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Supersymmetry (SUSY) is a spacetime symmetry between bosons and fermions. In SUSY,
each particle from one class would have an associated particle in the other, known as its
superpartner, the spin of which differs by a half-integer.

Wikipedia
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In our youth, we all fell in love with supersymmetry SUSY:

Makes and necessary

Restricts particle multiplets

Relates masses and coupling constants

Provides E ≥ 0 theorems, stability

Improves renormalizability (cancellation of infinities)

Respects hierarchies (protects mass scales)



T H E  S C I E N C E S

Supersymmetry Fails Test, Forcing
Physics to Seek New Ideas

With the Large Hadron Collider unable to find the particles that the theory says
must exist, the field of particle physics is back to its "nightmare scenario"

By Natalie Wolchover, Quanta Magazine on November 29, 2012

Supersymmetry Fails Test, Forcing Physics to Seek New Ideas - Sc... http://www.scientificamerican.com/article/supersymmetry-fails-test...
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… after five decades of active search, no evidence of SUSY has been found.



I. What was SUSY expected to solve?



Can these two symmetries combine into a larger one?

Internal gauge symmetries
(U(1), SU(2), SU(3)…) 

: [T, T ]~T

Spacetime symmetries
(Lorentz, Poincaré, conformal) 

: [ J,J ]~J

[ J, T ]=0

1960s: 

Conserved charges Conserved charges

GS
GI

Coleman–Mandula Theorem (1967): Lie algebras representing spacetime
and internal symmetries of the S-matrix can only be combined in a trivial
manner (as a direct sum):

G GS GI= ⊕

Quantum numbers, 
classification of particles 
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Using the hypotheses, that the neutrino is a goldstone particle, a phenomenological Lagrangian is constructed, 
which describes an interaction of the neutrino with itself and with other particles. 

Recently much attention has been paid in the ele- 
mentary particle physics to the problem of  spontane- 
ously broken symmetries and the related degeneracy 
of the vacuum state. An immediate consequence of 
the vacuum degeneracy is that it gives rise to a possible 
existence of zero mass particles, the so-called Goldstone 
particles [1 ]. 

Among known elementary particles only the neu- 
trino, the photon and the graviton have zero masses. 
However, the last two correspond to the gauge fields 
and do not require the vacuum degeneracy for their 
existence. Therefore the neutrino is the only elemen- 
tary particle the existence of which may be immedi- 
ately related to the vacuum degeneracy. 

We will restrict our attention to the following. If  
the neutrino is regarded as a Goldstone particle then 
this leads to a certain type of interaction of the neu- 
trino with itself as well as with other particles. The 
interaction is completely defined by phenomenologi- 
cal constants and in this sense is universal. 

For the determination of the type of spontaneously 
broken symmetry that causes the degeneracy of the 
vacuum and the corresponding properties of the neu- 
trino as a Goldstone particle, let us consider the equa- 
tion for a free neutrino 

i o ,  a~laxu = o (])  

Eq. (1) is invariant under transformations of the 
Poincar6 group and the chiral transformations as well 
as under translations in the spinor space, i.e. under the 
transformations of the type 

I 
-+ ~b' = ~b + ~ x .  -+ x .  = x . ,  (2) 

where ~" is a constant spinor, anticommuting with qJ. 
Leaving the transformation properties o f  x .  and q~ 
under the Poincar6 group unchanged, let us replace 

the transformations (2) by the transformations: 

~0--, ~ '=  ~ +~ ~0+ ~ ' +  = ~+ +~ + 
f a x .  -+ x .  = x u  - ~ ( f+ou ~k - ~k+ou f ) . (3) 

The resulting structure is a group with ten commuting 
and four anticommuting parameters*. It is the only 
possible generalization of (2) and the Poincar6 group 
if the dimension of the group space is not enlarged. In 
the transformations (3) a is an arbitrary constant. Its 
dimension is the fourth power of length. 

Let us assume that in the presence of interaction 
the equations for the neutrino are invariant under the 
transformations (3). 

In the following we also assume that the number 
of the derivatives of the neutrino field is a minimal 
one that is compatible with the invariance requirement. 

To construct the phenomenological action integral 
that satisfies the above assumptions it is sufficient to 
use the following differential forms 

a 
w,  = d r ,  + ~ (~+oud¢ - d~k+ou t.k), (4) 

which are invariant under transformations (3). The 
action integral which is invariant under the Poincar6 
group and the transformations (3) has the form 

1 f ~ 0  X co 1 X oa 2 X co 3 (5) S 

where the sign X denotes the outer product of differ- 
ential forms. 

The expression under the integral corresponds to the 
invariant infinitesimal four-dimensional volume in the 
space of group parameters. 
* Lie groups with commuting and anticommuting parameters 

were considered recently by Berezin and Kats [2]. 
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C-M theorem notwithstanding, a few years later, a nontrivial extension of the Poincaré group 
was found…

where a Lagrangian invariant under combined spacetime translations and shifts in the fermion 
field was proposed, 

!" → !" + ̅&'"( , ( → ( + &

which seems to violate the C-M theorem…



Haag–Łopuszański–Sohnius theorem (1975)

Supersymmetry
{Q,Q}~ T + J

Internal gauge 
symmetries
[T, T] ~ T

External space-
time symmetries

[J,J] ~ J
[J, T] = 0

[T, Q] ~ Q [J, Q] ~ Q

Spacetime and gauge symmetries can be part of a larger graded Lie algebra

SUSY 



Fermions link spacetime and internal symmetries

Internal gauge 
symmetries

U(1) x SU(2) x SU(3)
(Electro-weak, Strong)
Gauge connection A

External space-
time symmetries

SO(3,1) [Lorentz]
(Gravitation)

Lorentz connection ω

Fermions belong to nontrivial irreducible representations of Lorentz and gauge groups;
they couple naturally to the connections for spacetime and internal symmetries

!" # " , !" % "

Spinor fields

€ 

ψ



Fermions (matter) couple to 
internal gauge fields and to 

the spacetime geometry

!"#$ ~ &' ( '

!"#$ ~ &' ) '
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Global (rigid) SUSY [Wess&Zumino, Ramond, Salam&Strathdee, Iliopoulos, Shifman, …]

è Energy states are degenerate:
è Equal numbers of B- and F-states

€ 

mB = mF

Not even approximately true: SUSY must be severely broken€ 

{Qα ,Q β} = H (Γ0 ) β
α ,  H ,Q[ ] = 0 

“Vector”
representation

Standard (rigid/global) SUSY

“If this symmetry were true it would have been discovered long ago.”
P. A. M. Dirac to A. Salam, 1976(?)



II. Standard Model of particle physics



Fermions (matter)
Bosons (interaction carriers)

F

B

gW+



Matter
Sources (")

• Fermions, s=1/2

Gauge vectors
(fundamental rep.)

Spacetime scalars
(zero forms)

Lorentz spinors

• 1st order field eqs.

Standard Model

Interaction 
Carriers (A)

• Bosons S=1

Gauge connections
(adjoint rep.)

Spacetime vectors
(one-forms)

• Lorentz scalars

• 2nd order field eqs.

( BEGH boson ?)



(l, l; q, q)– –

€ 

ψ 'a (x) = [g−1(x)]abψ b(x)
Vector under internal gauge transformations: 

Spinor under local Lorentz transformations: 

€ 

ψ 'α (x) = Sαβ (x)ψβ (x)

• ir.-rep. of Lorentz group
ir.-rep. of gauge group

€ 

ψα a

€ 

L = ψ a( / ∂ − i / A + m) b
a ψ b



( γ, Z, W±, gluons)

• of 

€ 

A  b
a

€ 

L = − 1
4 F∧*F − A∧* j

€ 

A' (x) = g−1[A(x) + d]g,   A = Aµdx
µ

Under internal gauge transformations:



“SUSY-SM”: for each observed particle, include a partner
with equal mass and other q-numbers, but different spin:

Observed Not observed

u SUSY breaking mechanism?

u Why are these so heavy?

(Dark matter?)



If the Lord had consulted my opinion,
I would have suggested something
considerably simpler...

Alfonso X, the Wise, commenting 
on Ptolemy’s epicycles  (~ 1280)

The soft SUSY-breaking Lagrangian of the MSSM contains 105 new parameters not 
found in the Standard Model. 

Graham Kribs, Supersymmetry, 2012



Wish list

Combine and under a local (graded)symmetry that would: 

Respect their roles as connections ( ) and sections ( ) in a fiber bundle

Give the right kinetic terms ( !"#", % ∗ %) and couplings ( !"'")

No duplicate fields (no SUSY superpartners)

Allow for massive and massless fields

Contain only spins 1 and ½ (the rest can be composites)

Allow for curved, dynamic spacetime (Gravity)

These features 
are generically 
violated by 
SUSY and 
SUGRA



III. Unconventional SUSY



How to combine fields  in different representations?

N.B.: It is often possible to combine an adjoint representation and a vector into an 
adjoint of a larger group:

,                                                                     

0 a12 a13

-a12 0 a23

-a13 -a23 0

v1

v2

v3

0 a12 a13 v1

-a12 0 a23 v2

-a13 -a23 0 v3

-v1 -v2 -v3 0

Adjoint                 Fund. 
SO(3)                   SO(3)

Adjoint SO(4)

!
"#$% &$% + ($ )$ = !

"+,- .&,-

This allows to combine connections and vectors of a given group into a connection for a
larger group.

1



Generalizing the idea:

Combine an internal gauge connection Ar
μdxμ, a spinor !α and the Lorentz 

connection ωab into a single connection field:

This is still rather conventional

è McDowell-Mansouri SUGRA in 4D (1976)

è Chern-Simons Supergravity in odd Dimensions, any ⟨ ··· ⟩

A ~ ArKr + Q$ !α+ !$Q$ + ½% ab Jab+   …

Internal gauge 
generators

Complex SUSY 
generators

Lorentz 
generators

Needed to close 
the algebra



Technical issue:
A is a connection 1-formè the spinor !α must also be a 1-form,
!α = !αμdxμ s = ⁄# $ gravitino (not in the SM)

There is an alternative: !αμ ≡ Γ' (
) *( (Matter Ansatz)

where Γ' = Γ,-', Standard s = ⁄. $ spinor
,

Dirac matrices (tangent space)
Γ,, Γ0 = 22,03

Vielbein/soldering form: Projects from tangent
space onto the spacetime manifold.

2 Matter ansatz



Standard Supergravity: Γ"#" = 0 è #αμ ∈ 1⊗ )
* =

+
* ⊕

)
*

U-SUSY: -." − )
0 Γ.Γ

" #" = 0 è #αμ ∈ 1⊗ )
* =

+
* ⊕

)
*

Fermion:  #αμ ∈ 1⊗ )
* =

+
* ⊕

)
*

Matter ansatz:                                                          (D=4)#" = Γ"1 ⟹ 1 = 3
4Γ"#"

⟹ -". − 3
4Γ"Γ. #. = 0

Unconventional SUSY uses the discarded spin-1/2 sector of Supergravity



Consider a connection for an algebra that includes
internal, spacetime, and supersymmetry generators

  

€ 

A = AATA + 1
2ω

abJab +ψ α
r (Γ)αβQr

β +Q α
r (Γ)αβψr

β

1-form bosons 0-form fermions

€ 

Jab → SO(1,2)

€ 

TA → SU(2)

€ 

Qr
β ,  Q α

r → SUSY
Superalgebra su(1,2|2)

Example in 3 dimensions



The one-form transforms as
a connection under the su(1,2|2) superalgebra: !A = #Λ + A , Λ = DAΛ
SO(1,2):

SU(2):

SUSY:

€ 

Jab ,  Jcd[ ] =ηbcJad −ηacJbd +ηad Jbc −ηbd Jac,

TA ,TB[ ] = iεABCTC ,        TA ,  Jab[ ] = 0

Qr
α ,  Q β

s{ } = iδ β
α TA σ

A( )r

s
 + 1

2δr
sJab (Γab )  β

α

Jab ,  Q[ ] = 1
2 Γ

abQ;   Jab,  Q [ ] = − 1
2 Γ

abQ ,   

T,Q[ ] ~ Q;   T,Q [ ] ~ −Q  ,

The system has a metric structure and local Lorentz symmetry: Gravity!

A = AATA + 1
2ω

abJab +ψα
r (Γ)αβQr

β +Qα
r (Γ)αβψr

β

All fields are scalars under general coordinate transformations (diff. forms).
General covariance is automatically built in



IV. Unconventional Actions



The action is the integral of a gauge-invariant D-form.

There are two standard options:
Chern-Simons (odd D only)

and
Yang-Mills (any D)

where ,  ⟨ ⟩ = invariant trace, and ⊛ = Hodge dual

I = L(∫ A)  = L∫ (A,ψ,...)

    

€ 

L2n+1 = A dA( )n +c1A
3 dA( )n−1+ ⋅ ⋅ ⋅+ cn A2n+1

F = d	A+ A A 

LYM = ⟨F ⋀⊛F ⟩



Long wavelength limit of graphene, including curvature, torsion, SU(2). The 
only propagating degree of freedom is the spin-1/2 Dirac fermion.

3D: The Chern-Simons form gives a gauge (quasi-) invariant action for :

where the bracket is the invariant symmetric trace in the algebra.
    

€ 

L = 1
2 AdA + 2

3 AAA
  

€ 

A

  

€ 

L = 1
2 Tr[AdA + 2

3 A3 ]+ 1
2 [ω  b

a dω  a
b + 2

3ω  b
a ω  c

b ω  a
c ]

     − 2ψ ( / ∂ + i / A − 1
4 Γa / ω abΓb )ψ e d 3x

     −ψ ψ eaTa Torsional coupling (mass)

SU(2)-CS SO(1,2)-CS (gravity)

Dirac



Field equations:

• Standard equations for CS SU(2), gravity and spin ½ in 2+1 dimensions.
€ 

δωab :             Rab = −2ψ ψeaeb                         (2)Ferm
ion mass

• ψ gets “mass” from torsion: µ=ηabeµ
aTνλ

bεµνλ

€ 

δA :                   FA = i
2 εabcψ TAΓaψebec                (1)

                        (Fµν
A = εµνλ j

λA )

€ 

DT a = 0⇒ Ta = 1
6 µεabce

bec,   µ = const ✔

€ 

δψ :          [ / ∂ + i / A - 1
4 γ

a / ω abγ
b + µ]ψ = 0             (3)!

"Γ$%$&Γ&

  

€ 

δea :      ψ εabcγ
c[
! 
d eb − eb

" 
d + 2iAeb ]ψ = 2ψ ψTa      (4)Γ'



Minimal susy extension of SU(2), SO(3,1) leads to osp(4|2):

Curvature:

SU(2)xU(1)
Internal symmetry

SO(3,2) 
anti - de Sitter

Example in 4 dimensions

A = "#$# + "& + '()Γ+) + +,Γ() + -./. + 0
1 2.3/.3

F = d	A+ A A 
= 6# $#+ 6& + '()F i +F i () + 6./. + 8

96.3/.3

'(:) , (<
= = −?@:= A# )

< $# + 8
9(Γ.) :

= /. − 8
9 Σ.3 :

= /.3 @<)

Complex Dirac 
spinor



Type equation here.

Where:

/0 = 230 + 5
670

89 38 A9 − <
6
=>?@0?>

F i= 2(?><) + C30 @0 D
< >D + E

F Ω
HIΓHI><

/K = 2LK + 5
6M

K
NLN + 5

6
=>< ? ΓK? ><

/KN=OKN + LKLN − =>< ? ΓKN ? ><

/ = 23 − <
P
=><? ? >< U(1)

SU(2)

SUSY

SO(3,2)



Lagrangian:

• ∄ Osp(4|2) or SO(3,2)-invariant traces in 4D. The largest symmetry group that has an
invariant trace is "# 2 ×#(1)×") 3,1 è Largest gauge symmetry of the action.

L4 = ⟨F ⋀⊛F ⟩
= −2345 ∧ ∗45 + 4 ∧ ∗4 + F 9 Γ;F 9

+ <
=>?@AB4?@4AB

• C? is no longer a gauge field

"# 2 ×") 3,1 - invariant trace

∗ Internal

Γ; Fermions

>?@AB Spacetime
• Hodge dual ⊛=



4D Lagrangian (identifying ):

L= - 1
4{ FµνF

µν

    + i
2 [ψ /
!
∇ψ −ψ /

!
∇ψ]+ψΓ5ΓaT

aψ

    + µ−2[(ψψ)2 − (ψΓ5ψ)2]} −gd 4x

    - 1
16εabcd [R

ab-µ 2eaeb][Rcd -µ 2eced ]

Maxwell / YM

Dirac

Nambu-Jona Lasinio

Einstein +cc

Phenomenological, low energy, 4D theory. 

!"# = %&/()"#

−% −%
Standard couplings:

No - terms: fermions behave as standard matter

Cosmological constant Λ ~

Newton’s constant G ~ µ-2

€ 

∂µ∂νψ

€ 

∇ν = ∂ν − iAν + 1
4 Γabων

ab − iµ
2 Γν

\−%2

%+&



V. SUSY breaking



For D=4, the only invariant 4-forms are characteristic classes (Chern-Weil theorem).

This rules out locally SO(3,2) -invariant actions.

è SO(3,2) is broken down to SO(3,1)

è Local SUSY must also be broken

è The surviving local symmetry is U(1) x SU(2) x SO(3,1)

There might exist SUSY-invariant vacua, but this is not a invariance of the action.

Local SUSY could be an approximate symmetry for some configurations or in
asymptotic regions, like Poincaré or AdS invariance. (Contingent symmetries)



In odd D SUSY transformations such as

change the action by a boundary term. However, the condition 
!"# − %

& Γ"Γ
# ∇#) = 0

restricts this possibility to certain backgrounds (BPS states).

A bosonic vacuum (           ) is invariant provided                 [Killing spinor]

δAµ = − i
2 (εΓµψ +ψΓµε)

δωµ
a = εΓaΓµψ +ψΓ

aΓµε

δψ = 1
3
/∇ε  ,         δeµ

a = 0

δA = /∇ε

ψ = 0 /∇ε = 0

N globally defined Killing spinors implies N unbroken global (rigid) SUSYs.
Hence, SUSY is again a conditional symmetry that depends on the vacuum.

1
D



VI. Overview and summary



Ingredients:

• AdG + FundG ⊂ AdG’ G ⊆ G’

• Superconnection:
A = [ #$%&'(&' + ⋯ ] + [ ,-./. + /̅.-.] +   [ 2343 ] 

spacetime charged internal 
symmetry fermion symmetry

• Matter ansatz:  /56 = (Γ5) ;6 <;,   =>5 − #
@Γ>Γ5 /5 ≡ 0

• Invariant trace for the largest subgroup: ⟨ ⟩

• Hodge dual ⊛



Consequences of u-SUSY (What is new?)

All fields are part of the same superconnection A
(matter) - sections

(interactions) - connections

Not all internal and spacetime symmetries are allowed

Only s = ½,1 fundamental fields (s =0, 3/2, 2 are composite)

Only standard kinetic terms (Yang-Mills, Dirac, Chern-Simons)

Only standard gauge couplings (~ "# $ # ✓, "# $%$&$'#✘)
No SUSY pairs, no matching d.o.f., no hidden sectors

Packaged into a single 
gauge connection



(What is new?)

(Bare) coupling constants and masses are fixed

Odd D: action is invariant under gauge supergroup

Even D: Action is not SUSY invariant

! = 0 vacua have full SUSY
Nambu – Jona-Lasinio couplings

Gravity is necessarily included:
• Spinors in tangent spaceèVielbein

• Local Lorentz symmetryè spin connection
Gravity!



In the end, what is the role of SUSY?

Guiding principle
• Relates spacetime and internal groups that can be combined

• Superalgebra, gauge couplings, coupling constants, masses

• Necessary presence of gravity

• Invariance under supergroup broken down to  
(Internal gauge group) x (Lorentz group)

• Invariance under entire supergroup for some vacua: BPS states



Open questions

• Observable effects (e.g., in graphene)

• Vacua

• Renormalizability? Hierarchy? …

• U(1) x SU(2) x SU(3)?

• Unconventional SUGRA:
!"Γ"$%∇$!% → ()* ()+

+ ,-,

• B-E-G-H-boson?



Perhaps we have been living with SUSY all along but looking
for the wrong signals.

The reports of my death have been greatly exaggerated...
(Mark Twain)

Thanks!


