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Knowledge of αs vital for any process involving the strong
interactions. Its uncertainty often a limiting factor on precision
reached by theoretical predictions at the LHC.

Currently the PDG quotes an uncertainty of about ±0.5% for
αs(MZ).
But precision of individual values entering the average dominated
by theoretical uncertainties. Difficult to precisely assess. Some
individual measurements in flagrant disagreement with each
other.

Does the uncertainty in the world average really reflects our
current understanding of the value of αs?
Increasing corroboration of αs value, by extracting it from
independent quantities, is crucial; exhaustively analyze
theoretical errors entering in each determination.
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Energy between a static quark and a static antiquark separated a
distance r, QCD static energy E0(r)

From N. Brambilla et al., Eur. Phys. J. C71 (2011) 1534

Lattice QCD
︷ ︸︸ ︷

Short-distance part←→ Long-distance part
↓ ↓

Perturbation theory Encodes confining dynamics

Compare perturbative and lattice results for the static energy at

short distances to extract αs
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3-loop Smirnov Smirnov Steinhauser’08’10 Anzai Kiyo Sumino’10

(Picture from A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Phys.Rev.Lett. 104 (2010) 112002

[arXiv:0911.4742 [hep-ph]])

Virtual emissions that change the color state of the pair (Ultrasoft

gluons) Appelquist Dine Muzinich’78



Perturbation theory

Xavier Garcia i Tormo MITP - September 3 2015 – 4 / 18

E0(r) ∼ −CF
αs(1/r)

r

(
1 +O(αs) +O(α2

s) +O(α3
s, α

3
s lnαs) + · · ·

)

1-loop: Fischler’77 Billoire’80 2-loop: Peter’96’97 Schröder’98 Kniehl Penin Steinhauser Smirnov’01
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gluons) Appelquist Dine Muzinich’78 Can be computed (Brambilla Pineda Soto Vairo’99,
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Lattice data for several gauge couplings
β = 7.150, 7.280, 7.373, 7.596, 7.825,
the smallest lattice spacing is a = 0.041 fm

To compare results at different β, need to normalize to common
value at a certain distance (or take numerical derivative)

Need to correct for lattice artifacts, and estimate corresponding
systematic errors

Replace r by improved distance rI = (4πCL(r))
−1

Necco Sommer’01

CL(r) =

∫
d3k

(2π)3
D00(k0 = 0,~k)ei

~k~r

(D00 is the tree-level gluon propagator on the lattice)
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Tree level
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To estimate cutoff effects in actual calculation, need continuum
estimate of E0. Assume cutoff effects negligible for r/a > 2, fit
β = 7.825 results to Coulomb plus linear plus constant form, to
get continuum estimate.
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energy for six first points at each lattice spacing by correction
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Can also calculate force from the lattice data. Use only r/a > 2
to avoid problems with lattice artifacts. Obtained with
smoothing splines
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Has the current lattice data really reached the purely perturbative
regime, with enough precision to perform the extraction?
Difficult to undoubtedly state this point. Procedure designed to
test if this is indeed the case

Perturbative expressions known at 3 loops (including
resummation of log-enhanced terms)
Care needs to be taken with so-called renormalon singularities in
the perturbative expression. At the end no practical effect, just
need to take the proper pert. expression, so that fits/comparison
are not affected

■ Normalization (mass) → affected by renormalon
■ Slope (relevant for αs extraction) → renormalon free

Perturbative expression best suited for the comparison. Use pert.
expression for the force
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αE(r, ν): series in αs(ν), contain ln(rν) terms
RS(ρ): series in αs(ρ), affected by uncertainties in computation
of renormalon
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■ Put all lattice data together *normalization errors*
■ Analysis for each value of lattice spacing (β), then take

average *less data each set*
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Find values of r1ΛMS
that are allowed by lattice data:

Agreement with lattice improves when perturbative order is

increased

- Perform fits at different distance ranges,
r < 0.75r1, · · · , r < 0.45r1

- Use ranges where χ2 does not increase when increasing pert.
order, or is . 1

- Estimate pert. uncertainty: Repeat fits with scale variation,
and adding ±(CF /r

2)αn+2
s
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- Compare with lattice data for the force
- Exclude lattice points with larger systematic (discretization)

uncertainties, i.e. use only points were these are negligible
- Use only points at shorter distances
- Possible influence of non-perturbative terms

All the results perfectly compatible with each other. It shows
that the extraction is robust
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We take the 3-loop + leading ultrasoft log res. accuracy result

r1ΛMS
= 0.495+0.028

−0.018 → Λ
MS

= 315+18
−12 MeV

αs(1.5 GeV, nf = 3) = 0.336+0.012
−0.008

→ αs(MZ , nf = 5) = 0.1166+0.0012
−0.0008

aΛMS Nref = 7 aΛMS Nref = 8 aΛMS Nref = 9 aΛMS r1ΛMS

β = 7.373 0.0957+0.0046

−0.0028
0.0957+0.0046

−0.0028
0.0957+0.0046

−0.0028
0.0957+0.0046

−0.0028
0.4949+0.0240

−0.0144
± 0.0086 ± 0.0025

±0.0017 ±0.0017 ±0.0017 ±0.0017 = 0.4949+0.0256

−0.0170

β = 7.596 0.0781+0.0046

−0.0029
0.0784+0.0043

−0.0027
0.0785+0.0046

−0.0029
0.0783+0.0048

−0.0031
0.4961+0.0303

−0.0197

+0.0066

−0.0061
± 0.0044

±0.0007 ±0.0010 ±0.0007 ±0.0010 = 0.4961+0.0313

−0.0211

β = 7.825 0.0644+0.0032

−0.0019
0.0642+0.0033

−0.0020
0.0643+0.0032

−0.0020
0.0643+0.0033

−0.0021
0.4944+0.0256

−0.0159
± 0.0065 ± 0.0037

±0.0006 ±0.0008 ±0.0008 ±0.0008 = 0.4944+0.0267

−0.0175

Average r1ΛMS = 0.495
+0.028

−0.018
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We take the 3-loop + leading ultrasoft log res. accuracy result

r1ΛMS
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BBGPSV'12

PDG average w/o lattice
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Determination of αs by comparing lattice data for the
short-distance part of the QCD static energy with perturbation
theory (3 loop + resummation of ultrasoft logs accuracy)

αs (MZ) = 0.1166+0.0012
−0.0008

Tested that we are indeed in the perturbative region. Detailed
analyses of possible uncertainty sources

Further data at shorter distance would reduce errors on αs

extraction

Thank you
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Backup slides
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Correction factors for the static energy

β r/a = 1 r/a =
√
2 r/a =

√
3 r/a = 2 r/a =

√
5 r/a =

√
6

7.150 0.980 0.995 1.007 0.988 1.000 1.010
7.280 0.980 0.997 1.008 0.992 1.000 1.013
7.373 0.980 0.998 1.009 0.994 0.995 1.005
7.596 0.980 0.995 1.005 0.994 1.000 1.001
7.825 0.968 0.992 1.005 0.994 0.998 1.001
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Size of ultrasoft effects
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