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Motivations 

 fK / fπ = 1.192(5) 0.4%  f+   (0) = 0.966(3) 0.3%  Kπ  ms= 93.8(2.4) MeV 2.6% 

The accuracy of lattice calculations of hadron 
spectrum (and hence of the quark masses) and of 
the decay constants and form factors is such that  

electromagnetic corrections and isospin 
breaking effects cannot be neglected anymore     
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Motivations 
The accuracy of lattice calculations of hadron 

spectrum (and hence of the quark masses) and of 
the decay constants and form factors is such that  

 fDs = 250(7) MeV 2.8%  fBs = 227.7(4.5) MeV 2.0%  BK = 0.7661(99) 1.2%  ^ 
4 

electromagnetic corrections and isospin 
breaking effects cannot be neglected anymore     



Motivations 

ρ	  	  =	  0.142	  ±	  0.018	  

η	  	  =	  0.340±	  0.012	  	  
13% 

3.5% 

|Vud|2	  +|Vus|2	  +|Vub|2-‐1	  

=	  (-‐7	  ±	  6)	  x	  10-‐4	  	  from	  Kl3	  

=	  (	  0	  ±	  6)	  x	  10-‐4	  	  from	  Kl2	  
+	  nuclear	  β	  decay	  
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From	  the	  experimental	  measurements	  of	  the	  decay	  rates 

Vus
Vud

fK
fπ

= 0.2758 (5) Vus f+
K 0π−

(0) = 0.2163 (5)

M.Antonelli	  et	  al.,	  EPJ	  C69	  (2010)	  399	  The	  accuracy	  is	  at	  the	  level	  of	  	  0.2%	  
for	  both	  determinadons	   

The	  relevant	  processes	  are	  the	  leptonic	  and	  semileptonic	  K	  and	  π	  decays 

 

Γ K + → ℓ+ν ℓ(γ )( )
Γ π + → ℓ+ν ℓ(γ )( ) =

Vus
Vud

fK
fπ

⎛

⎝⎜
⎞

⎠⎟

2 mK 1−mℓ
2 /mK

2( )2
mπ 1−mℓ

2 /mπ
2( )2

1+δ EM +δ SU (2)( )

 
Γ K →πℓν(γ )( ) = GF

2mK
5

192π 3 CK
2SEW Vus f+

K 0π−

(0)( )2 IKℓ 1+δ EM
Kℓ +δ SU (2)

Kπ( )2

K 

K π 

The determination of Vus and Vud  
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Electromagnetic and isospin breaking effects 
An	  important	  source	  of	  uncertainty	  are	  long	  distance	  electromagnedc	  and	  
SU(2)	  breaking	  correcdons 

 

Γ K + → ℓ+ν ℓ(γ )( )
Γ π + → ℓ+ν ℓ(γ )( ) =

Vus
Vud

fK
fπ

⎛

⎝⎜
⎞

⎠⎟

2 mK 1−mℓ
2 /mK

2( )2

mπ 1−mℓ
2 /mπ

2( )2  1+δ EM +δ SU (2)( )

 
Γ K →πℓν(γ )( ) = GF

2mK
5

192π 3 CK
2SEW Vus f+

K 0π−

(0)( )2
IKℓ  1+δ EM

Kℓ +δ SU (2)
Kπ( )2

K 

K π 

ChPT	  is	  not	  applicable	  to	  D	  and	  B	  decays.	  Esdmates	  are	  model	  dependent. 

M.Knecht	  et	  al.,	  EPJ	  C12	  (2000)	  469;	  V.Cirigliano,	  H.Neufeld,	  PLB	  700	  (2011)	  7	  

δ EM = −  0.0069 (17)

At	  leading	  order	  in	  ChPT	  both	  δEM	  and	  δSU(2)	  can	  be	  expressed	  in	  
terms	  of	  physical	  quanddes	  (e.m.	  pion	  mass	  splinng,	  fK/fπ,	  …) 

25%	  of	  error	  due	  to	  higher	  orders	  	  	  	  	  	  	  	  	  	  	  0.2%	  on	  ΓKl2/Γπl2	   

δ SU (2) =
f
K + / f

π +

fK / fπ

⎛
⎝⎜

⎞
⎠⎟

2

−1= −  0.0044 (12)

For	  ΓKl2/Γπl2	  

J.Gasser,	  H.Leutwyler,	  NPB	  250	  (1985)	  465;	  V.Cirigliano,	  H.Neufeld,	  PLB	  700	  (2011)	  7	  

25%	  of	  error	  due	  to	  higher	  orders	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  0.1%	  on	  ΓKl2/Γπl2	   



Vus
Vud

fK
fπ

= 0.2758 (5) Vus f+
K 0π−

(0) = 0.2163 (5)0.2% 0.2% 

  
K π  K 

fK+ / fπ+ = 1.194(5)     Nf=2+1+1 

fK+ / fπ+ = 1.192(5)     Nf=2+1 

0.4% f+(0) = 0.970(3)    Nf=2+1+1 

f+(0) = 0.966(3)    Nf=2+1 

0.3% 
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Lattice results for 
fK/fπ and f+(0)  



M. Raggi, NA48/2 collaboration @ KAON13 
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Two	  approaches	  
QCD	  +	  QED	  montecarlo	  simuladon	  	  

QED and Isospin corrections to hadron masses  

1.	  
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Two	  approaches	  

from	  A.	  Portelli	  	  
@	  Lance	  2014	  

1.	  

Calculadons	  at	  several	  values	  of	  αem.	  Not	  really	  “full”:	  linear	  extrapoladon	  
to	  1/137	  without	  the	  renormalizadon	  of	  αem	  

11 

QCD	  +	  QED	  montecarlo	  simuladon	  	  

QED and Isospin corrections to hadron masses  



QED and Isospin corrections to hadron masses  
The	  RM123	  approach	  2. 

QED	  and	  isospin	  breaking	  effects	  are	  small	  because:	  

Qu ≠ Qd ≠ 0: O(αe.m.) ≈ 1/100 

mu ≠ md : O[(md-mu)/ΛQCD] ≈ 1/100 

“Electromagnedc”	  

“Strong”	  

The	  electromagnedc	  and	  isospin	  breaking	  part	  of	  the	  
Lagrangian	  can	  be	  treated	  as	  a	  perturbadon	  	  

Expand	  in:	  

arXiv:1110.6294	  

+	  

RM123	  Collaboradon	  

arXiv:1303.4896	  

md – mu αem 
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Idendfy	  the	  isospin	  breaking	  term	  in	  the	  acdon	  and	  expand	  in	  Δm	  =	  (md	  -‐	  mu)/2	  

   

O =
Dφ  O  e−S0+Δm  Ŝ∫
Dφ   e−S0+Δm  Ŝ∫

1st


Dφ  O  e−S0 1+ Δm Ŝ( )∫
Dφ   e−S0 1+ Δm Ŝ( )∫


O

0
+ Δm O  Ŝ

0

1+ Δm Ŝ
0

= O
0
+ Δm O  Ŝ

0

For	  the	  kaon	  decay	  constant:	  

δ SU (2) = −  0.0080 (7)

δ SU (2) = −  0.0044  (12)

Lance	  -‐	  Nf=2	  
Confirmed	  with	  Nf=2+1+1	  
RM123	  collab.	  (2012,	  2015)	  

ChPT	  
Cirigliano,	  Neufeld	  (2011)	  

  
Sm = muuu + md dd⎡⎣ ⎤⎦

x
∑ = 1

2
mu + md( ) uu + dd( )− 1

2
md − mu( ) uu − dd( )⎡

⎣⎢
⎤

⎦⎥x
∑ = S0 − Δm  Ŝ

which	  is	  ∼2.6	  σ	  larger	  than	  	  

The (md-mu) expansion 
G.M.de	  Dividis	  et	  al.,	  RM123	  collaboradon,	  JHEP	  04	  (2012)	  124	  
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The QED expansion 
G.M.de	  Dividis	  et	  al.,	  RM123	  collaboradon,	  PRD	  87	  (2013)	  114505	  

QED 

QED QCD 

 
M

K+ − M
K0

⎡⎣ ⎤⎦
QED

= 2.3(2)(2) MeV

 (md − mu ) = 2.39(8)(17) MeV  mu / md = 0.50(2)(3)

The	  expansion	  can	  be	  generalized	  to	  include	  the	  electromagnedc	  correcdons.	  
For	  the	  charged	  -‐	  neutral	  kaon	  mass	  splinng:	  

 
M

K+ − M
K0
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M

K+ − M
K0

⎡⎣ ⎤⎦
QCD

= −6.2(2)(2) MeV
 

M
K0
2 − M

K+
2⎡⎣ ⎤⎦

QCD

md − mu

=	  0	  in	  the	  electro-‐	  
quenched	  approx.	  



The QED expansion 
G.M.de	  Dividis	  et	  al.,	  RM123	  collaboradon,	  PRD	  87	  (2013)	  114505	  

QED 

QED QCD 

The	  expansion	  can	  be	  generalized	  to	  include	  the	  electromagnedc	  correcdons.	  
For	  the	  charged	  -‐	  neutral	  kaon	  mass	  splinng:	  

 
M

K+ − M
K0

15 

Advantage:	  	  we	  compute	  the	  inserdon	  of	  operators	  of	  O(1)	  and	  no	  extrapoladon	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  αem	  →	  1/137	  is	  required.	  No	  need	  to	  generate	  new	  gauge	  confs.	  

Disadvantage:	  	  More	  verdces	  and	  correladons	  funcdons	  to	  be	  computed,	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  including	  disconnected	  diagrams	  

Unavoidable	  in	  electromagnedc	  correcdons	  to	  hadronic	  amplitudes	  

=	  0	  in	  the	  electro-‐	  
quenched	  approx.	  



QED corrections to 
hadronic processes 

N.Carrasco, VL, G.Martinelli, C.T.Sachrajda, N.Tantalo, C.Tarantino, M. Testa	  
PRD	  91	  (2015)	  074506,	  	  arXiv:	  1502.00257	  	  

A~er	  the	  renormalizadon	  of	  the	  QCD+QED	  Lagrangian	  you	  sdll	  need:	  	  

1)	  The	  renormalizadon	  of	  the	  operators	  mediadng	  the	  physical	  process	  of	  	  
	  	  	  	  	  interest	  (e.g.	  the	  weak	  effecdve	  Hamiltonian).	  	  But	  this	  is	  not	  a	  novelty.	  

2)	  A	  complex	  procedure	  to	  remove	  the	  infrared	  cutoff	  because	  in	  general	  the	  	  
	  	  	  	  amplitudes,	  contrary	  to	  the	  masses,	  are	  infrared	  divergent.	  

16 

A method to solve this problem is presented  



The strategy 

	  	  	  	  	  To	  be	  specific,	  we	  consider	  the	  leptonic	  decay	  of	  a	  charged	  pion,	  but	  the	  
method	  is	  general	  (it	  can	  be	  applied	  for	  example	  to	  semileptonic	  decays).	  

	  	  	  	  	  The	  rate	  at	  O(α0)	  is:	  
 
Γ0
tree π + → ℓ+ν ℓ( ) = GF Vud

2 fπ
2

8π
mπmℓ

2 1− mℓ
2

mπ
2

⎛
⎝⎜

⎞
⎠⎟

2

In	  the	  absence	  of	  electromagnedsm,	  the	  nonperturbadve	  QCD	  effects	  are	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  contained	  in	  a	  single	  number,	  the	  decay	  constant:	  

	  	  	  In	  the	  presence	  of	  electromagnedsm,	  because	  of	  the	  contribudons	  of	  diagrams	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  like	  this	  one,	  it	  is	  not	  even	  possible	  to	  give	  a	  physical	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  definidon	  of	  fπ.	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  For	  a	  discussion	  on	  this	  point	  based	  on	  ChPT	  see	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  J.	  Gasser	  and	  G.R.S.	  Zarnauskas,	  PLB	  693	  (2010)	  122.	  	  
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0 dγ µ (1−γ 5 )u π + (p) = i  pµ  fπ



The strategy 

	  	  	  	  	  At	  O(α),	  the	  rate	  Γ0	  contains	  infrared	  divergences.	  One	  has	  to	  consider:	  

F.	  Bloch	  and	  A.	  Nordsieck,	  	  
PR	  52	  (1937)	  54	  

with	   0 ≤ Eγ ≤ ΔE .	  The	  sum	  is	  infrared	  finite	  

	  	  	  	  	  In	  principle,	  both	  Γ0	  and	  Γ1(ΔE)	  can	  be	  evaluated	  in	  lance	  simuladons.	  	  	  

	  But	  Γ1(ΔE)	  is	  very	  challenging,	  due	  to	  discredzed	  photon	  momenta:	  the	  
integral	  up	  to	  ΔE	  replaced	  by	  a	  finite	  sum,	  many	  correladon	  funcdons…	  	  

... + ... 
Γ0 Γ1 ΔE( )

 
Γ ΔE( ) = Γ π + → ℓ+ν ℓ( ) + Γ π + → ℓ+ν ℓγ (ΔE)( ) ≡ Γ0 + Γ1 ΔE( )

We	  thus	  propose	  a	  different	  strategy	   18 



The strategy 

	  	  	  	  	  We	  propose	  to	  consider	  sufficiently	  so~	  photons	  such	  that	  they	  do	  not	  	  
	  	  	  	  	  resolve	  the	  internal	  structure	  of	  the	  pion.	  Then	  the	  pointlike	  	  
	  	  	  	  	  approximadon	  can	  be	  used	  to	  compute	  Γ1(ΔE)	  in	  perturbadon	  theory.	  

19 

 ΔE ∼O(20 MeV)

F. Ambrosino et al., KLOE Collaboration,  
PLB 632 (2006) 76; EPJC 64 (2009) 627; 65 (2010) 703(E) 

A	  cut-‐off	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  appears	  to	  be	  appropriate,	  both	  	  	  
	  experimentally	  and	  theoredcally	  

 ΔE ≪ ΛQCD



The strategy 

+	  ChPT 

ΔE = 20 MeV

FV = mP / (4π 2 fπ )  ,    FA = (8mP ) / fπ ⋅ L9
r + L10

r( )

For	  π	  and	  K	  decays,	  the	  size	  of	  the	  neglected	  structure-‐dependent	  
contribudons	  can	  be	  esdmated,	  as	  a	  funcdon	  of	  ΔE,	  using	  ChPT	  

 ΔE ∼O(20 MeV)

J.	  Bijnens,	  G.	  Ecker,	  J.	  Gasser,	  NPB	  396	  (1993)	  81;	  	  V.Cirigliano,	  I.Rosell,	  JHEP	  0710	  (2007)	  005	  	  

π → eν(γ )
K → eν(γ )

ΔE = 20 MeV

R1
A(ΔE) = Γ1

A(ΔE)
Γ0

α ,pt + Γ1
pt (ΔE)

  ,   A = { SD,  INT  }

The	  structure	  dependent	  component	  can	  be	  parametrized	  in	  terms	  of	  two	  
independent	  form	  factors.	  At	  O(p4)	  in	  ChPT:	  

SD negligible 

20 



The strategy 

In	  order	  to	  ensure	  the	  cancelladon	  of	  IR	  divergences	  with	  good	  numerical	  
precision,	  an	  intermediate	  step	  is	  required.	  We	  then	  rewrite:	  

Γ ΔE( ) = lim
V→∞

Γ0 − Γ0
pt( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

 ΔE ∼O(20 MeV)Γ ΔE( ) = Γ0 + Γ 1

pt ΔE( )

 
Γ π + → ℓ+ν ℓ( )

Montecarlo simulation 
Lattice QCD 

Perturbation theory 
pointlike pion 

 
Γ π + → ℓ+ν ℓγ (ΔE)( )

21 is	  an	  unphysical	  quandty	  
 
Γ0
pt = Γ π + → ℓ+ν ℓ( )pt



The strategy 

The	  second	  term	  is	  calculated	  in	  perturbadon	  theory	  directly	  in	  infinite	  volume.	  	  
The	  sum	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  IR	  finite.	  Γ0

pt + Γ1
pt ΔE( )

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  in	  the	  first	  term	  is	  calculated,	  in	  the	  intermediate	  step,	  in	  the	  finite	  
volume.	  The	  contribudons	  from	  small	  virtual	  photon	  momenta	  to	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  
are	  the	  same,	  and	  the	  first	  term	  is	  IR	  finite.	  

Γ0 − Γ0
pt

Γ0 Γ0
pt

Γ ΔE( ) = lim
V→∞

Γ0 − Γ0
pt( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

	  	  	  	  	  	  	  	  	  	  	  IR	  divergences	  cancel	  separately	  in	  each	  of	  the	  two	  terms,	  and	  so	  we	  can	  
calculate	  each	  of	  these	  terms	  separately.	  We	  also	  use	  different	  IR	  regulators:	  
the	  finite	  volume	  for	  the	  first	  term	  and	  a	  photon	  mass	  for	  the	  second	  term.	  

The	  two	  terms	  are	  also	  separately	  gauge	  invariant.	  
22 



Outline 

Γ ΔE( ) = lim
V→∞

Γ0 (L)− Γ0
pt (L)( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

✓ 

1.	  	  General	  strategy	   ✓

2.	  	  Calculadon	  of	  Γ0
pt + Γ1

pt ΔE( )
3.	  	  Calculadon	  of	  Γ0

−	  	  GF	  and	  the	  UV	  matching	  
−	  	  Lance	  calculadon	  

4.	  	  Calculadon	  of	  Γ0
pt (L)

5.	  	  Conclusions	  
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	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  is	  calculated	  in	  perturbadon	  theory	  with	  a	  pointlike	  pion	  Γpt ΔE( )

Γ ΔE( ) = lim
V→∞

Γ0 − Γ0
pt( ) +  lim

V→∞
Γ0

pt + Γ1
pt ΔE( )( )

24 

1
k2

→ MW
2

MW
2 − k2

1
k2

UV	  divergences	  in	  	  	  	  	  	  	  	  	  are	  regularized	  	  
	  	  	  	  	  with	  the	  “W-‐regularizadon”	  	  

(more	  on	  this	  point	  later)	  

Γ0
pt

Calculation of Γpt(ΔE) 

+	  	  QED	  	  
for	  π	  and	  l+	  

IR	  divergences	  are	  regularized	  with	  the	  a	  photon	  mass	  
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IMPORTANT	  CHECK:	  For	  ΔE=ΔEMAX	  	  we	  obtain	  the	  well	  known	  result	  for	  	  
the	  total	  rate	  as	  in	  S.	  M.	  Berman,	  PRL	  1	  (1958)	  468	  and	  T.	  Kinoshita,	  PRL	  2	  (1959)	  477	  

Γ0
pt   +

Γ1
pt ΔE( )

=  Γpt ΔE( )

Calculation of Γpt(ΔE) 



Outline 

Γ ΔE( ) = lim
V→∞

Γ0 (L)− Γ0
pt (L)( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

✓ 

1.	  	  General	  strategy	   ✓

3.	  	  Calculadon	  of	  Γ0

−	  	  GF	  and	  the	  UV	  matching	  
−	  	  Lance	  calculadon	  

4.	  	  Calculadon	  of	  Γ0
pt (L)

5.	  	  Conclusions	  

2.	  	  Calculadon	  of	  Γ0
pt + Γ1

pt ΔE( ) ✓
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Γ ΔE( ) =  lim
V→∞

Γ0 − Γ0
pt( )  + lim

V→∞
Γ0

pt + Γ1
pt ΔE( )( )
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Calculation of Γ0
 (L) 

is	  calculated	  in	  the	  finite	  volume	  with	  a	  lance	  simuladon	  Γ0

	  At	  lowest	  order	  in	  electromagnedc	  (and	  strong)	  perturbadon	  theory	  the	  
amplitude	  can	  be	  rewri#en	  in	  terms	  of	  a	  four-‐fermion	  local	  interacdon	  

	  This	  replacement	  is	  necessary	  in	  a	  lance	  calculadon,	  since	  	  

	  When	  including	  the	  O(α)	  correcdons,	  the	  UV	  contribudons	  to	  the	  matrix	  
element	  of	  the	  local	  operator	  are	  different	  from	  those	  in	  the	  Standard	  Model:	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  a	  matching	  between	  the	  two	  theories	  is	  required	  

 1/ a≪MW

 
H eff =

GF

2
Vud
* dγ µ (1−γ 5 )u( ) ν ℓγ µ (1−γ

5 )ℓ( )



	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  UV	  finite.	  Not	  included	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  in	  GF.	  Equal	  to	  the	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  corresponding	  diagram	  in	  	  	  
the	  effecdve	  theory	  with	  the	  “W-‐regularizadon”	  	  
(up	  to	  negligible	  terms	  of	  O(q2/MW

2))	  	  
28 

SM electroweak corrections to muon decay 
	  The	  Fermi	  constant	  GF	  is	  convendonally	  defined	  from	  the	  muon	  lifedme	  using	  

1
τ µ

=
GF

2mµ
5

192π 3  1− 8me
2

mµ
2

⎛

⎝⎜
⎞

⎠⎟
 1+ α

2π
25
4

−π 2⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

GF = 1.16634 ×10−5  GeV−2

	  +	  	  diagrams	  with	  
the	  real	  photon	  

	  In	  the	  Standard	  Model,	  in	  order	  to	  separate	  out	  the	  tradidonal	  photonic	  
correcdons,	  it	  is	  convenient	  to	  write	  the	  (Feynman	  gauge)	  photon	  propagator	  as:	  

S.M.Berman,	  PR	  112	  (1958)	  267;	  	  T.Kinoshita	  and	  A.Sirlin,	  PR	  113	  (1959)	  1652	  

1
k2

= 1
k2 −MW

2 + MW
2

MW
2 − k2

1
k2

A.	  Sirlin,	  RMP	  50	  (1978)	  573,	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  PRD	  22	  (1980)	  971	  

UV	  divergent.	  Absorbed	  	  
in	  the	  definidon	  of	  GF	  together	  
with	  the	  other	  EW	  correcdons	  

Many	  EW	  correcdons	  are	  absorbed	  into	  the	  definidon	  of	  GF;	  the	  explicit	  O(α)	  
correcdons	  are	  those	  obtained	  in	  the	  effecdve	  theory:	   [	  UV	  finite	  for	  muon	  decay]	  
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The	  γ-W	  box	  diagram,	  which	  is	  finite	  in	  the	  Standard	  Model,	  is	  also	  equal	  to	  the	  
corresponding	  diagram	  of	  the	  effecdve	  theory	  with	  W-‐regularizadon:	  

-‐	  The	  Standard	  Model	  diagram	  contains	  	  
	  	  	  both	  the	  γ	  and	  W	  propagators	  

1
k2

→ MW
2

MW
2 − k2

1
k2

-‐	  In	  the	  effecdve	  theory	  this	  is	  preserved	  with	  the	  W-‐regularizadon,	  and	  the	  	  
	  	  two	  diagrams	  are	  equal	  up	  to	  negligible	  terms	  of	  O(q2/MW

2)	  	  	  

SM electroweak corrections to muon decay 

	  	  	  	  	  	  	  	  	  	  	  	  	  	  The	  W-‐regularizadon	  provides	  a	  convenient	  way	  to	  separate	  out	  
the	  tradidonal	  photonic	  correcdons.	  For	  muon	  decay,	  all	  other	  EW	  
correcdons	  are	  absorbed	  in	  GF	  .	  

Standard	  Model	  
[	  UV	  finite	  ]	  

Effecdve	  theory	  
with	  W-‐regularizadon	  



SM electroweak corrections to pion decay 

A.Sirlin,	  NP	  B196	  (1982)	  83;	  
E.Braaten	  &	  C.S.Li,	  PRD	  42	  
(1990)	  3888	  

muon	  
decay	  

pion	  
decay	  

Same	  weak	  
isospin	  charges	  

Some	  short-‐distance	  contribudons,	  however,	  do	  depend	  on	  the	  electric	  charges	  
of	  the	  fields	  in	  the	  four-‐fermion	  operators.	  These	  lead	  to	  a	  correcdon	  factor	  of	  

2Q = (Qνµ
+Qµ ) = −1 2Q = (Qu +Qd ) = 1/ 3

muon	  
decay	  

pion	  	  
decay	  1+ 2Q = 0 1+ 2Q = 4 / 3

 
H eff =  GF

2
Vud

*  1+ 3α
4π

 (1+ 2Q) log MZ

MW

⎛
⎝⎜

⎞
⎠⎟

 dγ µ (1−γ 5 )u( ) ν ℓγ µ (1−γ 5 )ℓ( )

Most	  of	  the	  terms	  which	  are	  absorbed	  into	  the	  definidon	  of	  GF	  are	  common	  to	  
other	  processes,	  including	  the	  leptonic	  decays	  of	  pseudoscalar	  mesons	  

W-‐regularizadon	  

This	  provides	  the	  matching	  between	  the	  Standard	  Model	  and	  the	  local	  Fermi	  theory	  
30 



Matching the W and lattice regularizations 

The	  W	  regularizadon	  cannot	  be	  implemented	  directly	  in	  present	  day	  lance	  
simuladons	  since	  	  

The	  reladon	  between	  the	  Fermi	  effecdve	  Hamiltonian	  in	  the	  lance	  and	  W	  
regularizadons	  can	  be	  computed	  in	  perturbadon	  theory:	  

 1/ a≪MW

MW
2

MW
2 − k2

⎛
⎝⎜

⎞
⎠⎟
1
k2

1/ 4
a2
sin2

akρ
2

⎛
⎝⎜

⎞
⎠⎟ρ

∑⎡
⎣
⎢

⎤

⎦
⎥

The	  result,	  with	  the	  lance	  Wilson	  acdon	  for	  both	  gluons	  and	  fermions,	  is:	  

W	  regul.	  

Lance	  

31 
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Outline 

Γ ΔE( ) = lim
V→∞

Γ0 (L)− Γ0
pt (L)( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

✓ 

1.	  	  General	  strategy	   ✓

3.	  	  Calculadon	  of	  Γ0

−	  	  GF	  and	  the	  UV	  matching	  
−	  	  Lance	  calculadon	  

4.	  	  Calculadon	  of	  Γ0
pt (L)

2.	  	  Calculadon	  of	  Γ0
pt + Γ1

pt ΔE( ) ✓
✓

✓

5.	  	  Conclusions	  



Lattice calculation of Γ0(L) 

The	  lance	  calculadon	  at	  O(α0),	  i.e.	  without	  electromagnedsm,	  is	  standard	  

 
M 0 =

GF

2
Vud

* 0 dγ µγ 5u π + (pπ ) uνℓ (pνℓ )γ µ (1−γ 5 )vℓ(pℓ )⎡⎣ ⎤⎦  =  

 
C0

φφ (t) ≡ 0 φ(!0, 0)φ†(!x,−t) 0
!x
∑ "

e−mπ
0t

2mπ
0 Z0

φ( )2  Z0
φ ≡ π + (!0) φ†(!0, 0) 0

 
C0 (t) ≡ 0 d (!0, 0)γ µγ 5u(!0, 0)( )φ†(!x,−t) 0

!x
∑ "

e−  mπ
0

 t

2mπ
0 Z0

φ 0 dγ µγ 5u π + (!0)
0

33 

 
 =  i  GF

2
Vud

*  fπ  pπ
µ uνℓ (pνℓ )γ µ (1−γ 5 )vℓ(pℓ )⎡⎣ ⎤⎦

The	  amplitude	  is	  obtained	  from	  the	  large	  t	  behavior	  of	  the	  2-‐point	  correlator	  
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Lattice calculation of Γ0(L) at O(α) 
The	  Feynman	  diagrams	  at	  O(α)	  can	  be	  divided	  in	  3	  classes	  

Co
nn

ec
te
d	  

Di
sc
on

ne
ct
ed

	  

1	  	  	  	  The	  photon	  	  
	  	  	  	  	  	  connects	  two	  	  	  	  
	  	  	  	  	  	  quark	  lines	  

2	  	  	  	  The	  photon	  	  
	  	  	  	  	  	  connects	  one	  
	  	  	  	  	  	  quark	  and	  one	  	  
	  	  	  	  	  	  charged	  lepton	  	  
	  	  	  	  	  	  line	  

3	  	  	  	  Leptonic	  wave	  	  
	  	  	  	  	  	  funcdon	  	  
	  	  	  	  	  	  renormalizadon.	  	  	  	  	  
	  	  	  	  	  	  It	  cancels	  in	  	  

Γ0 (L)− Γ0
pt L( )



Lattice calculation of Γ0(L) at O(α) [I] 
Let	  us	  consider	  the	  Feynman	  diagrams	  of	  the	  1st	  class:	  

+	  disconnected	  diagrams	  

The	  leptonic	  contribudon	  to	  the	  amplitude	  is	  factorized	  and	  we	  need	  to	  compute	  

 
C1(t) = − 1

2
d 3∫ !x  d 4x1  d 4x2 0 T JW

0 (0) jµ (x1) jµ (x2 ) φ†(!x,−t){ } 0
!x
∑  Δ(x1, x2 ) 

weak	   e.m.	   pion	   photon	  

Combining	  C1(t)	  with	  the	  lowest	  order	  correlator	  	  

  
C0 (t)+C1(t) !

e−mπt

2mπ

Zφ 0 JW
0 (0) π +  !

e−mπ
0t 1−δmπt( )

2 mπ
0 +δmπ( ) Z0

φ 1+δZφ( )  0 JW
0 (0) π +

0
1+δA( )

35 

-‐	  δmπ	  is	  infrared	  finite	  and	  gauge	  invariant	  

-‐	  δZϕ	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  however	  are	  infrared	  divergent	  and	  gauge	  dependent	  	  	  	  
	  	  and	  cannot	  be	  interpreted	  as	  a	  correcdon	  to	  fπ	  

δ 0 JW
0 (0) π +



Results for δmπ	    

Only	  2	  diagrams	  contribute	  to	  the	  pion	  mass	  splinng	  

-‐	  The	  1st	  diagram	  also	  contributes	  to	  the	  π+	  decay	  rate	  	  
-‐	  The	  2nd	  diagram	  comes	  from	  the	  neutral	  pion.	  It	  is	  	  	  
  O(α mud)	  and	  it has	  been	  neglected	  

From	  the	  linear	  slope	  in	  dme	  we	  find	  

36 

 C1(t) /C0 (t) ! c1t + c2

M
π + −Mπ 0 = 4.28 (39)  MeV

RM123c	  ‘15,	  preliminary	   [	  Nf=2+1+1	  ]	  

M
π + −Mπ 0 = 5.33 (76)  MeV

RM123c,	  PRD	  87	  (2013)	  114505	   [	  Nf=2	  ]	   M
π + −Mπ 0 = 4.59  MeV

Experimental	  value:	  

Finite	  volume	  correcdon	  to	  the	  
mass	  up	  to	  O(1/L2)	  are	  now	  
known	  and	  found	  to	  be	  universal	  
BMWc	  ‘14,	  Davoudi	  et	  al.	  ‘14	  	  



a 

Lattice calculation of Γ0(L) at O(α) [II] 

For	  these	  diagrams	  
the	  leptonic	  and	  

hadronic	  contribudons	  
do	  not	  factorize	  

+	  disconnected	  
diagrams	  

37 

The	  large	  t	  behavior	  of	  the	  	  
correlator	  is	  given	  by:	  

 
C1(t)αβ  ! e

−mπ
0t

2mπ
0 Z0

φ M1( )αβ

The	  corresponding	  contribudon	  
to	  the	  amplitude	  is:	  

uα (pν ) M1( )αβ vβ (pµ )

They	  are	  not	  simply	  generalizadon	  of	  the	  evaluadon	  of	  fπ	  

The	  amplitude	  is	  
obtained	  from	  	  
the	  following	  

Euclidean	  space	  
correladon	  funcdon	  	  

 
C1(t)αβ = − d 3∫ !x  d 4x1  d 4x2 0 T JW

ν (0) jµ (x1) φ†(!x,−t){ } 0  

 
× Δ(x1, x2 ) γ ν (1−γ 5 ) S(0, x2 ) γ µ( )αβ eEℓt2−i  

"pℓ⋅
"x2

weak	  

weak	  

e.m.	   pion	  

photon	   lepton	   e.m.	  
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Lattice calculation of Γ0(L) at O(α) [II] 

 
C1(t)αβ = − d 3∫ !x  d 4x1  d 4x2 0 T JW

ν (0) jµ (x1) φ†(!x,−t){ } 0  

 
× Δ(x1, x2 ) γ ν (1−γ 5 ) S(0, x2 ) γ µ( )αβ eEℓt2−i  

"pℓ⋅
"x2

 ω ℓ =
"
kℓ
2 +mℓ

2

 
ωγ =

!
kγ
2 +mγ

2

We	  need	  to	  ensure	  that	  the	  t2	  integradon	  converges	  as	  	  t2	  → ∞ . The	  large	  t2	  	  

behavior	  is	  given	  by	  the	  factor	  
 
exp Eℓ −ω ℓ −ωγ( )  t2⎡⎣ ⎤⎦

 Eℓ =
"pℓ
2 +mℓ

2
 
!
kℓ +
!
kγ =

!pℓ

 
ω ℓ +ωγ( )

min
= mℓ

2 +mγ
2( ) + "pℓ2 > Eℓ

The	  integral	  is	  convergent	  and	  the	  condnuadon	  from	  Minkowski	  to	  Euclidean	  space	  
can	  be	  performed	  (same	  if	  we	  set	  mγ=0	  but	  remove	  the	  photon	  zero	  mode	  in	  FV).	  

38 

A	  technical	  but	  important	  point:	  

-‐	  mass	  gap	  between	  the	  decaying	  pardcle	  and	  the	  intermediate	  states	  
-‐	  absence	  of	  lighter	  intermediate	  states	  

CONDITIONS:	  
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Lattice calculation of Γ0(L) at O(α) [II] 

a 

5 10 15 20
t/a

-2e-07

-1.5e-07

-1e-07

-5e-08

5 10 15 20
t/a

5e-07

6e-07

7e-07

8e-07

9e-07

1e-06

1.1e-06

5 10 15 20
t/a

-1,1e-05

-1e-05

-9e-06

-8e-06

-7e-06

-6e-06

5 10 15 20
t/a

-2.6e-05

-2.4e-05

-2.2e-05

-2e-05

(V-‐A)	  ×	  (V-‐A)	  =	  VV	  +	  AA	  -‐	  VA	  -‐	  AV	  

V0V0	   ViVi	  

A0A0	   AiAi	  	  

Error < 1 % 

Preliminary	  results	  for	  crossed	  diagrams 
Twisted-mass, V=243x48, a=0.086 fm, mπ=475 MeV, 240 confs, 3 stochastic sources/conf. 

together with F. Sanfilippo and S. Simula	  
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Outline 

Γ ΔE( ) = lim
V→∞

Γ0 (L)− Γ0
pt (L)( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

✓ 

1.	  	  General	  strategy	   ✓

3.	  	  Calculadon	  of	  Γ0

−	  	  GF	  and	  the	  UV	  matching	  
−	  	  Lance	  calculadon	  

4.	  	  Calculadon	  of	  Γ0
pt (L)

2.	  	  Calculadon	  of	  Γ0
pt + Γ1

pt ΔE( ) ✓
✓

✓
✓

5.	  	  Conclusions	  
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Calculation of  

Γ ΔE( ) =  lim
V→∞

Γ0 − Γ0
pt( )  + lim

V→∞
Γ0

pt + Γ1
pt ΔE( )( )

Γ0
pt (L)

is	  calculated	  in	  perturbadon	  theory	  with	  a	  pointlike	  pion	  Γ0
pt L( )

UV	  divergences	  are	  regularized	  with	  the	  W-‐regularizadon	  

IR	  divergences	  are	  regularized	  by	  the	  finite	  volume	  (same	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  )	  Γ0 L( )

 

!q = 2π
L

nx ,ny ,nz( )

1
q2

→ MW
2

MW
2 − q2

1
q2

⎛
⎝⎜

⎞
⎠⎟

with	  
 
d 3q… →∫  2π

L
⎛
⎝⎜

⎞
⎠⎟

3

…
!q
∑

 
!q ≠ 0,0,0( )

We	  have	  now	  derived	  an	  analydcal	  expression	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  we	  	  	  Γ0
pt L( )
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!q = 2π
L

nx ,ny ,nz( )

 
δmℓ =

α em

4π 2  

2π
L

⎛
⎝⎜

⎞
⎠⎟

3 1
q3 − q

Eℓ
+ q2

mℓ
2

q
Eℓ

−1
⎛
⎝⎜

⎞
⎠⎟
− 2q2

mW
2

3q
EW

− 2
⎛
⎝⎜

⎞
⎠⎟
− 4q4

mW
4

q
EW

−1
⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪"q
∑

Lepton	  mass	  correcdon	  

 
Vπℓ =

α em

4π 2  

2π
L

⎛
⎝⎜

⎞
⎠⎟

3 1
MW

2
1
EW

− 1
q

⎛
⎝⎜

⎞
⎠⎟
− rℓ

2

(1− rℓ
2 )q2Eℓ

+ 1+ rℓ
2

2(1− rℓ
2 )q3 log rℓ

2 + q
Eπ

− log Eπ + q
Eπ − q

+ log Eℓ + q
Eℓ − q

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

"q
∑

Vertex	  

−4MW
2 mπ

2 3q2 + 2MW
2

EW
− 3q

2 − 2MW
2

Eπ

⎛
⎝⎜

⎞
⎠⎟
⎤

⎦
⎥
⎫
⎬
⎪

⎭⎪

 

Σπ =
α em

4π 2  

2π
L

⎛
⎝⎜

⎞
⎠⎟

3 1
q3 −

1
MW

4 − 4mπ
2EW

2( )2

⎧
⎨
⎪

⎩⎪
!q
∑ 16mπ

4 EW + MW
2

Eπ

⎛
⎝⎜

⎞
⎠⎟
+

⎡

⎣
⎢ MW

4 4q2 +MW
2

EW
− 4q2 −MW

2

Eπ

⎛
⎝⎜

⎞
⎠⎟

Pion	  self-‐energy	  
EX = MX

2 + q2
 rℓ = mℓ /mπ

 Γ0
pt L( ) = 2 Vπℓ + 2 δmℓ + Σπ + Σℓ

Γ0 (L)− Γ0
pt L( )[	  Cancels	  in	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ]	  	  

NEW	  
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Outline 

Γ ΔE( ) = lim
V→∞

Γ0 (L)− Γ0
pt (L)( ) + lim

V→∞
Γ0
pt + Γ1

pt ΔE( )( )

✓ 

1.	  	  General	  strategy	   ✓

3.	  	  Calculadon	  of	  Γ0

−	  	  GF	  and	  the	  UV	  matching	  
−	  	  Lance	  calculadon	  

4.	  	  Calculadon	  of	  Γ0
pt (L)

2.	  	  Calculadon	  of	  Γ0
pt + Γ1

pt ΔE( ) ✓
✓

✓
✓

✓

5.	  	  Conclusions	  
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Conclusions 
	  	  	  	  We	  have	  presented	  a	  method	  to	  compute	  electromagnedc	  effects	  
in	  hadronic	  processes	  with	  lance	  QCD.	  

	  	  	  	  We	  have	  discussed	  a	  specific	  case,	  namely	  the	  leptonic	  decay,	  but	  
the	  method	  is	  general	  and	  can	  be	  applied	  to	  many	  other	  processes	  

	  	  	  Since	  the	  effects	  we	  are	  calculadng	  are	  of	  O(1%),	  compudng	  the	  
electromagnedc	  correcdons	  to	  a	  precision	  of	  20%	  or	  so	  would	  
already	  be	  more	  than	  sufficient.	  

	  Physical results expected soon !  

	  	  	  	  The	  implementadon	  of	  the	  method	  is	  challenging	  but	  within	  reach	  
of	  present	  lance	  technology.	  The	  numerical	  study	  is	  in	  progress.	  
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QED ON THE LATTICE 

   
SQED = 1

2
Aν (x) −∇µ

−∇µ
+( )Aν (x)

x;µν
∑ =

( p.b.c.) 1
2

Aν
*(k) 2sin(kµ / 2)( )2 Aν (k)

k ;µν
∑

  - Non-compact QED: the dynamical variable is the gauge potential Aµ(x)  
    in a fixed covariant gauge (                 ) 

  
∇µ

− Aµ (x) = 0

- The photon propagator is IR divergent → subtract the zero momentum mode  

  - Full covariant derivatives are defined introducing QED and QCD links: 

  
Aµ (x)→ Eµ (x) = e− iaeAµ ( x ) Dµ

+qf (x) = Eµ (x)⎡⎣ ⎤⎦
 ef Uµ (x) qf (x + µ̂)− qf (x)

QED QCD 

 - Since                                                                  the expansion of the  
   lattice action up to O(e2)  
   contains 2 contributions: 

   
Eµ (x) = e− i  e  Aµ ( x ) = 1− i  e  Aµ (x)−1/ 2 e2

 Aµ
2(x)+…



LATTICE QED 

 - The infrared problem is not specific of the lattice regularization but  
    it is general for QED in a finite volume with periodic b.c.  
    Already at the classical level, the Gauss’ law for a charged particle is  
    inconsistent for the zero mode:  

  
∇µ

− Fµν (x) = jν (x)   ∇i
−Ei(x) = ρ(x)

   
0 = ∇i

−Ei(x)
x
∑ = e δ 3(t,x) = e

x
∑

 - A solution to the infrared problem  
   consists in removing the zero mode: 

  

Dµν
⊥ (x − y) =  

δ µν  eik ( x− y )

2sin(kρ / 2)⎡⎣ ⎤⎦
2

k≠0
∑

 - We subtracted the zero 
mode in x-space and applied    
   a stochastic technique 

  
P⊥φ(x) ≡φ(x)− 1

V
φ( y)

y
∑   

    −∇ρ
−∇ρ

+⎡⎣ ⎤⎦φµ (x) = P⊥ηµ (x)

φµ (x) =
δ µν

−∇ρ
−∇ρ

+ P⊥
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
ην (x) = Dµν

⊥ (x − y)ην ( y)
y
∑

Real Z2  
noise 



 - Switching on the e.m. interactions requires the introduction of new  
    counterterms which renormalize the couplings of the theory:  

 - For any observable, the leading isospin breaking expansion reads,  

   
g0 = 0,  gs

0 ,  mu
0 ,  md

0 ,  ms
0 ,  …( )  →  g = e2 ,  gs ,  mu ,  md ,  ms ,  …( )

 
  + … 
 

   
O( g) = O( g0 )+ e2 ∂

∂e2 + gs
2 − (gs

0 )2( ) ∂
∂gs

2 + mf − mf
0( ) ∂
∂mf

+…
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
O( g) g  =  

g0



The charged-neutral pion mass splitting 

Only 2 diagrams contribute to 
the pion mass splitting. 

The disconnected diagram, of 
O(αemmud), has been neglected 

in the present calculation 

Since eu ≠ ed, sea quark 
contributions now enter at 

the leading order 
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   Estimates of structure dependent       
contributions to Γ1(ΔE)  

We	  esdmate	  the	  size	  of	  the	  neglected	  structure-‐dependent	  contribudons	  to	  
the	  decay	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  using	  chiral	  perturbadon	  theory	  at	  O(p4)	   K

+ /π + → ℓν ℓγ

J.	  Bijnens,	  G.	  Ecker,	  J.	  Gasser,	  NPB	  396	  (1993)	  81;	  	  V.Cirigliano,	  I.Rosell,	  JHEP	  0710	  (2007)	  005	  	  

Start	  with	  the	  decomposidon	  in	  terms	  of	  Lorenz	  invariant	  form	  factors	  of	  the	  
hadronic	  matrix	  element	  

and	  separate	  the	  contribudon	  corresponding	  to	  the	  approximadon	  of	  a	  
pointlike	  pion	  	  	  	  	  	  	  	  	  	  	  from	  the	  structure	  dependent	  part	  Hpt

µν HSD
µν

	  	  	  	  	  	  	  	  	  is	  simply	  given	  by:	  Hpt
µν

Hpt
µν = fπ gµν − (2pπ − k)

µ (pπ − k)
ν

(pπ − k)
2 −mπ

2

⎡

⎣
⎢

⎤

⎦
⎥ kµHpt

µν = fπ pπ
ν( )

H µν = Hpt
µν + HSD

µν

H µν (k, pπ ) = d 4x∫  eikx  0 T jµ (x) JW
ν (0) ( ) π (pπ )  
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   Estimates of structure dependent       
contributions to Γ1(ΔE)  

The	  structure	  dependent	  component	  	  	  	  	  	  	  	  	  	  	  can	  be	  parametrized	  by	  four	  
independent	  invariant	  form	  factors	  which	  we	  define	  as	  

HSD
µν

HSD
µν = H1 k2gµν − kµkν⎡⎣ ⎤⎦ + H2 k ⋅ pπ( )kµ − k2pπ

µ⎡⎣ ⎤⎦ pπ − k( )ν

kµHSD
µν = 0( )−i  

FV
mπ

ε µναβkα pπβ +
FA
mπ

k ⋅ pπ − k
2( )gµν − pπ − k( )µ kν⎡

⎣
⎤
⎦

For	  the	  decay	  into	  a	  real	  photon,	  only	  FV	  and	  FA	  contribute	  

At	  O(p4)	  in	  chiral	  perturbadon	  	  
theory	  FV	  and	  FA	  are	  constant:	  

For	  our	  esdmates	  we	  use:	  

,	  FV = mP

4π 2 fπ
FA =

8mP

fπ
L9
r + L10

r( )

FV
(π ) = 0.0254
FA
(π ) = 0.0119

FV
(K ) = 0.096

FA
(K ) = 0.042

J.	  Bijnens,	  G.	  Ecker,	  J.	  Gasser,	  NPB	  396	  (1993)	  81	  

Direct	  measurement	  
PDG	  2014	  

ChPT	  
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R1
A(ΔE) = Γ1

A(ΔE)
Γ0

α ,pt + Γ1
pt (ΔE)

  ,   A = { SD, INT } SD	  =	  structure	  dependent	  
INT	  =	  interference	  

π → µν(γ )

K → eν(γ ) K → µν(γ )

π → eν(γ )

ΔE = 20 MeV

Interference	  contribudons	  are	  negligible	  in	  all	  the	  decays	  
Structure-‐dependent	  contribudons	  can	  be	  sizable	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  but	  they	  	  
are	  negligible	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (which	  is	  experimentally	  accessible)	  

K → eν(γ )
ΔE < 20 MeV



Structure dependent contributions  
to decays of D and B mesons 

For	  the	  studies	  of	  D	  and	  B	  mesons	  decays	  we	  cannot	  apply	  ChPT	  

For	  B	  mesons	  in	  pardcular	  we	  have	  another	  small	  scale,	  
	  	  	  	  	  	  	  	  the	  radiadon	  of	  a	  so~	  photon	  may	  sdll	  induce	  sizeable	  SD	  effects	  

 mB* −mB !  45 MeV

A	  phenomenological	  analysis	  based	  on	  a	  simple	  pole	  model	  for	  FV	  and	  FA	  
confirms	  this	  picture	  	   D.	  Becirevic,	  B.	  Haas,	  E.	  Kou,	  PLB	  681	  (2009)	  257	  

 
FV !

"CV

1− pB − k( )2 /mB*
2

 
FA !

"CA

1− pB − k( )2 /mB1
2

Under	  this	  assumpdon	  the	  SD	  contribudons	  to	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
for	  Eγ	  ≃	  20	  MeV	  can	  be	  very	  large,	  but	  are	  small	  for	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  

B→ eν(γ )

B→ µν(γ ) B→τν(γ )
A	  lance	  calculadon	  of	  FV	  and	  FA	  would	  be	  very	  useful	  53 

B→ eν(γ ) B→ µν(γ ) B→τν(γ )

SD large SD small 


