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Prelude / reminder

The lattice, precision & systematics

put/fm
100 10 1 0.001 0.0001
B - : -
mps
M 70 mgo
I I LY A I I
0.001 0.01 0.1 100 1000
1/ GeV
Typically: a2 0.05fm vs. L <6fm vs. mpg > mg
lattice discretisation & cont. limit
finite volume effects

almost physical pion masses

excited states, signal/noise problems, ...

renormalization, RG running & scheme dependences
effective theory treatment of heavy quark

matching eff. theory and QCD
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autocorrelations (top. freezing, algorithm, ...)

to be corrected (if small)

xPT & beyond

the staff of life
RI-MOM, SF, lat, MS, ...

HQET, RHQ, NRQCD

NP vs. PT
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Methods for B — P/v

Kinematics and Form Factors
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FF from lattice 3-point function:
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Methods for B — P/lv

z-expansion (e.g. P = )

Model-independent parameterisation: UNITARITY, ANALYTICITY (CROSSING-SYMMETRY)

[1,2]

\/t+—q —\/t+—t

\/t+—q +t+ —to

fl@®) =
t4 = (mp+mp)

anz(q”,to)"
B(q2,t A1) 2 )
) to <14

poles below threshold

n>0
unitarity bound

2 ananam
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B — wbv

Nt
ENSEMBLES

a [fm)]
Lmmin
MmN [MeV]
LIGHT QUARKS
HEAVY QUARK
REFS.
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Fermilab/MILC
241

MILC
4:0.045,0.12

3.8

220

asqtad

PT-RHQ

[3]

RBC/UKQCD
241
RBC/UKQCD
2:[0.086,0.11]
4.0

289

DW

NP-RHQ

[4]
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HPQCD

2-+1
MILC

2:[0.09,0.12]

3.8
260
asqgtad
NRQCD
[5]
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B — mlv by Fermilab/MILC"! ift
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a[fm]
2,3-pt functions on each ensemble &
construct appropriate ratios R s

determine excited state contaminations
to Ex(p), mp

test for autocorrelations (here: negative)

P. Fritzsch
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FF parametrisation { /-, fo} = {f, f1}

mixed action approach to heavy-light physics
[asqtad & Fermilab-RHQ]

momenta: |p| = r - 27” r =0, 1,\/5,\/5(,2)

cont. DR: Ex(p) — Ex(p) = \/ (P)? + (mErO))Q

“m7(70> has significantly smaller stat. error”
— “more stable & precise MSOO)”

2 simultaneous fit ansaetze to determine ratios R s
ansatz with smaller AR ; chosen (p.t.0.)

matching continuum QCD and lattice currents via
mostly non-perturbative renormalization method

L1y = Py \/ ZrZay s

ps =1+ pllav(¢") +0(ad)
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B — mlv by Fermilab/MILC"! ift

0.5 <+ coarsest ensemble (a & 0.12 fm, m;/mj, = 0.1)
0.50
0.45 R;(t) _ flJat [1 n AJe—AMB(T—t)]
.,0.40 hy
2}0.35 Jedll, L}
‘5030
¢ p=%(0,0,0), p value=0.82
0.25 L
@ p=2%(1,0,0), p value=0.29 (combined fit)
0.20
o) =%(1,1,,0), p value=0.98 (combined fit)
0.15
0 2 4 6 18 012 14 16 L p=2(1,1,1), p value=0.99 (combined fit)
0.35
; o 000
0301 * —
s correct for mistuning in heavy-quark (kinetic) mass
< 025 s 15%: extrapolation to physical point:
< 0.20 ﬂ¢ SU(2) hard-pion HMrSxPT (NLO+NNLO analytic)
¢ + HQ discretisation effects + gp* g
0.1sf 4
274: z.expansion
01— 4 6 & 10 1z 14 16
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B — mfv by Fermilab/MILC®! | f, (¢%)

z-expansion: ty = (mp + mx)(y/mp — /= )?

Kb
Zyys Ly, pyi —

Bi(2)p+(2)f+(2) = Y afz" : o

Stat., xPT, HQ, ¢,

n>0
with

+(2) =1—¢*/mp.

+(2) =1

BCL parametrisation incl. asympt. behaviour (q2 — 00)

0
. . N, + . 17 18 19 20 21 22223 24 25 26
Check unitarity bound: g Bonbnby, <1727 7 (GeV?)
m,n 0.9 T T — T T
This work
200, RBC/UKQCD 2015 —=—
Heavy-quark scaling estimate 0.8 - Ferm”?_%’\é”ég gggg e
G 07|
=
=
o 06 4
s
o
4
0.4 } % & } 4
0.3 . . . . .
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10 10 & (GoV?)
>oB b e
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B — v by Fermilab/MILC™! | fo(¢?) ift
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my, m,
8!
Bo(2)$o(2)fo(2) = > ahz" 30 Stat., \PT, TIQ), ¢, memmm
n>0 a
%
with (no poles incl.) =20
Bo(z) =1, En
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d)o(z) =1 3
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Check unitarity bound: E By, bnby, <177 ¢ (GeV
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This work
30 1.1 LRBC/UKQCD 2015 —=—
Unitarity Bound HPQCD 2006 ——
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B — mlv by Fermilab/MILC"!

Combined analysis from form factor f (q2) gives

(1-9%Mg2)f,(2)

0.8

0.6

0.4

0.2

[Vap| = (3.72 £0.16) x 1073

T
S
—e—

o

BaBar untagged 6 bins (2011) H5— |
Belle untagged 13 bins (2011) <1
BaBar untagged 12 bins (2012) 95—

T T
All expt. N,=3 fit
Lattice N,=4 fit

Belle tagged B? 13 bins (2013)
Belle tagged B 7 bins (2013)

5

§E§ Qﬁs 8@%%_
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20 -

dB/dq? x 108 [GeV2)

T
Lattice N,=4 fit
BaBar untagged 6 bins (2011) 51
Belle untagged 13 bins (2011) <
BaBar untagged 12 bins (2012) o |

Belle tagged B 13 bins (2013)
Belle tagged B" 7 bins (2013)
Lat.+all expt. combined N,=4 fit E=

-0.3 -0.2

-0.1

0

z

0.1

0.2

03 0

10 15 20 25

low p-value (0.02) due to tension between experimental data sets

largest X2/d.o.f. contribution from BABAR11 (6-bin) data set
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B — wlv by RBC/UKQCD!" ift

SAME LATTICE TECHNOLOGY AS BEFORE.

DIFFERENCES: SIMILARITIES:

2+3 pion masses computing fj, f1
422 MeV > my > 290 MeV ) bl
) ) . ; mostly non-perturbative renorm. for Z\’v//
2 lattice spe;cmgs a ~2 [ill m, 0,8(23 m via 1-lp MF-impr. PT at am(a_l)
momenta i, > g~ < 19.0 GeV continuum disp. relation for - (p)
domain wall light quarks

non-perturbatively tuned RHQ action
simpler SU(2) (hard-m) HMxPT expressions

2.0 —
scale enters via mp " | ' ' ' '
optimized src-snk separations to reduce I % % % bodd ETERL o ]
excited states contaminations = -t % 19 1
S0 B I %% EEA
L L] i
Sef Wil 1
¥ it J
00 t & P, = 2a(100)/L, p=50%
T w4 Fo=2a(1,10)/L, p=85% T
= B, = 2a(1,11)/L, p=89%
| | | |
0 5 10 15 20

time slice
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B — mfv by RBC/UKQCD™

B ™™ statistics
f¥" wm chiral-continuum extrapolation
= lattice-scale uncertainty
= renormalization factor
e HQ discretization errors
LQ and gluon discretization errors

200
g e other systematics 14 S
B
= [in}
w
100 10
% 8
6
4
0
20 22
¢ [Gev?]
300 5 - statistics
™ mm chiral-continuum extrapolation
wm latiice-scale uncertainty 16

= renormalization factor
= HQ discretization errors

LQ and gluon discretization errors
e other systematics

®

Error [%]

Error? [%?]
g
&

18 20 22 24 2
q* [Gev?]
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z-expansion: ty = (mp + mx)(v/mp — /mx)?

Bi(2)¢+(2)f+(2) = > ab2"

n>0
with
Bi(:) =1—¢*/mh. ,
d+(2) =1

‘ifl‘

BCL parametrisation incl. asympt. behaviour (¢ — co)

z-expansion: ty = (mp + mx)(v/ms — /M=)
Bo(2)g0(2)folz) = Y _ apz

n>0
with
Bo(z) =1,
$o(z) =1

n

(no poles incl.)



B — wlv by RBC/UKQCD!" ift
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B, — Kflv

N¢
ENSEMBLES

a [fm)]
Lmmin
MmN [MeV]
LIGHT QUARKS
HEAVY QUARK
REFS.

P. Fritzsch

RBC/UKQCD
241
RBC/UKQCD
2:[0.086,0.11]
4.0

289

DW

NP-RHQ

[4]

HPQCD
2+1

MILC
2:[0.09,0.12]
3.8

260

asqtad
NRQCD

[5]
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2

CLS
3:[0.048,0.075]
4.0

310

NP O(a) improved
NP-HQET

[6]
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B, — K/fv by RBC/UKQCD™

SAME ENSEMBLES AS FOR B — mlv

ift

¢ [GeV?] = 17.6,20.8,23.4

0.6 T T T T T T T T T T T T T
3.0 | .
3 tor fBK o Bk B
- i ,EHLBK r=n /;B‘K
= o4l i
= il 20 | .
2 B
N = o
S L 5 i
T o2 3 ] 1oL p ]
=2 =
a2
-4
00 Ll v v v by b b b ) [o o L - L L
-0.15 -0.1 -0.05 0 0.05 0.1 0.15 0 5 10 15 20 25
z q* [GeV?]
analogous analysis
smaller uncertainties in Bs — K channel
P. Fritzsch MITP, Sep 2015 = = 18



B, — K£v by HPQCD"! ift

triply mixed-action approach
sea: asqtad MILC / valence: HISQ light + NRQCD b quark

5 MILC ensembles, pr| < V3-2x/L

matching (improved) lattice NRQCD vector current using 1-loop HISQ lattice-PT

simultaneous Bayesian fit of 2,3-pt function with priors _

+ 'marginalization’ 1using (IV, N) = (8, 8) states

+ 'chaining’ : iterative update of priors by best-fit mean & cov.

modified z-expansion: hard-7 ’inspired’ factorization + z-expansion per ensemble

N

= simultaneous extrapolation (chiral + continuum + kinematic) 77?
K
B(2)f(2,a) = (1+llogs]) Y Dk(a) - ax 2(¢*, t0)"
k=0

and imposing fo = f+ at (¢%,a) = (0,0) mt . = 5.3252(5) GeV
m 1o = 5.6794(10) GeV

\.

J

actually: D(a) = D(a,ml(v’s), mgv’s))

P. Fritzsch MITP, Sep 2015

i
©



B, — K/¢v by HPQCD"™!

22
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15' DETERMINATION OF V/;;, FROM BARYONIC DECAY

Vab|® _ B} = pu” o)
[Veb |2

Rpp
B(AQ — AFp=5y)
LHCb measurement [”!

Lattice determination of Rpp [©

P. Fritzsch
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LHCb measurement '’/

signal

Ag constitutes ~ 20% of b-hadrons produced at LHC

R
huge branching fraction of A, — pfr compared to other decays
X3 decay products reconstructed far away from signal

P. Fritzsch
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LHCb measurement '’/

'\3‘ T T T E

= LHCb simulation E

> . E

& _F vbothsolutions

B E )

= _F one solution

© E E

§ 4of

% v

o 10 3
O:-‘ — -V T
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q? [Gev¥c4]

<~18000 — T
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> 15000 Mis-identified

(] B 0%y v

= Auv

8 12000 mm /\g,uj

~ v
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B

B
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J

§ 3000
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Corrected py~ mass[MeV/c?]
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stringent particle identification (PID) requirements
applied to proton

proton momentum > 15 GeV for PID performance
(best above Cherenkov light threshold)
2-fold ambiguity in ¢° due to missing neutrino
<— both solutions required to exceed

15 GeV? (Ap — p) and 7 GeV? (A, — A.)
to avoid influence

MITP, Sep 2015 = 23



LHCb measurement '’/ ifl

B(A) = P~ D) g2 515 Gev2
B(A) — Ajﬂfﬁu)q2>7cev2

= (1.00 £ 0.04 £ 0.08) x 1072

‘Vub‘ — 0.083 + 0.004 -+ 0.004 Source Relative uncertainty (%)
[Ven| B(Ac — pK*n™) B
Rpp = 0.68 + 0.07 Trigger 3.2
3 Tracking 3.0
With w.a. [Veplexc. = (39.5£0.8) x 107 : A, selection efficiency 3.0
Ay, = N*p~v, shapes 2.3
[Vap| = (3.27 £ 0.15 £ 0.16 = 0.06) x 10~3 Ay lifetime 15
Isolation 1.4
Form factor 1.0
5 8 ‘ T Ap kinematics 0.5
T 7 = pelusve q? migration 0.4
— [ A, - piv (LHCD) PID 02
¥ 53 combined Total R

Summary of systematic uncertainties. The table shows the relative systematic
uncertainty on the ratio of the Ay, — puvy, and Ay, — Acpvy,
branching fractions broken into its individual contributions. The total is obtained

by adding them in quadrature. Uncertainties on the background levels are not

listed here as they are incorporated into the fits.

P. Fritzsch MITP, Sep 2015 =
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Definition

Lattice computation of Rgp

Rl Cpur (15 GeV?)
T e (T GeV?)

ift

2
1 Imax AT'(Ap = p ™ u) | o
Cpur () = |Vub|2/z d¢? dg”,
2
1 Tmax dT'(Ap — Ae 4™ y) | o
CAcHD(m) = |‘/cb|2/z dq2 dq
differential decay rate in terms of helicity form factors
ar _ Gi|[Va|? GrlVab|"v/54+5- ( _m3
dg> —  T687m3, @
+2m1+2q

6m?2
12
q2

) { (m? +24°) [s4+91(*)* + 5-F1(¢*)]
(s+ [ma, = mx) g+(@)])” + 5= [(ma, +mx) f+(a7)]”)
(s+ [may = mx) fo(@)]” + 5= [(ma, +mx) go )}2)}

MITP, Sep 2015
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Ay, — X £ iy FF decomposition

ift

Helicity-based definition: ! s+ =(ma, £mx)’ —¢*, X e {p A}

vector
(X @', s)ay" blAs(p, s)) =ax (¥, 5) {fo(qz) (ma, —mx)%r

. m +m
+ f+(q2)% (P“ +p" — (M}, — mg()ﬂ)

2

G m 2m
+f¢(qz) (’y“* 27Xpuf ﬁp/u)}uAb(p,S)

Q

5+ 5+
axial vector

(X (@', 8)a7"7s blAs(p, 8)) = —ux (v, 5') 75 {90((12) (ma, +mx) %

m —-m o
91 (4°) T (" — (R, — ) 2 )

2m
+gL(q2) (,yf‘_f_in%p#_?/\bp/u)}u/\b(p,s)-

(f01f+7fi-)7 (go7g+,gJ_) AN (flv7f2v7ff¥)> (flAj .f2A7féA)
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Setup ift

Endpoint constraints

_ _ 2 _ 2
fO(O) = f+(0) P 90(0) = g+ (0) ) g1 (qmax) - g+(‘1rﬂax)
(val) (sea) .
3 RBC/UKQCD ensembles, Sy g0 Sy, (domain wall)
Set s NJ %N, xNs ants am{® am® a (fm) am("™ m{™ (Mev)
c14 2.13 243 x 64 x 16 1.8 0.04 0.005 0.1119(17) 0.001 245(4)
c24 213 243 x 64 x 16 1.8 0.04 0.005 0.1119(17) 0.002 270(4)
Cc54 2.13 243 x 64 x 16 1.8 0.04 0.005 0.1119(17) 0.005 336(5)
F23 225 323 x 64 x 16 1.8 0.03 0.004 0.0849(12) 0.002 227(3)
F43 225 323 x 64 x 16 1.8 0.03 0.004 0.0849(12) 0.004 295(4)
F63 225 323 x 64 x 16 1.8 0.03 0.006 0.0848(17) 0.006 352(7)
RHQ action, but different tuning of charm and bottom quark ! {amq, V9, cg, cg}
C-QUARK: PT & NP tuning!'”! B-QUARK: NP’ly tuned parameters!'"!
(cE, cB): tadpole-impr. tree-level PT (amq,v,cg = cp): my &, relativistic
(amQ’ v): spin-averaged nc, J /4 dispersion relation, mBx —MB,

mass & J /1) dispersion relation

triply mixed-action approach with PQ light quarks

P. Fritzsch MITP, Sep 2015 =
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Computational details / renormalization

NEEDED FOR (IMPROVED) VECTOR AND AXIAL VECTOR 3-PT FUNCTIONS

Y = Ao, Ai, Vo, Vi

ZxE/Uh) =py,n-y Z&“)Z(Yhh) ;

py,n=1+p

N

B8
S

N

R

1.370

(1)

h=cb

Y’haMfS(afl) +...

1.365 =

1.360 |-

=
=

a~0.11 fm

bl 4 Xy K

1.195

1.190 f-=

1185

a ~ 0.085 fm

1.180 -

1.175
0

P. Fritzsch
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Table IV: Nonperturbative renormalization
factors of the flavor-conserving temporal

vector currents. For Z‘(/uu),

we use the

results in the chiral limit from Ref. [12].
For Zg,bb), we use the results obtained in
Gea) — 0,005

Ref. [13] on the coarse am

w,d

and fine a7n£jza) 0.004 ensembles.
Parameter  coarse fine
A 10.037(34)  5.270(13)
7{e) 1.35725(23)  1.18321(14)
Z3  0.71651(46)  0.74475(12)
4

z" ~2.68 ~1.98
73~ 098 ~ 0.94

28



Computational details / current ratios

ift

|}A,,4Al. IA,,411|
t/a=6 t/a=8 t/a=10

0.006 T T T F T T T T3 E T T T T —
UU()‘—) [~ [~ x x * x x x h E x A
Sy 0004} L - - A 1 E §F ¥ F % o§ o3 7
Y 0.003f - = 4 -
0.002 - = 4
0.001 |- - 4

1 1 1 1 1 1 1 1 1 1 1 1

0.10 T T T T T T T T T T T T
. 0.08}f k 4 F 4
'&4 0.06 L % ox oz ox 1L TSI IR I i T -

=

s 00 - 4t 4
0.02} - o owow e x4 F " ow ow n e ok e ow

1 1 1 1 1 1 1 1 1 1 1 1

3.0 T T T T T T l| T T T T &
251 o - T P50
o 201 L === 1 L i ¥ 03 3 % i
~ L5E 3 P T Y ®x % = x ® x ® x 4
s 10f - 1 F 4
05F - 1 4

1 1 1 1 1 1 1 1 1 1 1 1

00 02 04 06 00 02 04 06 08 00 02 04 06 08 10

' (fm) ' (fm) ' (fm)
t : fixed source-sink separation (A, <+ X) ensemble C24 with |p’| = v/3 - 27 /L

t': current insertion (A, < A, V)

P. Fritzsch
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‘Infinite’ source-sink separation

Ry(lp'],t)

0.95 . . . .
0.90 Ry, 01
0.85 | g 0.0
0.80 o1
0.75
0.70 -02
0.65 —03
12 0.0 . . . .
11 ~02f Rpa
1.0 —04} ¥ |
09 —0.6} 1 i
08 ~08f % —
0.7 —10} i
0.6 —12 L L L L

0.0 0.0 05 10 L5 2.0 25

t (fm) t (fm)
Rf,i,n = fi,n + Af,i,n eXP(—af,i,nt) ) 6f,i,n = (smin + eXp(lf,i,n) GeV

f,4,n labels all form factors f (setx2), ensembles i and momenta |p’|? = n - (27/L)?

complicated coupled fit to all vector form factors with
n fixed, dmin = 170 MeV & including Gaussian priors in X%/.,n

P. Fritzsch MITP, Sep 2015 =
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04

02

00

055

x/continuum/kinematic extrapolation of FFs ift

modified z-expansion to = (ma, — mx)2

mfr 7m3‘_ s 7|2 A2
B = [of (1 g ) vaf o |14 B vl ]

B(z)=1- q2/m?’pole , amy pole = amp, +aly q=u,c

Ay from PDG Other poles ?
additional terms in fit ansatz to determine systematics
‘ FiCc14  nC24 C54 F23 HMF43  FE3 ———— q—0, mW:134vsA\1uv]
T T T T T T T 12 T T T T T T T
ol 9: (A = p) |
i §
0sf £ 4
o
okt
W6 O] 3 [ % T % o0 S o o o e s "% % Too
1 T T T T T T T T
9+(Ap = A)
T T T S - - TR 1 R 1 T T S ¥

i
&

P. Fritzsch MITP, Sep 2015 = =



FF results for A, — p ift
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Summary

increasing impact of lattice heavy-light FF
determinations on determining Vi1,

standard/benchmark SL heavy-light decay
B — wlv

B - X, (i (PDG2014)

T
B — n (i (PDG2014)
Ao — p Ly (this work)
1st results on baryonic heavy-light SL decay

B — w (i, (RBC/UKQCD 2015)

et
.
B — 7 (i (FNAL/MILC 2015) -
B R
103 x | Vyp| (4]
Quallity criteria: How good is our control of systematic errors? <+ FLAG
theoretically cleaner to apply z-expansion AFTER continuum-+chiral extrapolation
preferrably at fixed q2
overall normalization of f(q2) controlable, but not its shape yet
applicability domain of hard-pion x-PT ?

to my knowledge: many PT determinations of p in mostly-NPR not published yet

P. Fritzsch

poles for z-expansion NOT always known OR too many / off-axis poles, widths, more cuts,
w/o new techniques lattice results stucked in high-¢2 region

L7
MITP, Sep 2015
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THANK YOU FOR

YOUR ATTENTION!

Gregorio Herdoiza

Carlos Pena
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HEAVY QUARK

LATTICE ACTIONS

Perturbatively tuned/matched
Relativistic Heavy Quark action

Non-perturbatively renormalized &
matched Heavy Quark Effective Theory action

Non-perturbatively tuned
Relativistic Heavy Quark action
Non-Relativistic QCD
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Relativistic Heavy Quark action (RHQ)

i=1

Sruq = a* ZQ [mQ +vVo — gV(2> + VZ (%V - “V<2))

—CE QZGOZF027CB4 Z Tij 7,ji|
i, j=1
relativistiv heavy quark & anti-quark field Q, @

anisotropic action with v, cg,cg = f(am,gg) andvD — {v0Do,v - viD;}, csw — {cE,cB}
classically improved to O(a), {V(Q) V<2>}
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