(A-A)FY)
0
Fo = dAr+A?, Ar=tA+(1—1t)A
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Kounterterms

e D =2n+1 dimensions

1
UFa(AA) = (n+1) [deerl(A-A)FY)
0
Fo = dAr+A?, Ar=tA+(1—1t)A

e Gauge-invariant version of Chern-Simons forms

LI (A A) = LS5 1 (A) — L53.1(A) + dBy, (A A)

e Contact term

1t
Ban(AA) = /dt/ dstr {At (A—A) ant_l}
0 0
F = sFi+s(s—1)A?
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Renormalized Action = Renormalized Volume

e Black Hole Thermodynamics G = TIE = U— TS

dr?
2 _ 2 2 2 2
dsc = f*(r)dt +f2(r)+r dQp_,
2wpGM  r?
2 _ D
Fi(r) = 1—,97_3 72
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From extrinsic to intrinsic renormalization in 4D

e AdS gravity action + KTs

/d3X e 5[’1’2’3] ( R_/213( ) 3K12KI3)

[111213] i3

h=le 16G
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e AdS gravity action + KTs

/d3X e 5[’1’2’3] ( R_/213( ) 3 KJZ KI3) _

[111213] i3

h=le 16G

e Adding zero...

] 1
Ten = Ig —ﬁ/d?’xx/—hK—i—/d?’xﬁct.
oM oM

'62 1
Lo = M5[123] K < ij( ) — KJzKJ3 + = 512513> _
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From extrinsic to intrinsic renormalization in 4D

e AdS gravity action + KTs

/d3X e 5[’1’2’3] ( R_/213( ) 3 KJZ KI3) _

| =
[111213] i3

16G

e Adding zero...

7Fen:/EH_7/d3XV K+/dX£Ct

& [iizis] ye J2J 2 i
Let = 16716‘/_/75[!11213] I < Réé( ) — 3 K,22K,33 + = 512(513>.
e And expanding...
1 . )
Kj’ = Zéj’ — €Sj(h) + O(R?)
1 ; 1

Sj(h) = g3 (Rj(0) — 37— R (M)
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From extrinsic to intrinsic renormalization

[j1j2a]

FRER(h) - 512 — (8P sh) 4 Lonen ) +
13 3 l j3 02 i2 i3

Let 16[72IG \/;(5[/112:3] ( 65’1
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From extrinsic to intrinsic renormalization

[j1j2a]

YREB(h) - % 512 — (8P % sh )+
i3 3 l J3

e Kounterterms turn into counterterms

Let 16[72IG \/;5[’1'2'3] 65’1>

I\J‘ L
.
fﬂ‘l

4t

Lo = S;G \/z? (e 2° R<g)) +0()

Uq
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From extrinsic to intrinsic renormalization

° 7ren = Ilgy + c2n-1 ] d2n71XB2n—1
oM
1 ..
Byy 1 = zm/—hfdt gl n il e (172/213 t2K!2K!3) x

[i1-j2n—1] i3 i i3

B (%RJZn 2J2n 1_ 42 K42n72 K!2n71> .
2n 2’2n 1 2p-2 R2n—1
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Byy 1 = zm/—hfdt gl n il e (172/213 t2K!2K!3) x

[i1-j2n—1] i3 i i3

B (%RJZn 2J2n 1_ 42 K42n72 K!2n71> .
2n 2’2n 1 2p-2 R2n—1

o hen = Ipir + [ d*""IxLet
oM

Let = con-1Boan-1+ 87‘(G vV —hK
. 752 n I In 1 .. 2 . .
= sretneaV—ho B K jdr [(SREE —¢ K42K43) X

Jl _/2n 1 3
1 o 2n-2Jj2n-1 2 J2n—2 yeon—1 2 j2n—1
- X K- K- Y )
(2R’2n 202n-1 —t i2n—2 ’2n—1> f2” 2 5] 51'2,771]
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From extrinsic to intrinsic renormalization

e And expanding...
— V=h [(2n=2) ¢
Lot =%z |7 Tapa3 BT

(2RURU - 4((22nn+—12)) R* - Qn{aRinR”’") i }

63
T 332205
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From extrinsic to intrinsic renormalization

e And expanding...
— V=h [(2n=2) ¢
Lot =%z |7 Tapa3 BT

(2RURU - 4((22nn+—12)) R* - (2n‘;3)RUMR"J”"> i }

63
T 332205

e Boundary Weyl tensor WUMWU-M implies

1

ikl .. ijkIA ). 2
R R = W Wiy + 72(2,7_2)7?, )

JR.. —
(2n—13) (RYR;
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From extrinsic to intrinsic renormalization

e And expanding...
— V=h [(2n=2) ¢
Lot =%z |7 Tapa3 BT

3 i (2n+1) 2n—3 ikl
t2Ea3rans) (ZR”RU — iy RE - Ll Rijkl) + }

e Boundary Weyl tensor WUMWU-M implies

RIR i = W Wi + (535 (R1R = 2(2n1— 5%
e And, finally
Lot =¥ {(272) + 53y R+
+seares (RURi ~ iz R2) — saadys W (D Wi (h) + -
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Holographic Renormalization = Kounterterms?

e Well...almost. [G.Anastasiou, O.Miskovic, R.O. and I.Papadimitriou, 2003.06425]

63
6471G(2n—3)(2n—5 / —IVE Wi

7ren = /HR -
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Holographic Renormalization = Kounterterms?

e Well...almost. [G.Anastasiou, O.Miskovic, R.O. and I.Papadimitriou, 2003.06425]

63
6471G(2n—3)(2n—5 / —IVE Wi

7ren = /HR -

e A similar result in D = 2n+ 1 dimensions.
e Last term is zero for most AAdS spaces, but not for gravitational instantons.
e Patching up the theory

63
647tG(2n —

I = Tren + Jon= / VWKW +
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Renormalized AdS Action

e Euler-Gauss-Bonnet Theorem in 4D

/ Bx By (K, R) = / d*x GB — 3272 (M)
oM M
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Renormalized AdS Action

¢ GB coupling is also singled out by SUSY
[Andrianopoli and D’Auria, arXiv:1405.2010]
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¢ GB coupling is also singled out by SUSY
[Andrianopoli and D’Auria, arXiv:1405.2010]

¢ Renormalized AdS action = MacDowell-Mansouri action (1977)

Hiko
_ 4 i il Oty
hen = 256n e / dhx /=g ol lefv; + 2

V3V4 g

, (5535‘4
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Renormalized AdS Action

e Weyl tensor

Wil = Rif — st

Schouten tensor S = ﬁ(Rﬁf - ﬁéij,‘?)

R. Olea (UNAB) Dec 15th, 2021 22 /33



Renormalized AdS Action

e Weyl tensor
ap _ pap [a ¢B]

Wi = R — S[V(SU},
Schouten tensor S = ﬁ(Rﬁf - ﬁéij,‘?)

e Weyl tensor for Einstein spaces R;,, = —%gw

wp_ pap 1 [ap]
Wieyw = Ruv + 32 %)
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Renormalized AdS Action

e Weyl tensor
[a ¢B]
1o

Schouten tensor S = W(Rﬁ - ﬁéij,‘?)

Wil = Rif =5

e Weyl tensor for Einstein spaces R;,, = —%gw
op “ﬁ 2 slap]
Wiy = R + %v]

¢ Renormalized action for Einstein spaces

/ d*x V=& WigyuapWig) "

ren

647rG
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Renormalized AdS Action

e Weyl tensor

W — pB [a ¢B]
W = Ruv = 51,0,
Schouten tensor S = W(Rﬁ - ﬁéij,‘?)
e Weyl tensor for Einstein spaces R;,, = —%gw

b b, L g
Wig ) = Ruv + *‘5[%

¢ Renormalized action for Einstein spaces

4 pvap
= e /d XV Wieuap W)

ren

e Thermodynamic of global AdS

Ir’gn =0, QWalg = 0-
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Conformal Renormalization

¢ Embedding Einstein theory in Conformal Gravity
(invariant under rescalings of the metric)
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Conformal Renormalization

¢ Embedding Einstein theory in Conformal Gravity
(invariant under rescalings of the metric)

CG Solutions

Einstein-AdS
Spacetimes

e Why?: Conformal Gravity is finite for generic AAdS conditions.
o What for?: Renormalization should be inherited by the Einstein sector.
e How?: a well-defined mechanism to turn CG into Einstein gravity

R. Olea (UNAB) () Dec 15th, 2021 23 /33



Einstein Gravity from Conformal Gravity in 4D

¢ Einstein gravity from CG with Neumann bc’s
[J. Maldacena, arXiv:1105.5632]

lce = ace / d*x /=& WiyyapWH*P
"
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Einstein Gravity from Conformal Gravity in 4D

¢ Einstein gravity from CG with Neumann bc’s
[J. Maldacena, arXiv:1105.5632]

lce = ace / d*x /=& WiyyapWH*P
"

o Fefferman-Graham expansion for AAdS spaces in CG
d2—£d25+i i (x, 2) dx’ dx/
5—222 zzg,]x,z X" dx
gi(x.p) = &o)j(x)+2°gp)(x) + -
+28(1)() +
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¢ Einstein gravity from CG with Neumann bc’s
[J. Maldacena, arXiv:1105.5632]

lce = ace / d*x /=& WiyyapWH*P
"

o Fefferman-Graham expansion for AAdS spaces in CG

5 1 ™
ds? = 2 dz%° + ) gij(x, z) dx'dx/

gi(x.p) = &o)j(x)+2°gp)(x) + -
+2g(1)5(x) + -+

e EOM for Conformal Gravity
By = V*Cur+ S Wy =0,
Chy = VuS{—V,8)
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Einstein spaces: holographic prescription

Einstein-AdS spaces S/ = —ﬁ(sb‘, Cuwr =0, By =0.

Traceless Ricci tensor

1
Hﬁ:Rﬁ‘—BRaﬁ:o

Hyy =0 <= 0,g;; = g(1);; = 0 and tr(agg,-j) ~ tr(g)j) =0

8(2)jj is free data in CG ==chosen as in Einstein g(3); = 7625(0),-1-
[Imbimbo, Schwimmer, Theisen and Yankielowicz, hep-th/9910267]
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AdS gravity in 6D

e EH Action+Euler term

T —L/dﬁ =2 R+§—£(Elr)
ren_167rGM Ve 2 p\Fvee )
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AdS gravity in 6D

e EH Action+Euler term

T —L/dﬁ =2 R+§—£(Elr)
ren_167rGM Ve 2 p\Fvee )

¢ In terms of fully-antisymmetric objects
7 _ 1 6, /751 ve] [ phita sliata] slpsi]
hen = m/d X _gé[yl...%] [vavz 5[1/31/4]5[1/51/6]
M

2 [uymo) slusia) slusits) a Hiko plishs phsh
+@5[us22] 5[1/;/:] 5[1/:1/66] -3 RIS RISV RisHo ]
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AdS gravity in 6D

e EH Action+Euler term

] —L/d6 V-8 R—i—@—ﬁ(Euler)
= TenG ) T VT8 27 6)
M

¢ In terms of fully-antisymmetric objects
7 _ 1 6, /751 ve] [ phita sliata] slpsi]
hen = m/d X _gé[yl...%] [vavz 5[1/31/4]5[1/51/6]
M

2 [uymo) slusia) slusits) a Hiko plishs phsh
+@5[us22] 5[1/;/:] 5[1/:1/66] -3 RIS RISV RisHo ]
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AdS gravity in 6D

e Polynomial of W)

7 s 6. /a1 L c[vieva] g pats Hay
hen = 16nG><4!/dX _g[@‘s[ﬂr-mW<E>V1V2W(E>V3V4
M

_ L shavel ke iste g ists ]
417 [y mel (E)viva " (E)vavg  (E)vsved’
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Conformal Gravity in 6D

e There are three Conformal Invariants in 6D

= W WM W, PE
I2 — WyvalB WlXﬂlT)\ Wg)\ v ,

6
= Wypon (55‘5 + 4Rl — 5R5’j> WA + 7, 1,
with
Ji = 4R, VYR + 3RMIV  Rorpe — SRV R,

1
+5RVyuR — RIV,R+ 2RV, Ry,
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Lu-Pang-Pope CG in 6D

e 6D CG with an Einstein sector [Lu, Pang and Pope, 2013]
lce= ace / d6x a <4' V1 V6] Wv?‘ll]/I;Q WVP‘33VF:4 WVV55VP;6 5%1/1 Vs]} Wv?‘llvF;Q WVP‘33V1145555

_|_8CVV)‘CW/\) +acg /dSX\/Thny (8W‘L'{W\VCK)\U - WJ(L?VH 13/() :
)
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o LPP action appears as type-B anomaly and one-loop divergences in
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Lu-Pang-Pope CG in 6D

e 6D CG with an Einstein sector [Lu, Pang and Pope, 2013]
lce= ace / d6x a <4' V1 V6] Wv?‘ll]/I;Q WVP‘33J:4 WVV55VP;6 5%1/1 Vs]} Wv?‘llvF;Q WVP‘33V114 5555
+8CH Gy ) +aece / dPxv/=hnt (8W Copy — WAV, W)
)

o LPP action appears as type-B anomaly and one-loop divergences in
7D

¢ Variation of /-; gives EOM in terms of Weyl, Cotton and Schouten
tensors.

e Any Einstein-AdS spacetime is solution of LPP CG.
[Anastasiou, Araya and RO, 2010.15146]
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Einstein gravity from Conformal Gravity in 6D

e LPP CG action decomposed into Einstein and non-Einstein parts:

lcc = 74!aCG/d6x\/j§ [Ps (Wig)) + @ (Wie). H)]
M

—Décc/d5x\/ bl (W) VuWiE )
oM
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lcc = 74!aCG/d6x\/j§ [Ps (Wig)) + @ (Wie). H)]
M

—Décc/d5x\/ bl (W) VuWiE )
oM

e Hint: powers of Rie must enter into topological term.
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Einstein gravity from Conformal Gravity in 6D

e LPP CG action decomposed into Einstein and non-Einstein parts:

lce = —4'1XCG/C/6X\/7 Ps ( ) +Q ( ﬂ

—“cc/d V/=hnt (W), VuWE)) -
oM
e Hint: powers of Rie must enter into topological term.

. . .. 4
e Einstein condition, and ag = —3#?:

1 [ 6 _ 20 /4
Icc [E] = R/d xV/=& (R+ 35 = o (Euler)s

/d5xx/7n”( VN () )

3847[G

R. Olea (UNAB) Dec 15th, 2021 30 /33



Einstein sector of LPP Conformal Gravity in 6D

e Extra boundary term

Al = 384G/dxﬂnﬂ( VWG )

T 38n G/d5X —hn"9, < ("g)ww(”g)m>
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Einstein sector of LPP Conformal Gravity in 6D

e Extra boundary term

Al = 384G/dxﬂnﬂ( VWG )

_ 5 K/\ Vo
= 384rx G/d xv/—hn'd, ( (E)wW(Em)
e In terms of the electric part of Weyl tensor SJ[ = Wj’zz and the boundary Weyl

W) WiE o = 4EEL + 2 W () Wiy (g) + O(2°)
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Einstein sector of LPP Conformal Gravity in 6D

nt = %52‘ normal vector
\/—h = —g(o)/z5—|—...
g~ 02).
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Einstein sector of LPP Conformal Gravity in 6D

nt = %5? normal vector
V—h = —g(o)/z5—|—...
SJ{ ~ 0(25) )
e Extra boundary term
Al = By Y8 ayyiiki )
2><384nG/ x5 2 W) Wik (g)

= 192nG/d5X' AW (W)W (h)
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Einstein sector of LPP Conformal Gravity in 6D

nt = %5? normal vector
V—h = —g(o)/z5—|—...
Sf ~ 0(25) .
e Extra boundary term
403 V=g )
Al = d° 4y yijkl )
2><384nG x5 2 W (&)Wijki(g) .

= 192nG/d5X' AW (W)W (h)

Icc [E] = Inr
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Conclusions

e Conformal Gravity = Renormalized Einstein-AdS Gravity
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Conclusions

Conformal Gravity = Renormalized Einstein-AdS Gravity

Conformal Gravity in higher even dimensions D > 87

Renormalized Volume — Renormalized Area
(in conically singular manifolds)

Computation of HEE (codim-2 Cl's) (with M.Taylor)

R. Olea (UNAB) Dec 15th, 2021



