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O . Preliminaries

| Definition 1.0.1 — Ab-initio. Ab-initio - from the begining (Merriam-Webster)

These lectures in few-body physics are meant to present what is often called ab-
initio techniques, meaning numerical methods that are meant to solve the N-body
problem “accurately” without any assumption but the nuclear potential and the
currents.

In essence we want to solve the N-body Schroedinger equation

(T+ V)Y =EY (1.1)

or the response functions
R(w) = [ df |(¥I0[¥0) P5(Es — Eo — heo) (12)

There are few analyticl solutions to these equations, but in most cases we need
to relly om numerical work. In the following lectures I'll present some of the
techniques developed over the years to handle the problem. Of course it would
be too much to cover all such techniques, therefore the topics covered reflect my
personal prefrences and experience.

Notation

Configuration space

(x|x') = 6(x — & (1.3)

| =

(xlplx’) = 6(x —x")-V (14)

~

Momentum space
(plp') =d(p—7p') (15)
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Note that people might employ different normalization of momentum states.

Definition 1.1.1 Free wave
Infinite volume normalization

1 .
(x|k) = Welk x (1.6)
in box normalization ,
(x|k) = ﬁeik'x (1.7)

Units
* Naturalunitss m =h =c=1
* Nuclear physics fic = 197.33MeV - fm.
* In Atomic physics fic = 1973.3eV - A.

The 2-Body case
The 2-body wave function, see e.g. [Sak94]

P(x1,%2) = (¥122]9) (1.8)
Time dependence
i%tl; = Hy (1.9)
The 2-body Hamiltonian
He -l g
= o V1 2 5+ V(|x2 —x1|) (1.10)

In the 2-body case we separate the center of mass motion from the relative
motion through the trnasformation

1
R = M_12 (m1x1 + mzxz)
r = (x—x1) (1.11)

The internal Hamiltonian is given by

mymy

2
H = f = -
my + my

_ T2 .
= 2VV + V(r) ;

(1.12)

Stationary solution

Hy = Ey P(t) = exp(iE(t — to))i(to) (1.13)

The Scroedinger equation

hz
[ V24 V()| p(r) = Ep(r) (1.14)

2




1.2 The 2-Body case

nw(d 24 P
|93t Vv =E
[ 2 ( T TZ> + V()| 9(r) = Ep(r)
Here [ is the angular momentum operator.
The spherical harmonics
%Yy () = 1(1 + 1) Yy (7) lAZYlm(?) = MY (#)

Boundary conditions (E < 0)

r—0

Ri(r) &= Ar 4+ Br(HD
R(r) r—soo Cexp(r—Kr) +Dexp(r-i—xr)

Kk =+/—2uE/h, B=D = 0!

Boundary conditions (E > 0)

Ry(r) LA N + gy~ (1)
r—sc0 Cexp(r—zkr) n Dexp(jzkr)

k= /2uE/h, B =0!

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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[2. Identical particles

The symmetry principle

Two particles are said to be identical if all their intrinsic properties (mass, spin,
charge, etc.) that we shall denote collectively as A are exactly the same: no
experiment can distinguish one from the other.

For such indistinguishable particles, it can make no difference what numbers or
names we assign to the position and spin labels of separate individuals. From this
perspective, the state vector ¥ (ry, A1; 12, Ap; ...) must represent the same physical
state as the state vector ¥(rp, Ay; 11, A1;...). This does not mean that these state
vectors are equal, only that they are equal up to a constant factor!

T(l’l, )\1;1‘2, /\2; ) = Dé‘F(I'z, )Lz,‘ I, )\1;...) . (2.1)

Exchanging the same pair of variables one more time, yields

T(I‘l,)tl,'rz, )&2; ) = D(Zl}f(rl,)tl;l'z, )&2; ) (22)

It follows that
w>=1 or a==+1. (2.3)
Particles with &« = 1 are known as bosons and particles with and « = —1 are

known as fermions, respectively. One of the most important consequences of
special relativity in quantum mechanics is that the spin dictates the permutational
properties of the particles:

Half-integers spin particles are fermions;

U1f the states are normalized in the same way, then the constant factor is just a phase, but it is
not necessary to assume a particular normalization.
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Integer spin particles are bosons.

Even though (2.1) meets our expectations and rests on the intuition about the
concept of identical particles, it is actually a demand. If the state does not satisfy
(2.1) it cannot describe a system of identical particles. Note that condition (2.1)
defines a subspace of the total Hilbert space.

The two-particle case

Consider a system of two identical particle where particle “1” is in state 4, and
particle “2” is in state b. With both states properly normalized, the total wave
function take the form

¥) = [9a(1))[@s(2))- (2.4)

The exchange of variables we have discussed above can be realized now as ex-
change of the particles 1 and 2 in the wave function. To this end we can define
the linear transposition operator Pjy, that permutes between the particle ‘1" and
particle 2/, by

Pia|@a(1))@p(2)) = |9a(2))|95(1)) = [95(1))[9a(2))- (2.5)

Inspecting the above result we realize that under P;; particle 1 moves from state a
to state b and the opposite for particle 2. We also realize that

P21 = P12 and Plzz = 1. (26)
Thus the transposition operator is unitary and self adjoint
P, =P, = P (2.7)

The hermiticity condition follows from the definition of the self adjoint operator.

To understand the permutation properties of operators let O; be an hermitian
operator acting on the hilbert space of particle 1, and let O, be an operator acting
on the hilbert space of particle 2. Clearly

(FIO1[Y) = (9a(1)[O1]9a(1))
(¥102|¥) = (¢5(2)[02]95(2)) (2.8)

Now, using the property PZ, = 1 we see that

(9a(1)[01]9a(1)) = {@a(1) 95(2)|O1]pa(1) 95(2))
= (9a(1)96(2)| PLO1Ph | @a(1) 95(2))
= (@(1) a(2)[P1201Pr2|95(1) a(2)). (2.9)

This equation will be fulfilled only if

P1201P1p = Os. (210)
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Looking for eigenstates of Pj; as we demand for identical particles, there are
two possible combinations

¥)+ = —= (9a(1) () + 9a(1) lgu(2)) @)
and
¥)- = == (9Dl gs(2) = 1) 1 2). 1)

The upper is for bosons and the lower for fermions. These states are associated with
two operators, the symmetrizer

1
Sip = 2 (1+ Pr2) (2.13)
and the antisymmetrizer
1
A = 5 (1—Pp2). (2.14)

Applying each of these operators to |¥) we will get the proper eigenstate of Pj5.

2.3 The symmetry group

e The size of the group dim(S4) = A!.
¢ Each group element p € S4 can be represented as

(1 2 3 ... A
P Pt P2 P3 -.. PA
which reads “The item in box 1 moves to box pj, the item in box 2 etc.”
¢ The product of two group elements p,q € S4 can be represented as

_ 1 2 3 ... A 1 2 3 ... A
& Pr P2 P3 ... PAJ\41 42 43 --- (A
_ 1 2 3 ... A pP1 P2 oo pAa
Pir P2 P3 --- PAJ \4p1 H4p2 <o Apa
_ 1 2 3 ... A (2.15)
p1 9p2 cor pa

¢ A short hand notation is through cycles. An Example
p=(1352)(4)

which reads “The item in box 1 moves to box 3, the item in box 3 moves to
box 5, etc. The item in box 2 moves to box 1. The item in box 4 stays”

e Each permutation can be written as a product of transpositions (i, ). For
example, (acting from right to left)

(123) = (13)(12)

¢ Each permutation is associated with a parity. The parity of a trnasposition is
(—1), therefore the parity of a length [ cycleis [ — 1.
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2.4 Classes

2.5

Definition 2.4.1 Two group elements ¢, ¢’ € S4 are conjugate to each other if
there is b € S4 such that ¢’ = beb™!. A class C is an object that contains all
the conjugate elements. That is, if c € C then for any p € S, also pcp~! € C.
The partition of the group elements into cycles is also a partition into conjugate
classes {C}.

For example the classes of S, are

(4),(3)(1),(2)(2), (2)(1) (1), () (1)(1)(1)

Theorem 2.4.1 The class sum operators
C=Yc
ceC

are Casimir operators of the group, i.e. they commute with all the group ele-
ments.

For example

A
G = 2(1])

i<j

Cs=) (ijk)

ijk

or

Proof. Forany p € 54

pC=pY c=Y pc=Y pplp=Y cp=Cp

ceC ceC ceC ceC

A partition is defined by Ay > Ay > A3... > Ay, where ) Ay = A. Each
partition defines a class.

The IRREPs

The irreducible representations (irreps) of the symmetry group S»

¢ For finite symmetry groups there is a one to one correspondance between
the irreps and the classes.

¢ Therefore a partition defined by Ay > Ay > A3... > A4, where ) ; Ay = A
defines not only a class but also an irrep.

e We denote a Young diagram as 'y = [A1,Ap,..., A 4]

¢ Each young diagram is characterized by a partition and each partition defines
an irrep.

¢ The irreps of the symmetry group S, are characterized by the Young dia-
grams.
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¢ A state in an irrep is defined by
YA - (FA, 1—‘A—ll ceey r3/ r2/ rl)

* The dimension of the irrep is the possible number of writing the numbers
1... A such as they increase to the right and down. For example the irreps
1,1,1,1], 12,2}, [3,2].

* Two important irreps the symmetric (bosonic) irrep [A] and the antisymmet-
ric (fermionic) irrep [1,1,1,...,1].

Each irrep is associated with a projection operator, the Young operator. For the
symmetric and antisymmetric irreps these operators take a simple form. Symmet-
ric,

1

S=m L P (2.16)
PESA
Antisymmetric,
1 . .
A= Y sign(p)p (2.17)
PESA

The Casimir operators

Thanks to Schor’s Lemmas we know that an object the commutes with all the
group elements is proportional to the unit operator in any irreducible subspace.
Therefore the class sum operators have a one eigenvalue for each irrep. In principle
the full set of the class sum operators is needed to uniquely identify an irrep. In
practice the transposition class-sum operator is enough to identify all the irreps
for A < 5. The eigenvalues of the class-sum operator C, are given by

&Iy = (A= Z@)lm (2.18)
i j

The first degenerated eigenvalue appears for the S irreps [411], [33], and for their
mirror image [3111], [222]. The Sy irreps are uniquely identified, and so on. The
symmetric and antisymmetric irreps are largest and smallest eigenvalues of C,
and are always unique.

Bosons and fermions

For constructing fermionic or bosonic states we can define the two operators

1
S — T Z Pg 7
N &
1 .
A= NI Y sign(g)Py, (2.19)
8ESN

where P, is a unitary representation of the group element g in our Hilbert space,
Le.
tp _ T _
Py Py = PePy =1 (2.20)
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and
Pg1Pg2 — Pgng . (2.21)

In other words, we arrived at the unitary representation of the permutation group
Sn. This is another realization of the Wigner’s theorem in the special case of
permutation symmetry.

We recall that sign(g) = 1 if g is even and sign(g) = —1 for odd g, and that
any operator ¢ € Sy can be written as a product of 2-particle transpositions such
as (26), or (13). An even operator is a product of even number of transpositions,
an odd operator is a product of an odd number of transpositions.

Theorem 2.6.1 The operators S and A satisty the following properties:
(@) S and A are Hermitian operators: ST = S, A" = A.
(b) S and A commute with Pg for all g € Sy,

P,S =8P, =S,
P, A = AP, = sign(g).A . (2.22)

(c) S and A are projectors to orthogonal subspaces of H,,, i.e.

S?2=8, A2=A, SA=AS=0. (2.23)

Proof.  (a) By definition

1 1 1
Sl=iLPh=m LB =5 L P1=S, @2

SESN * g€SN SESN

where 2nd equality follows from unitarity of representation Pg =Py !, the
3rd equality rests on Py’ = P,-1 which follows from P; being a representa-
tion of the group. Finally, the last equality is true because inverse operation
is a bijection from Sy to itself. The proof of AT = A is almost identical.
We only need to note that since g~'¢ = I and sign(I) = 1 we must have

sign(g~") = sign(g).

(b) We have
1 . 1 . .
PeA = — ) sign(g') PyPy = N Y sign(g)sign(g’) Py
T g'eSy A
sign . .
— gT@ Y sign(gg’) Py = sign(g)A, (2.25)

g'eSn

where in the 2nd equality we used (2.21) and sign(g)? = 1, Vg € Sy, whereas
in the 1st equality of the second line we substituted sign(g)sign(g’) =
sign(gg’). Finally, last equality rests on the bijective nature of the map
¢ — g¢’. The proof for S follow suit.

(c) Using the definition of S and (b), yields

1 1
2 —
S = NI ES PgS =N ES S=8S6. (2.26)
" 8ESN T 8ESN
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Similarly,
A=l ign(g) Py A = L ign(g)*A = A (2.27)
—mngngg N‘Zﬂgng =A. .
gESN SESN
Now for SA we see that
SA=S8(P;'Py) A= (5P, ") (P, A) = Ssign(g) A, (2.28)
and choosing an odd parity § we much have SA = 0.
[
I Exercise 2.1 Show that A4S = Tiff N = 2. 8

Construction of physical states

Tools of the preceding subsection lead directly to the following rule for construc-
tion of the unique physical state corresponding to a system of N identical particles:
(a) Enumerate the particles arbitrarily and assign to each particle an individual
state in the corresponding Hilbert space r,A;, € H,. Construct the state
|T(1‘1/\1,’ Ay .. )> =€ Hiot.

(b) Apply S or Ato |¥), depending on whether the identical particles are bosons
or fermions.

(c) Normalize the state obtained in this way, e.g. the physical state describing
N identical fermions is given by [¥)r = N'A|¥), where N is normalization
constant.

Indeed,

Pol¥)r = P NAJY) = sign(g)NA¥) = sign(g)[¥)r,  (229)

in full agreement with (2.1), where we used P; A = sign(g)A proved in the
previous section.

Outer product wave functions

We note that if the wave function is an outer product of two different spaces
Y € Y ® X and we managed to construct in each subspace states with well defined
symmetry then we can use the Clebsch-Gordan coefficients of the symmetry group
and construct states with the desired symmetry. For example we can construct
fermionic wave function as a product

F Y
=) —== me Ty Fys (2.30)

Ya_q \/lr

where in T the row and columns are inverted with respect to I'y, Ar,y, ,isa
phase factor, and |T' 4| is the dimension of the irrep.
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Slater determinant and the structure of the lightest nuclei

A simple way of obtaining fermionic states rests on the so-called Slater determinant.
The signs of the various terms in the definition of A are determined by the same
rule as those of a N x N determinant. Utilizing this observation and choosing a
single particle basis {|¢@4(r,A))}5 ; it is convenient to write an anti-symmetric
state in the form of a Slater determinant

1(1)  ¢2(1) ¢n(1)
¥(1,2,...,N) = (Plfz) (PZZ(Z) q)N:(z) . (2.31)
¢1(N) ¢2(N) -+ ¢on(N)

Obviously, A|¥) vanishes if two or more of the states {|¢;) } | coincide. Moreover,
the Slater determinant makes it obvious that the full physical state vanishes if one
of the states {|¢;) } N, is given by a linear combination of the other states.

The lightest nuclei

The simplest picture of the nucleus is the shell model. The neucleons are moving
in a mean-field, i.e. the harmonic-potential, produced by the interaction with the
other nucleons. The energy levels of the 3-dimensional harmonic-oscillator are

3 3
E, = 02n+1+ E)hw = (N+ E)hw. (2.32)
Here n is the radial quantum number and / the angular momentum. The single

particle states are given by
Puimr (1, A) = (xA|nlmA). (2.33)

Constructing an A-body Slater determinant using the lowest HO basis states we
see the shell structure:
e A< 4-n=1=m =0, the state are defined by the internal degrees of
freedom, the spin s and the isospin t.
e 4 < A<16-n=0,1=1,and m = —1,0,+1. Here we have a total of 12
states 4 x (21 +1).

The magnetic moment of the nucleon

The constituent quark model provides a simple description of the nucleon N
(proton or neutron) as a system composed of 3 interacting quarks, moving in a
central confining potential. Each quark g carries 3 internal quantum numbers color
¢, spin 0, and flavour f. The flavour indicates the type of quark which in our case
is either an up quark or a down quark, i.e. f = (u,d).

Yn = Y(x10101f1, %2020 f2, X3¢303 3) . (2.34)
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It turns out that the nucleons as well as all other hadronds belong to a color
singlet, a phenomena sometimes described as color confinement, as we don’t
find any free colored object. The 3-quarks color singlet state A is antisymmetric,
therefore we shell denote it with subscript A. As a consequence, the space-spin-
flavour part of the wave function ¥ grsr must be symmetric,

YN = &5 ® Yrsr(x101f1, %2022, X303 f3). (2.35)

Considering now the nucleon as a system of 3 quarks moving in a confining
potential (such as the harmonic oscillator), it is clear that in the ground state of the
nucleon all 3 quarks will assume the same lowest energy state which we expect to
be an ¢ = 0 state. Denoting this state by ¢, the nucleon wave-function takes the
form

Yy =&, ®£Po(x1)(P0(x2)(P0(x2) RPsr(01f1,02f2,03f3). (2.36)

YR (x1,%2,%3)

Evidently, ¥r(x1, x2,x3) is symmetric under particle permutations, hence the
spin-flavour part of the wave-function ¥sr must also be symmetric.

QCD is blind to the flavour of the quark, and as the masses of the u,d quarks
are rather similar the hadronic spectrum as well as the nuclear force exhibit an
approximate symmetry to the exchange of these quark. This symmetry is an SU(2)
symmetry analogous to the spin symmetry and is known as isospin symmtry;, i.e.
isotopic-spin symmetry. From algebric point of view isospin states are equivalent
to spin states. The proton and the neutron are an example of isospin symmetry
as they have the same mass to within 2 permil. They belong to the isospin I = 7
doublet, with the proton corresponding to the |I = %, I, = %) state, and the
neutron to the |[I = 1, I, = —1) state.

The proton and the neutron are also S = % particles. To construct a 3-quark
S = % we can couple the first two quarks to form an S = 0 and couple this state
with the single quark S = % state, i.e.

3) = \% (1141 = [411) . (2.37)

Similarly we can write down an isospin state

S=1 M

1=3 L=3) = (udu) — |dun)). 238)

The proton’s spin-isospin state is a symmetrized product of these two states

1) = NS(IT) — [411)) (Judu) — |duu))
= NS(Jutdbut) + [dhutut) — [uldtut) — [dtulut))  (2.39)

where N is a normalization constant, and

5= % (e + (12) + (23) + (31) + (123) + (132)) (2.40)



20 Chapter 2. Identical particles

is the 3-body symmetrization operator. Applying S we get

) = = — (2lbutut) +2Jutdiut) + 2ututdl)
— |dtulut) — [dtutul) - |utdtul)
— |wtdtul) = [utuldt) — [ulutd?)) (2.41)
We are now in position to calculate the proton’s magnetic moment. Assuming

as we have argued above that the motion of the quarks is predominantly an s-wave
motion, we may write the magnetic monet as

3
=2Y (nuPu(i) + paPs(i))s; (2.42)
i=1

Here P,, P; are projections on u, d states, s is the spin operator and

_ (2.43)
H‘l — zmq .

is the quark magnaton, with e; the charge of the quark, and m, its mass. Assuming
the m; = m, and recalling that e, = 2/3e, ¢; = —1/3e we see that

~1/3 1
% =573 =3 (2.44)

The proton magnetic moment is given by

1 4 1
up = (pHlp:lpt) = (4 X 3% 2y — pa) + 6pq) = S = 3Ha (2.45)

For the neutron we shall get the same result replacing u with d

4 1
Un = g,ud - gl/lu (2.46)

Calculating now the ratio between the protons’s and the neutron’s magnetic
moments we get

Hp  4/3w—1/3ug  4/3+1/6 3

e 4/3ug—1/3u,  —2/3-1/3 2 (247)

The proton’s magnetic moment is y, = 2.793uy and the neutron’s is p, =
—1.913u. We see that prediction of the naive quark model, compares well with
the experimental ratio yp/pn ~ —1.46.
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(3. The Jacobi Coordinates

3.1 Relative coordinates for the 2,3-body systems

3.1.1 The 2-Body case

In the 2-body case we separet the center of mass motion from the relative motion
through the trnasformation

1
R = — (myry +mor
M ( )

r = (rn—n) (3.1)

Here M, = mj + my. It should be noted that this transformation is not orthogonal.
Using orthogonal transformation we set

= ! (myry + mory)
Mo = Mygm 171+ M2t

m = (r2—11) (3.2)

m is an arbitrary mass which we usually take as the nucleon mass m = my;.

3.1.2 The 3-Body case

As it is well known, in order to separate the motion of the center of mass coordinate,
7o = Rem, in the 3-body problem one has to work with the Jacobi coordinates

[Jac42]
[ 1
o = M (m1r1 + mory + m3r3)
123
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_ nymy B
m =\ Mom (r2 —11)
Mqoms ( myry + m21’2)
— Y — — £ 3.3
T2 Mipzm 3 M, (3:3)

where M;; = m; + m; and Myp3 = my + my + m3 and m is an arbitrary mass which
we usually take as the nucleon mass m = my.

The A-body case

General prescription

A general discrete sets of Jacobi coordinates can be written through recursive
spliting of the A particles into subgroups. We start writing the A particles in any
desired order and then split them in the following way

(1234...789...A)
(1234...7)(89... A)
(1234)(...7)(89... A)
(

12)(34)(...7)(89... A)

(1)(2)3)(4).--(7)(8)(9) ... (A) (3.4)

The spliting continue until all particles reside in a single particle group. Clearly
weneed N = A — 1 steps to complete the split. Now we associate each split with a
Jacobi coordinate that connects the center of mass of the two new fragments. Con-
sequently each spliting defines a different set of A — 1 relative (Jacobi) coordinates.
These coordinates together with the center of mass coordinates completes a set of
A coordinates. For example in the 4-body case we may choose the following split

(1234)

(12)(34)

(1)(2)(34)

(1)(2)(3)(4) (3.5)

This split is associated with the (H) set of Jacobi vectors

mo— M1y M3, <M31’3 + Myry  Mir + Mzi‘z)
! Mipzam M3y My

=\ Mo (r2—r1)
_ mamy
3 = M34m(r4 r3), (3.6)

We note again that we may start the procedure with any arbitrary permutation of
the particles.
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Figure 3.1: The Jacobi coordinates

3.2.2 The A-Body K’ system
In the general A-body case it is convenient to work with the recursive 'K’ spliting

(1234...789...A—2 A—1A)
(1234...789...A—2 A—1)(A)
(1234...789... A—2)(A—1)(A)

(.1534...7)(8)(9)...(14 ~2)(A—1)(A)

(12)(3))... (7)(8)(9) .. (A—2)(A - 1)(A)
D)) B)E)...(7)(8)9)... (A—2)(A-1)(A) 67)

This spliting defines the N = A — 1 Jacobi coordinates [Jac42] #1, %2, ..., yn, That
together with the center of mass coordinate, 179 = Ry, forms a complete new set
of coordinates.

For this specific set of coordinates it is useful to look at the spliting (3.7) bottom
up, i.e. to assume merging. This way the construction of the Jacobi vectors is
done adding one particle at a time. The general expressions for the mass weighted
Jacobi coordinates were given by Hirshfelder and Dahler [HD56]

| My k—1mk< 1
—1 = — I — mqry +m2r2 + .. +mk71rkfl ) p k = 2/ 3/ e
1 M jm M. k-1 ( )

(3.8)
Where M;_; = 25'{:1 m;.
This transformation can be written as an orthogonal transformation Uj;,

A

A
1
M1 = Y _ Uin/mi/mr; , = Y Uitk (3.9)

i=1 mi/m =
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Here the matrix Uy; has the following form:

(
fori =1
fori >1
Uij; = (3.10)
fori=j
L forj>i
One can easily check that the matrix U;; is orthogonal
N
Z ui]'uk]' = Ok , det(U) = 1. (3.11)
j=1
In view of (3.9), the expressions for the gradients are
02 U —— 0 9 al 1 9
ari k:Z‘i ki 1 a’]kfl a’]kfl k;l ki ml/m arl ( )
The corresponding momentum operators
0 k-1 . d
;v = — 1
pi i o, , q i e (3.13)
are therefore transformed as
N
., — uk.1/m./m k=1 , u 3.14
pl k_zl 1 1 q ; ki=—/—F— \/T ( )

Because of orthogonality of the matrix U the bilinear combinations are given by:

Mm

m;(x;)a(1;) B = Zm(ﬂz 1 ’71*1)/3

~
I
N

A 1 1 A
A A
£a5=z% Zi (1i-1)a(9;_1)p
1=

for a, B =1, 2,3, which defines the inertia tensor Typ, the kinetic energy operator
Tup and the angular momentum operator L,g, respectively, in the new variables.
One can check that in view of Egs. (3.9) and (3.15) the moment of inertia around
the center of motion could be expressed through the relative particle distances

N A
1
=Y (1) =5 )
r= ~:1(’1171) © 2My am z’jZ—:1 mim;ri; (3.16)
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The moment of inertia is thus expressed through sum of squares of mass weighted
inter-particle distances N and therefore is usually denoted as pz. The
variable p is called the hyperspherical radius. Finally using Egs. (3.9), and (3.11)
one obtains the expressions for volume elements in the coordinate and momentum
spaces

N 1N N N
[Tdri==11dni— , [Tdpi =] ]da;_4 (3.17)
i=1 Hiza i=1 i=1

where y = [TV /m;/m.

The normalized equal mass Jacobi coordinates

m = \E(Tz—ﬁ)
r = in3em)

B A—2< _ 1 ( T n )>

fa2 = ([ g—q\ra1— g —5n+n ra—2
A—-1 1

Ha-1 = 2 (TA . 1(r1—l—r2+ +7’A—1)>

This transformation can be written as

A
nk,1:2Ukirl- k=1,...
i=1

A
ri =Y Uitk

N

Where U is the orthogonal matrix

BNE

1 1
A A
1 1
—/} \@ 0
— 1 1 2
U= Ve —\/g \/; e 0

Tt = 5 2 .18)
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3.4 Non normalized Jacobi coordinates

In many application people use non normalized Jacobi vecotrs. The most popular

set is defined by the transformation rules

A A
— . _ -1
ni=) Ui 5 =) U,
=1 j=1

and
A A 1
pi= Y Wimy ; mi=) Ui'p;
j=1 j=1
with
1 —1 o --- 0
. . _ -
My, Mip 1 0
u= :
1 UL |
Mp..as1 Mip.. a1
My [L5) e e A
Mis.. 4 M. 4 Mip... 4

(3.19)

(3.20)

(3.21)

Here My...,, = my + my + ... + m,. We note that in this system # 4 is the center of

mass coordinate, and 7t4 = ) p; is the center of mass momentum.
The intrinsic kinetic energy now takes the form

2
pi 1 2
Tint:T_Tcmzzzn;i_ZMlz A(P1+p2+...+pA)

with A an (A — 1) x (A — 1) dimensional matrix given by
A 1
Ajj = k; uikujkm—k.

The CM contribution vanishes since

i

1 1 m;
_5 - u u . = ! — — 0.
Z (mi g MlZ...A) ity =2 M2, , Mp.a

(3.22)

(3.23)

(3.24)
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Kinematic Rotations and Some Group Structure

Note that we can easily generalize the Jacobi coordinates. In fact any orthgo-
nal transformation O € Oy will define a new set of coordinates through the
transformation

N
M=) Owii (3.25)
k=1

The infinitesimal generators of this rotation group are given by,
Xﬂ’l,i’l — Z(i]m'vn - T]n'Vm) . (3.26)

It should be noted that the group Oy = SOn ® Z», where Z; is the parity or
reflection group, contains the permutation group of A = N + 1 particles, i.e.
S4 € Oa_1. The generators of the angular momentum rotations are given by

Lop=1Y (16aVip — b Via) - (3.27)
%

Comparing (3.26) with (3.27) we can easily see that
(X, Lap) =0 (3.28)

i.e. the groups Oy of kinematic rotations and O(3) of angular rotations commute.

Symmetrization of the wave-function

Using the Jacobi coordinates to describe the wave-function, i.e. ¥ = ¥ (11,7, .. .)
we would like to know that action of a permutation operator p € Sy on Y.
The permutation operator

p— 1 2 3 ... A (3.29)

pir p2 P3 ... PA
acts on the particle indices and transforms the single-particle coordinates as r; —
ry;. Using the short hand notation r = (r,12,...,1N), this transformation can be

written as a matrix operation:
Pr = Tpr (3.30)

where the matrix elements of T, are given by
(Tp)l.]. =0y 4,j=1,...N. (3.31)

The matrices for the 3-body problem are given in Fig. 3.2.
With the help of these matrices it is easy to transform the single particle coordi-
nates.

In order to find the transformation of the Jacobi vector we write = (1,912,...,9N),

and use the relation # = Ur, to get

Py =Ty = UTpU . (3.32)
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1 00 0 10
={g . Y) Tw=l;07 )
0 01 0 01
0 0 1 100
T(;g?) =10 1 0}, T(igg) =| 0 0 1|,
100 010
0 10 L |
Tey=\22 1) Tam=|7%79
' 100 010

Figure 3.2: The permutation matrices for the group Ss.

The matrix elements of T}, are given by

N
(T;,)ij - kZ;l Up(U ), ij=1,...N. (3.33)

We note that T}, is splitted into two matrices the unit operator acting on the
symmetric center of mass coordinate and an (N — 1) x (N — 1) dimensional
matrices that carry the [N — 1, 1] irrep of Sy.

Last comment. The action of a group element on the wave-function is given by

PY(n) =¥ (P~'y) = ¥(Tpm). (3.34)
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[4. The variational principle and friends

Here we mostly follow chapter 3 in the Suzuki—Varga book [SV98] presenting sev-
eral theorems on the properties of the energy and wave-function approximations.

Variational principles

In the following we assume that the Hamiltonian H is a bounded time-independent
Hermitian operator. To simplify the discussion we further assume that our system
is confined in a big box so the spectrum of the Hamiltonian is discrete. We denote
by @, the eigenstates of H and by E,, the eigenvalues,

H®, = E,®,, n=0,1,... (4.1)

The eigenvalues, i.e. the energies, are real and are oredered in an increasing order
E, < E,41. The ground state is assumed to be unique, i.e. non-degenerated.

Theorem 4.1.1 — Ritz Theorem. For an arbitrary function ¥ in our Hilbert space,
the expectation value of H fulfills the relation

(YIH[Y)

F= T

> E;. (4.2)

The equality holds if and only if ¥ is the ground state wave-function of H.

The proof of the Ritz theorem is standard and can be found in almost any quantum-
mechanics text book.

Proof. As the eigenstates of H form a complete basis of the Hilbert space, ¥ may
be expanded as

Y =) Py (4.3)
k
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It follows that for any integer n

n_ n 00 n__rn 2
(FIH" —EfY) _ L (E Elz)!Ck! > 0. (4.4)
(YY) ko lek|

The last relation is due to the ordering of the energies. Clearly the case n = 1
proves Ritz’s theorem. |

Theorem 4.1.2 — Generalized Ritz Theorem. The expectation value of the Hamil-
tonian H is stationary in the neighborhood of its eigenvalues.

Proof. To prove this theorem we induce a small variation in the wave function Y,
thus if E(Y|Y) = (Y|H|¥Y) then

SEQYIY) = 6((Y[H[Y)) — ES((Y[Y))
= (0¥|H — E|Y) + (Y|H — E|JY) (4.5)
If we choose 0¥ = €(H — E)Y, then on the right hand side we get the norm of the

function e(H — E) Y. It follows that E is stationary iff (H — E)¥ = 0,i.e. ¥ is an
exact eigenstate of H. |

Let us assume that ¥ = ®,, + 6P, with (P,|6P) = 0. In this case

(®, + 6®P|H|D;, + D)  Ep(Py|P,) + (6P| H|5D) )
E— — = E, +0(6®%). (4.6
(D, + 6| D, + 5D) (D |Pp) + (6P|6D) n+0(0P%). (46)

Thus, we conclude that the energy converge as O(6®?). We note that all other
observables converge as O(6P).

Theorem 4.1.3 Given the variance of the energy expectation value

2 _ (FIH-EPY) _ (Y[H[Y)

v Y - ww L “7)

there is at least one exact eigenvalue of H in the interval [E — 0, E + 0].

Proof. Expanding the wave-function ¥ using the normalized eigenstates of H we
can rewrite the variance as

(Ei — E)*|cil*. (4.8)

qI\J
Mg

I
—_

i

Now let Ek be the eigenstates closest to E, then

(o]

Y (Ei— E)[ci|* > Er—2ZMF (Ex — E)%. (4.9)
i=1

Thus ¢? > (Ex — E)?, QED. [ ]
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Basis states

The most straight forward way to solve the Schroedinger equation is to expand the
wave function ¥ using a finite set of independent basis functions {B;;i = 1...K}.
These basis states define a linear vector space Vx. An approximation of the wave-
function on Vk takes the form

K
Y =) B (4.10)
k
The energy expectation value E associated with this state is given by
.I.
c'"Hc
E=—+ 411
c'Ne N
with
Hij = (Bi|H|B;) (4.12)
the K x K Hamiltonian matrix in Vk, and
Nij = (Bi|B;) (4.13)

the normalization matrix. Of course, if { B;} is an orthonormal basis N;; = d;;.
The linear parameters can determined applying generalized variational the-
orem. Variation of (4.11) with repect to ¢} leads to the generalized eigenvalue
problem
Y (Mij—HNj)¢j=0 (i=1,...K), (4.14)
]
or

He = ENc. (4.15)

The matrix N requires some attention. We first note that if the basis states
are not independent N is a singular matrix. To this point we note that if {B;}
are dependent then there is a vector ¢ # 0 such that ) c;B; = 0. It follows that
Y €i(Bk|Bi) = ¥ Nici = 0.

Being an Hermitian matrix we can diagonalize N,
Ne) = e (4.16)

The normalized eigenvectors c(*) with c(")*c(#) = 1 give us an orthonormal basis
to Vk

B, = % Y ci"B: (4.17)

It may happen that A has a very small eigenvalue u. If this occues, then the
(

expansion coefficients c i” )/ /1t of the corresponding basis state become very large,
and the solution of (4.15) may run into serious numerical problems.

When the normalization matrix N is not ill conditioned we can safely solve
the generalized eigenvalue problem (4.15),

Hel) = N (4.18)
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Here again we assume that the eigenvalues are ordered. To normalize the state

y) = Yk c,((i)Bk, ¢ has to be normalized to (¥ N¢() = 1. Tt is also not to difficult
to prove that
(FOF0)y = D pAel) = 5

ij - 4.19)

Theorem 4.2.1 — Mini-Max Theorem. Let H be a Hermitian operator with dis-
crete eigenvalues E; < E; < ...andlete; < e < ... < ek be the eigenvalues
of H in the subspace Vk, then

E1 < €1, E2 < €2y ocoo EK < €K.- (420)

Proof. We start this proof showing that there at least one normalized state ¥ € Vx
such that
(Y|H|Y) > Ek. (4.21)

To this end let Wx = span(®q, Dy, ..., Pk), and define the projection operator
into Wi Px = YK | |®;)(®;]. There are two options:

1. There exists a function ¥y € Vi such that Px'¥y = 0.

2. PxY #0forall¥ € Vk.
In the first case, ¥y is a combination of k1, Pxo, .. .. It follows that (Y|H|'¥) >
Ex41 > Ek. In the second case Pk is a non-singular mapping between Vx and Wk,
and we can find a vector Yx € Vg such that Px¥x = ad; with a # 0. This state is
therefore orthogonal to ®1, @, ..., Px_1. The latter observation implies that

ex = (Yx|H|¥k) = Y Ej(¥x|®j) (®[¥x) = Y Ej[(¥x|®))[> > Ex.  (422)
= j=K

In view of this succes we would like to repeat the process with (K — 1) basis states.
To this end we can define the (K — 1) dimensional linear vector space Vk_1 as the
subspace of Vk orthogonal to Yx. Clearly, following the argument above there
must be an eigenstate Yx_; € Vk_1 with energy expectation value ex_1 such that
€x—1 > Ex_1, and so on. [ |

Theorem 4.2.2 Let 1 < e < ... < €k be the eigenvalues of H restricted to
Vk = span(By,...,Bk),andlete] <€) < ... < e}<+1 be the eigenvalues of H
restricted to Vk1 = span(Bj, ..., Bk, Bx+1). Then

e1<€1 <€ <...ex <ex <e€xiq (4.23)

The prove of this theorem is given in [SV98].

Proof. To prove this theorem let us analyze in some detail the calculation of the
energy eigenvalues adding the new basis states Bg 1. After diagonalizing H in
the supspace Vk we get K eigenvectors and eigenvalue {¥;}, {€;} such that
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Adding the new basis state |Bk.1), the eigenvalue problem takes now a very
simple form

€1 o --- 0 <T1|H|BK+1> 1

0 € - 0 (Y2|H|Bk+1) :

0 T €K (Yx|H|Bk+1) CK

(Bxy1|H|¥1) o+ (Bk41|H|¥k) (Bk+1|H|Bk+1) K41

1 o --- 0 <‘F1|BK+1> €1
0 1 - 0 <T2|BK+1> :

=E : R :
0 e 1 (Yk|Bki1) cK

(Bk4+1]¥1) o+ (Brg1|¥x)  (Bks1|Bri1) CK41

Using the Gram-Schmidt orthogonalization

|Bk+1) =N <|BK+1> - !Tk><Tk|BK+1>> (4.25)
k
The eigenvalue problem is reduced to the conventional form

61 e 0 ql Cl Cl

0 0 42 : :
: : =E : (4.26)
0 -+ ex gk CK CK

A CK+1 CK+1

where g; = (¥; | H| Bx.1) and a = (Bxy1 | H | Bgy1). The eigenvalues are the
roots of the secular equation

AE) :ﬁ(ei—E) (a—E—

i=1

Yy ) =0. (4.27)
=1

=167

It is not too difficult to convince one self that E = €j, ] =1,...Kisnot a root of
this equation, thus we must have

E—a= .
¢ ;E—e
j=1 ]

(4.28)

As can be inferred from Fig. 4.1, this equation have K + 1 roots e; such that
ei<ea<e<e...<ex <€k (4.29)

This concludes our proof.
[
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Figure 4.1: Graphical representation of Eq. (4.28). Orange line - E — 4, blue line
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[5. The Correlated Gaussian Basis

5.1 Refrences

¢ [SV98] Y. Suzuki and K. Varge, “Stochastic Variational Approach to Quantum-
Mechanical Few-Body Problems”, Springer (1998).

* [VS95] K. Varga and Y. Suzuki. “Precise solution of few-body problems with
the stochastic variational method on a correlated Gaussian basis”. In: Phys.
Rev. C 52 (6 Dec. 1995), pages 2885-2905. DOI: 10.1103/PhysRevC.52.2885.
URL: https://1link.aps.org/doi/10.1103/PhysRevC.52.2885.

¢ K. Varga, and Y. Suzuki, J. Comp. Phys. ....

5.2 Gaussian basis

In the correlated Gaussians approach the wave function is expanded through basis
states of the form

_ T
CI>k(']1,112,...,17N) = A (e Ul Akq/2X§T>

where A is a symmetric positive definite N x N matrix, # = (51,%2,...,4N) iSa
3N-dimensional vector, and xgsr is the spin-isospin basis state. The bilinear form is

A=Y miAim =) Agtti 1
1] 1]
The gaussian basis states are not orthogonal to each other, therefore to obtain the
energy spectrum one needs solving the generalized eigenvalue problem
HY = ENY 6.1)

where the matrix elements of the norm matrix N is the overlap of the basis states.
Why Gaussians?
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* Correlated Gaussians basis is an overcomplete and therefore flexible basis.
¢ A good choice for a variational calculation.
¢ It allows the description of 2-body correlations through the transformation

He*ﬂ((l‘j*l‘j)z — e*ZlX(I‘i*l‘j)z — e—)]TAﬂ

¢ Guassian basis functions allow for analytic evaluation of many integrals.

* Specifically the evaluation of overlaps and kinetic-energy matrix elements.

¢ The matrix-elements of 2-body potentials can be reduced into one dimen-
sional integrals. Many of which can be evaluated analytically.

* Gaussian basis states are very popular in quantum chemistry. For the atomic

and molecular problems the convergence is suggested to go as e™° VN with
N the number of Gaussians.

¢ The explicit anti-symmetrization implies A! permutations.

¢ The number of actual permutations can be reduced dramatically due to the
spin-isospin factor.

* Generalization to L # 0 leads to rather cumbersome equations.

Completeness

The condition of completeness of the Gaussian basis functions us given by the
followig Lemma [KB77],[Sha20], based on the Muntz theorem:

Theorem 5.2.1 Let {a;, };° ; be a sequence of real positive numbers. Then, the
set of functions exp(—a,r?) are complete in the L norm, (a) if the sequence has
a monotonically increasing subsequence «,, whose elements tend to infinity,
such that ) 1/«a,, — oco. (b) if the sequence has a monotonically decreasing
subsequence &, whose elements tend to zero, such that } «,,, — 0.

For example, sequences of the form 7 or 1/n lead to complete basis, but it is not
possible to determine whether this is true for n? or 1/n2, although the lemma
suggests they may not be. Moreover, this condition implies over-completeness
of the basis, as an arbitrary, countable subset of the functions can be removed
without affecting the criteria given above.

Some important integrals

1D integrals

What makes Gaussians an attractive basis for few and many-body calculations is
the following analytic result

+0o0
/_oo dxe /2 = \/ 277[ (5.2)

which can be proven using the following trick

2
/+oo dxe 3"/ = /+oo dxdye_”x2/ze_”y2/2
— 0 —00
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+oo 271
= / / rdrdfe /2
0 0
271

- (5.3)
This result can be extended to
/+oo dxe ¥ /2bx /+oo dye—0(x—b/a)?/2+b*/2a
oo .
- / - dxe=(X')?/2+b%/2a
—0o0

= /27”8’2/ 20 (5.4)

where in the second line we have substituted x’ = x — b/a. The combination of
polynomials with guassians is an easy integral. For odd powers of x the integral is
zero due to symmetry. For even powers of x we can use the following trick

/+oo xzdxe—axz/Z — (_2i> /+oo e—axz/Z
—00 da —o0
d 27 21
= [—2— ) /2= =4/ '
( da) a aa 5:5)
which for general even monomial n > 0 yield the result

/+oo x2ndx€fax2/2 — (_2£)n /+oo efaxz/z
—oQ dﬂ —00

_ \/?1-3-5---(2;1—1): 2 (2n —1)!! 5:6)

an a an

Multi dimensional integrals

These 1D results can be easily generalized to multi-dimensional integrals. Consider
the diagonal positive definite n X n matrix

d 0 O 0
0 dob 0 --- 0
p=| 0o o0 4 -~ 0 (5.7)
0 0 O dy
—xDx/2 :

For this matrix the gaussian e is just a product of n independent gaus-

: —da? . : o .
sians [T;e~%%/2 and the n-dimensional gaussian integral is a product of n one-
dimensional integrals,

—xDx/2 _ —ydi?/2 _ |2 [(2m)"
/ dxe / dxe U 7 dotD (5.8)
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This result holds for a general symmetric matrix A. Using an orthogonal transfor-
mations we can diagonalize A, A = U~ !DU x’ = Ux and obtain

2 n
/ dxe—¥AX/2 % (5.9)
When having a linear term
Foo +oo -1 -1 -1
/ dxe ¥Ax/2+bx  _ / dxe—(x—bA JA(x—A~'b)/24+bA™b/2
27T\ 1
—Eietll ehA b/2 (5.10)

An integral of a gaussian with a polynom can also evaluated. For example

/+oodxx-ze_x‘4x/2+b'x = /+oodxa_ze—xAx/2+b-x
e ob?2
ik @)™ patv2 (270)" 0 | a2 ~1
2 =\ T Ao A'b;
ab12< detA)e det A abl ¢ Z ij i
(A~1b);
27" -1
E:letzqebA "2 (A7)} + A7) (5.11)
Or
o o 99
o —¥AX/24bx _xAx/2+b.
/_oodxxlx]exx+x_/ dababexx+x

~9d 9 [RT)™\ pa-1pp  [QRT)" O | pa-1p 1
B 8_19,8_17]< detA)e ~Videtaaw, | € Z;Afk b

I\J

_ (detil bA-1b/2 <(A*1b)i(A*1b)]-+Ai;1>

Another integral of interest is the integral of a Dirac delta, which will be useful
evaluating potential matrix elements. The best way to evaluate this integral is to
use the fourier representation of the delta function,

/ 27T +o° dk —zky —k2cA"1¢/2
detA —o0 27'[

detA \/271 \/cA 1c

N——
(Ailb)]'

(5.12)
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The Hamiltonian matrix elements

The basis functions

The correlated gaussians basis functions for the few-body nuclear problem with
quantum numbers (LS)JMT M7 are given by

D15y mrmy (1,0, 7) = A {GA(U) [0L(n) ® XS(U)]]MCTMT(T)} (5.14)

where the gaussian function is given by
Galy) = (y|Ga) = 714172 (5.15)

A= \/LZ Ypes, Si gn(p)p is the anti-symmetric projection operator. By construction,
the gaussian basis states are rotation scalars since

A-1

Ay =Y Ai(ni- ;) (5.16)
ij=1

The angular dependence of the wave function is given by the function 0y, (%).
The angular part of the wave function is traditionally given by a the product

Orm, (1 (Hm ) Y, (111) © Yo, (72)]72 @ Yoy (713)] . M0 (5.17)

However, this form is inconvenient for permutations. Therefore Varga and Suzuki
proposed to use the “global vector” representation

Ok, (1) = T Y1, (D) with 7= un; (5.18)

The function r-Y} 1(#) being an harmonic polynomial of order L, leads to substan-
tial simplification in evaluation of the matrix elements. The parity of Y7 is (—)L.
To construct states with parity (—)L"! a slight change should be made coupling
an L function with a vecor [0 ® 6;]LM.

It should be noted that the functions defined in Eq. (5.18) form a complete
set of normal parity angular states, where by normal parity we mean that a state
with angular momentum L has parity (—)". This results from the following

theorem:

Theorem 5.4.1 A vector-coupled product of solid spherical harmonics

(T 1[0, () @ Yoy (12122 @ Yo ()]0 . JEM, (5.19)

fulfilling the recursive natural parity condition (— )L = (—)ln1+be; n =1... N
(here L1 = /1 and L,, = L), can be written as a linear combination of the functions

[]_[(m 1)k ] KLY, (0) with £=) um; (5.20)

j>i
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with Y5> kij + K= (¥; ¢; — L) /2 and u; properly chosen expansion coefficients.

The spin-isospin part of the basis is constructed by successive coupling of the
particle spins and isospins to yield an A-body state with well defined total spin
and isospin.

Xsms(0) = (0|SMs) = (0102 --04]S253 - - SMs)
Ctmy (1) =(7|TM1) = (12" 74| T2T3--- TMr) (5.21)

here we have used the notation ¢;, 7; for the single particles spin and isospin
projections, and ¢/ T for the spin/isospin vector.
Summing up, in the gaussian expansion of the wave function takes the form

Y =) Py, 0,7) (5.22)
k

where the basis states ®; depends on the variational parameters A*), u(X) and
is a product of a gaussian, an harmonic polynimoial with well defined angular
momentum, a spin state X’;, and an isospin state @’%. The full set of variational
parameters is composed of the nonlinear parameters A®),u(¥) and the linear
parameters cy.

For simplicity, in the following notes we shall restrict the discussion to the
s-wave case, avoiding some of the complications associated with the angular
momentum algebra. To this end let us write the basis states as

(y,0,7) = (1,0, T|A{|GA)|SM)|TM1)} = A{GA(1)Xsm(7)Trm (T)} (5:23)

and assume that the spin-isospin states are normalized.

The norm matrix

The overlap of the different basis states forms the norm or the overlap matrix.
Before we evaluate the overlap matrix elements we notice that

1 1
AL = | —= sign(P)ﬁ) (—f Sign(P’)ﬁ’)
< IQ!PE;; /1!P2§;A
Y sign(pp)pp’ = ) sign(p”) (5.24)

Where the last equation follows from the group property that pS4 = S4 for any
group element p € S 4. Consequently, evaluating the overlap of two basis states
one summation over the permuation suffices.

(@@") = ) sign(p)(Gal(SM|(TMr|p {|Gar)|S'M')|T'M7)}
PESA
= ), sign(p)(GalplGar)(SM|p|S'M')(TMz|p|T'M7)  (5.25)
pPESA

The spin-isospin matrix elements are given by

(SMIpIS'M') = xEm(0) - xsmr(po)
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(5.26)

5.4 The Hamiltonian maftrix elements

(TMr|p|T' M)

+ .
STy (T) - CT’M’T(pT)
expressing these matrix elements in term of the elementry spinor state we simply

get
O-PA> — 50’1(7131 .« e 50AUPA
(5.27)

<0'10'2 .. .O'A’Uplo'pz ce
. TATPA

<’L'1T2 ce TA|TplTp2 cee

TPA> = (STlTPl .
n;, with P an orthogonal matrix
j LifHj &

{opo) =
(t|p7) =

Turning now to the coordinates py;

pT = p-1

(pn)T A(py)
Y P APy = Y Py e Aig Py
1AP);;

p(y" Ay)
2111 1AP ,]/11]/ =1 (

Using Eq. (5.9), the overlap of two gaussians can be easily evaluated
277" 3/2
(270) ) ) . (5.28)

) — —n(A+A)y/2 _ [ \E70)
<GA|GA> /d”e (det(A—l—A’

The power of 3 emerge as we are integrating over 3 space directions, i.e. x,y, z. It

follows that the overlap of permuted gaussians is
(27)"

3/2
(GalplGar) = (det(A+P_1A,P)> . (5.29)

The kinetic energy
In our normalized Jacobi coordinates, which differ however from those of Varga

5.4.3
and Suzuki, the internal kinetic energy operator takes the simple form
1 N
=5 -2 4 (5.30)
i=1
where m is an arbitrary mass, and
d
= i 5.31)
I e (

The operation of the differential operator on the gaussian is given by

d
_ o~ MAN/2 —jeTMAN/2_Z_ (_pAp/2
Mk, a’?k,a( 1An/2)
d
ie 1/ —_ (N A yi/2
s (Same

ie~1A1/2 ZAk]U]a‘J"ZAzkﬂza /2
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= Qe "2y Ainia (5.32)
j
Using this result together with integration by parts we get
1 de1A1/2 ge—nAn/2
CAlTIG) = 5% [
< A‘ | A > m kZIa; n ank,a ar]k,a

1 _ o
— ﬁkz / dy (e nAn/ZZ Aki%) <e 74 ﬂ/zzA,quj,a>5.33)
A 1 ]

Rearranging this result

(GAIT|Gy) = — Z /dqe WAL AL AL g (5.34)
k1]a

Using Eq. (5.12) we can evaluate this integral to obtain

@m" )\ 1 , N1
(GalT|Ga) = m _3;AkiAkj(A+A)ij

1 /
= (GalGua) 2_31§ ki (m)ijAjk

3 1
— <(;A’be>§;;T} LA (}X-+—f\/> AV] (5#35)
Potential matrix elements

Restricitng the discussion to central potentials, the matrix elements of a 2-body
potential
V= Z V,(r)0;0; (5.36)

can be written as product of spatial, spin, and isospin matrix-elements

(@V|®) =) Y (GalVy(r)|Gp-14p) (SM|OF | pSM)(TMr|O; |pTMr) . (5.37)
q peSa

The spin-isospin matrix elements can be evaluated through the elementry spinors.
For the configuration matrix elemet, it is advantageous to write the potential in
the form

V(r; —1j) /drV (rj—1j—1). (5.38)

The transformation between the Jacobi vectors and the single particle coordinates
is given by

N
;=) Ui (5.39)
k=1
Therefore N
i —1j = Y (Ui — ]k) Nk = chﬂk (5.40)
k=1 —~—"

ij
Ck
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Using Eq. (6.13) we see that

32,
1 12
(Gald(xri —1j —1)|Gar) = (GalGar) <27Tpij) e 7 (5.41)
where
pij=3.C/ (—) C (5.42)
1 ; k A+ A ” l

Multiplying Eq. (5.43) by V and integrating over r we get

(GalVij|Gar) = /de(f)<GA|5(fi —1;—1)|Gar) = (GalGa)V(pyj)  (5.43)

where
2

3/2
i 1 -3
V(pyj) = (Fp,) [arvime (5:44)

It should be noted that for any potential in the form

V(r) = e T (> —2) (5.45)

the integration can be done analytically.

The Stochastic Variational Method - SVM

So far we have seen that gaussians allow for an elegant evaluation of the Hamilto-
nian matrix elements. The question to be adressed now is how do we choose the
variational parameters? Here the SVM of Suzuki and Varga presents an efficient
answer. The secret is to distinguish between the linear parameters, that are rela-
tively simple to fix, and the non-linear parameters, that are more involved. In the
following subsection we discuss these two parameter families.

The selection of the linear parameters

In order to calculate the linear parameters, we assume for the moment that n
sets of non-linear parameters {A*) }%_, have already been chosen. Each of these
sets together with an appropriate choice of the spin and isospin states defines the
anti-symmetric basis function,

{@cn,0,7) = A[C k(@) (D]} (5.46)

The basis functions {®y }}_, span an n-dimensional subspace, the approximation
of the wave function within this subspace is given by

) =) okl k) (5.47)
k
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Using this basis, the linear parameters ¢, are calculated via the Ritz variational

principle
s (Y|H|Y) _
The resulting equation is the generalized eigenvalue problem
n n

Z Hkk’ck’ =E Z Nkk’ck’ (549)

k=1 k=1
Where

Hiw = (Pr[H|Dp)  Nigw = (D[ Pper) (5.50)

5.5.2 The Stochastic selection of the non-linear parameters

The Stochastic algorithm of selecting the non-linear parameters can be described
by the following steps:
(a) Select a number of parameter sets {A} randomly, and keep the one with
lowest energy.
(b) Generate a new random set of parameters, and calculate the new energy.
(c) Adding one more basis function lowers the energy. Evaluate the "utility" of
this set by the gain |E] — E;|.
(d) If |[E] — E1] > € keep the state. Otherwise discard the new state.
(e) Repeat step (b) until the energy converge, refining € in the process.
Let us analyze in some detail the calculation of the energy eigenvaloues adding a
new parameter set A. After n steps we have n basis functions {®}}_;. Diagonal-
izng the Hamiltonian within this n-dimsnional subspace we get n eigenvectors
and eigenvalue {¥,}, {E;} such that

H|Y;) = Ej|Y;) (5.51)
Adding a new basis state |®,,11), the eigenvalue problem takes now a very simple
form
E, o --- 0 (¥1|H|®p11) €1
0 Ep --- 0 (Y2|H|Pp1) '
0 T E, <Tn|H|ch+l> Cn
(@1 HI¥1) o (P [H[Yn) (@i [H [ Pry1) Crt1
1 o --- 0 <1F1‘q)n+1> 1
0 1 .- 0 (¥2|Pp41) :
=E : Do :
0 a 1 (Fnl®ns1) Cn
<q)n+1|‘¥1> T <q)n+1|Tn> <¢n+1|q>n+l> Cn+1

Using the Gram-Schmidt orthogonalization

|ci)n+1> =N <’q)n—|—1> - Z ’Tk> <Tk|q)n+1>> (5.52)
k
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The eigenvalue problem is reduced to the conventional form

El ce 0 q1 C1 C1

0 0 4 : 5

P . | =E| (5.53)
- e 4 Cn+1 Cn+1

where g; = (¥; | H| ®,11) anda = (&1 | H| ®,11). The eigenvalues are the
roots of the secular equation

n n 2
ME) =T](Ei—E) (a ~-E-Y" qui E) =0 (5.54)

i=1 j=1
This equation have n + 1 roots E]{ such that
El<E<E,<E...<E,<E, 4 (5.55)

Thus solving for the lowest eigenvalue is a rather easy task.

Gaussian wave-packets

In the SVM method the derivation of the matrix elememnts goes through single
particle gaussian wave-packets. This basis as the advantage of using the well
developed technology of Slater deteminants. In short, the calculation process is
done in three steps:
(a) Calculate of the matrix elements between Slater determinants of single-
particle gaussian wave-packets.
(b) Transform the single-particle vectors to relative coordinates.
(c) Apply an integral transform from the gaussian wave-packets to the corre-
lated Gaussian basis.
In the following we shall present in some details the transformation between
the single particle wave-packets and the corrlated gaussian basis. A complete
description of the method can be found in Suzuki & Varga’s book.
Consider the single particle states

v\34 0
P (1) = 94 (1)xeln = (5=) "0 0ty (5.56)

and construct the Slater determinant
A
D(s1,82,...,54) = A [ [ Phor (1) (5.57)
i=1

It is easy to see that

(D(s1,82,...,54)|D(s},85,...,8,)) =det{B}  Bjj= <gozi(,m\(pz}aﬁ](> (5.58)
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The technology of Slater determinants makes the calculation of matrix-elements
simple. Notice that if

N = Zul]r] and Si = Z LI,-]-s

then

Y (ri—si)* =) (n;— S))° (5.59)

So

RS

—1

Hq)sl 1) =[] ¢5 6. (5.60)

i=0
Therefore the A-body wave-function can be factorized into a product of intrinsic
function and a center of mass term term,

D(s1,82,---,54) = 93, (10) ¥ (51,82, .., 84-1) (5.61)
Now, using the relation
N 3/2
—yCy/2+ty _ (2m) tC1t/2 5
/dye <—detC e (5.62)

we can relate the correlated Gaussians to the wave-packet

A-1
/ dSe—SQS/Z{H%(ﬂi)} - / dSeSQ8/2-Xiv(Si—1:)*/2
i=1
_ /dse—SQS/Z—v(S—ty)Z/Z
_ /dSeS(Q+1/I)S/2+vS11v172/2

3/2
_ (d ([25)N I]> e*ﬂ(VI*V(Q*H/I)_lV)T]/Z
et +v

Equating the last result to e~747/2 we identify

I

—vi .
vI—Av v (5.63)

Q=v

and obtain the relation

—-3/2
e (gt fsoer{fima) o

Summing up we can rewrite the anti-symmetric correlated Gaussians as

An/2 T (2m)A~1 e $0s/2
Ale™ n/ HXVi‘:Ti = (m) /dSe_ Qs/ ‘P(Sl,SQ,.. ,Sa_ 1)
i=1
(5.65)
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For the center of mass we utilize the relation

v \3/4 _ _ 21 3/4
[ anogt,(m0) = (o) [ dpoem-S0/2 (—) (5.66)

v
To get
AQ e MAN/2 Eo S = (_) (—>
{ EXQCT’ v det[Q + vI]
X /dse_gu1QUS/2<I>(31,52,...,SA) (5.67)
R

¢ The matrix-elements of the correlated gaussians are simply connected
to the matrix-elements of the single-particle wave-packet.

¢ Although the dS integration looks cumbersome, at the end the matrix-
elements are product of gaussians and polynomials that can be evalu-
ated analytically.

5.7 SVM - summary

¢ Fully analytic calculation, up to 1D integration (for 2-body forces)

® Universality - The scheme can be used for nuclear, atomic, and molecular
systems, bosonic or fermionic, with different masses.

¢ Fast convergence of the energy with small number of states.

* Excited states are also obtained through the diagonalization of the Hamilto-
nian matrix.

¢ The wave function is obtained in a compact analytic form.

® The SVM can be easily parallelized. First option: each node check a different
set of non-linear parameters. Alternatively, the sum over A! is divided
between the different CPUs.
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[6. The harmonic oscillator basis

The harmonic oscillator based No Core Shell Model (NCSM) method, is one of two
few-body methods that have facilitated increasing the domain of the few-body
field to nuclear systems with A > 4, while working with realistic potentials. The
other one Diffusion Monte Carlo techniques and its variants.

The name NCSM is due to the fact that all the nucleons of the nucleus are active
and explicitly taken into account as degrees of freedom and thus it is not assumed
that there is an inert core. The NCSM couples the traditional SM advantages of
working in a harmonic oscillator basis with the rigor of an ab initio approach. To
accelerate the convergence of hard potentials the Lee-Suzuki effective interaction
was first used, and later the potentials softened by the similarity renormalization
group (SRG) transformation.

The 3-dimensional harmonic oscillator

The harmonic oscillator hamiltonian is given by

nw_, mQ?,
H = —%V + — " (6.1)
The eigenvalues of the Hamiltonian are given by
3
E,u=02n+1+ E)hQ (6.2)

The eigenstates of the Hamiltonian are given by

Puim (1) = Ryt Y1 (7), (6.3)
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1 2n! \ r2 I+1 r2
Rulr) = r3/2 \/F(n+l+3/2 (%) P <_ﬂ> L i) (6.4)

Here Y}, are the spherical harmonics, L}, (x) are the associated Laguerre polynimi-

als, and ro = v/ mQ.

with

The many-body problem

There are two versions of the NCSM, which differ in their treatment of the CM
degrees of freedom. In the first version one uses the Jacobi coordinates and the
spatial basis states for the A-body problem is a product of harmonics oscillator
states associated with the different Jacobi vectors. They are given by

@y = [ [ R, (n[[Ye, (1) @ Yg, (12)]2 @ Yy (03)] 2. ], (6.5)
j

where [N] is a short hand for the list of quantum numbers
[N] = (711 .. .nA_1,11 ... ZA—1/L2 .. LA_zLM).

In this case explicit anti-symmetrization of the states is needed.

In the second version one uses single particle coordinates and the Slater detem-
inats to construct anti-symmetric states. In this case, the Hamiltonian is modified
by adding a harmonic oscillator CM Hamiltonian Hcy to the intrinsic Hamiltonian
H

P2 Am
Hy! = H+HE) = H+ M 4 SEOPRY,
A 2 A 2
P; 1 2 mQ) 2
= ]71
A A
= Y o+ Y V. (6.6)
i=1 i<j=1

Here Rcy is the CM coordinate, while 710 is the single particle harmonic oscillator
Hamiltonian, and \7jk is a modified potential depending both on the harmonic
oscillator frequency () and A:

~ mQy? 5

Viij=|Vij— ﬁ(ri — 1) (6.7)

Naturally, the added CM term has no influence on the internal motion. This means
that once the ground-state energy Eg‘ Vof H([f Vis found, then the ground-state
energy E of H is obtained by subtraction of the CM ground-state energy 37()/2.
For excited states one has to avoid CM excitations. This can be achieved by the
replacement HEQ — AHEQ with sufficiently large A (Lawson term). A good

check on the convergence of E is through the independence of the result on the



6.3

6.3 The Lee-Suzuki effective interaction 51

HO frequency (). On the other hand, one may search for the frequency (2 which
exhibits the best convergence pattern.

The calculation of Eg‘ Vs performed in a finite model space P4. This is the
space spanned by all the A-body HO Slater determinants formed by filling the
single-particle HO eigenstates with N < Npax, where N is the total number of
single-particle HO quanta. The residual space Q 4, together with P4, exhausts the
tull Hilbert space.

The Lee-Suzuki effective interaction

Let us define P as the subspace described by our basis functions and Q as the
complementary space. It would be nice if we could have find a transformation
H — XHX ! such that the resulting Hamiltonian as the form

P Q
Heff v

0 QXHXQ

In such case any eigenvalue H,;f¥p = E¥p is an eigenvalue of the original
problem, and any eigenvector ¥p € P is connected to the full space eigenvector
through the relation ¥p = XV.

¢ Consider the many-body system described by

H=Hy+V

* Hj is the unperturbed Hamiltonian and V is the residual interaction.

¢ The set of states active in our calculation is called the model space, or the
P-space.

¢ The complement of the P-space is called the Q-space.

* We define projection operators P, Q which project respectively into the P-
space and the Q-space.
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* P,Q are eigenprojectors of H
[Ho, P] = [Hp,Q] =0
QHyP = PHyQ = 0

* Our aim is to construct H,sr which acts only inside the P space and its
eigenvalues coincide with the real eigenvalues of H.
¢ Similarity transformation of H

H =X 'HX = PX 'HXP+ PX 'HXQ+ QX 'HXP+ QX 'HXQ
¢ The condition that PHP is the P-space effective interaction is
QHP = Q(X'HX)P =0
¢ Then the effective Hamiltonian is given by
Hff = PHP = P(X 'HX)P
¢ Consider a similarity transformation
X =e"

H =e “He%

* Assuming that the w operator transform a P state into a Q state. Therefore
w has the properties
w = QwP

QwQ = PwP = PwQ =0
* The condition w = QwP leads to the property

W=wr=...=0

¢ Thus
X=e=14+w
* Applying the similarity transformation to H
PHP = PHP+ PVQuw
PHQ = PVQ
QHQ = QHQ—-wPVQ
QHP = QVP+ QHQw — wPHP — wPVQw

* To construct the effective interaction H,r = PHP we have to solve

|QVP + QHQw — wPHP — wPVQuw = 0|

* Suzuki and Lee proposed an iterative method for solving this equation and
proved that it convergence.
¢ Here we will follow a path proposed by Navratil and Barrett.
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6.3.1 The Navrdatil-Barrett solution of the Lee-Suzuki Equation

Introduce basis sets:

P = span{|w)} is of dimension dp

Q = span{|B) } is of dimension d

There are dp eigenvectors of Herr, {|¢p) },

dp

Hepfldu) = Eulpn) 1) = Y (alpp)la)  (Blpy) =0

a=1

Each eigenvector |¢,) corresponds to an eigenvector [,) of H

) = |¢u) + wlgu) 1) = Plpu)
Multiplying by (8| we get the equation

(BlYn) = (Blwldp)

which holds for all {}{° and all {¢, }*"
dp

Expanding ¢, we get| (Blyu) = }_ (Blwla)(al¢y)

a=1
As [¢,) = P|ypy,) the last equation can be rewritten as

dp

(Blu) = Y (Blwla){algpy)

a=1

The matrix Uy, = («|¢p,) is invertible matrix if P|¢,) # 0.
Applying the inverse of U we can extract the matrix elements of w

dp

(Blwlw) = 3 (Blp) Uy

u=1

Few comments

dp-l—dQ)

Note that there are different possible choices of w, actually ( dp

In order to obtain w we have to solve to full problem !
The effective interaction V,rs = H,sr — Hp is an A-body operator.
off iIn not hermitian.

6.3.2 Hermitian Effective interaction

An hermitian effective interaction can be constructed if we utilize unitary rather
similarity transformation

H = e CHeC Gt=-¢G

Suzuki (1982) have proven the following connection

G = arctanh(w — w')
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This complicated expression leads to a simple formula

. l+w—awt

e —_—
V14 wwt + wtw

To understand this result we note that

(1+w—wh),(1+wo' +wtw)] =0

and that
1 1
—G17,G
e OHeC)P = ———— (QVP + QHQw — wPHP — wPVQu) ———
QeI = ey (VT TR0 ) v
Thus,

Q(e"®He®)P =0
if
QVP+ QHQw — wPHP — wPVQw =0

This is just the decoupling equation derived earlier for w !
The resulting Hermitian effective interaction reads

14wt 14w
= H
Vi+owtw V1+owiw

1A% — PHyP

Effective interaction for NCSM

The approach that is chosen to construct the effective Hamiltonian, appropriate
to the finite P4-space is described above. However, if one applies the unitary

[A]

transformation to H(f one obtains an effective Hamiltonian that is an A-body
operator. To avoid this complication, an approximation is made in the NCSM. It

[2,eff] which is then

j
used to replace the interaction term Vi]- of Eq. (6.6). The effective interaction 171.5.2"?&]

consists in first finding only a two-body effective interaction V,

is obtained by applying the decoupling condition to a two-nucleon Hamiltonian

Hg] that arises from Hg‘ ] by restricting the sums to two nucleons only, keeping
however the original mass number A in the interaction term:

2 2 2
1 1
Hg] _P1 + P_ri + —mQZr% + Emﬂzl‘%} + {Vlz —

mQ)
“om 2 2 24 T — 1)’
[2

H]o + V2. (6.8)

The effective Hamiltonian Hﬁg is determined in a subspace of P, the P,-space

(D) + Oy = D), via the two-body transformation operator w2l = szm D,. Then
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Figure 6.1: The various P and Q spaces relevant for the construction of the two-
body effective interaction (see text).

the two-body effective interaction is obtained by subtracting from Hﬁ} the two-

body HO Hamiltonian, i.e.

2]

vt — g2l gL 6.9)

eff

The corresponding ‘/igg,eff] is then used in Eq. (6.6). This procedure is equivalent to
the case where (i) the similarity operator w of is limited to a two-body operator
wl? and (ii) the effective Hamiltonian is truncated at the two-body operator level.

Due to the effective interaction the NCSM is not a variational method. The
n > 2 terms w!" neglected in w, as well as the n-body terms neglected in the
corresponding effective Hamiltonian, could either increase or decrease the binding
energy. On the other hand, as the basis space is increased the result converges
to the exact solution. This becomes clear from the illustration in Fig. 6.1. At
each P4, the unitary transformation transfers information from a part of the Q4
space, namely the Qs space, to the P, space. Thus EJ converges much faster when
performing a calculation in P4-space than in a corresponding calculation with the
bare interaction. For a sufficiently large P4, covering practically the whole Hilbert
space, the effective interaction coincides with the bare one, and one has the exact
result.

From the figure it is also clear that the same exact result could be achieved
by enlarging horizontally the space where the unitary transformation operates,
i.e. considering w!™ terms (as well as n-body terms in the effective Hamiltonian)
with increasing n up to n = A. However, this is much more difficult, since one
would need to know the entire n-body spectrum to construct the n-body effective
interaction. It is evident that if three-body forces are present in the original
Hamiltonian it is expedient to apply the procedure at least up ton = 3.

Fig. 6.2 illustrates the convergence pattern of the ground-state energy of “He,
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taken from Ref. [NaKO00]. The results are obtained with the translationally invari-
ant version of the method and with a realistic potential. It is interesting to note not
only the () dependence of the convergence but also how rapid the convergence
can be for some () values. Of course all the results have to converge to the same
value.

Concluding this section we would like to mention that momentum space NN
potentials can easily be treated by using a HO basis in momentum space (see
e.g. [NoN06]). A review on recent developments of the method can be found
in [NaQ09].
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-25.55- (b)
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Figure 6.2: Nmax dependence of the 4He Figure 6.3: Kmax dependence of the ‘He
ground-state energy for a NCSM cal- ground-state energy for a EIHH calcu-
culation with the CD-Bonn NN poten- lation with the MTI-III [MaT69] (a) and
tial [Ma01] and with various values of = AV14 [WiS84] (b) NN potentials (from
hQ) (from Ref. [NaKO00]). Ref. [BaL01]).
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[7. The Hypersperical Harmonics

7.1 Overview

7.1.1 Short history

* The study of nuclear systems composed of N nucleons have led to the con-
struction of the hyperspherical harmonics, which are harmonic polynomials
in 3(N — 1) dimensional space.

* The hyperspherical coordinates and the hyperspherical harmonics are gener-
alization of the spherical harmonics from 3D space into the general case.

¢ The HH were introduced in 1935 by Zernike and Brinkman.

* They were reintroduced 25 years later by Delves and Smith.

¢ The hyperspherical harmonics can be constructed in various ways, neverthe-
less the only general method I know of to construct N-body hyperspherical
functions which belong to definite irreducible representation of the group
O(3) of spatial rotations, is the “tree” method proposed by Vilenkin et al.
[Vilenkin65; Vilenkin68] in 1965.

¢ In the 1970 Raynal and Revai derived the HH transformation coefficients.

¢ and in 1972 Kil’"dushov derives the HH recoupling coefficients.

e All therestof us ...

7.1.2 Hyperspherical harmonics in a nutshell

* Hyperspherical coordinates x1, xp, x3,...xp — p = /L x2, Q).
¢ In the “tree” method, each hyperspherical coordinate system is set in corre-
spondence to a definite “tree” diagram. For example

x1 = pcos(a)cos(B)cos(d)
xp = pcos(a)cos(B)sin(d)
x3 = pcos(a)sin(p)
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xg = psin(a)cos(y)
x5 = psin(a)sin(y) (7.1)

correspond to the “tree” diagram in Fig. 7.1.2.

¢ The “tree” diagram have the following interpretation, segments joining “tree”
nodes or a node with a coordinate are called propagators. With each node we
associate a certain angle 6; propagator extending to the right (left) upward
from a node is set in accordance with the cosine (sine) of the angle 6. Each
coordinate x; is represented by the product of all the propagators from the
vertex of the diagram to the coordinate x;.

e Itis well known that the n-dimensional Laplace operator admits the separa-
tion of variables in polyspherical coordinates. Therefore the hyperspherical
functions associated with each node and with the “tree” expanding from
that node upwards can be written as a product of left “tree” hyperspher-
ical function, right “tree” hyperspherical function and a function of ¢ the
angle associated with that node. The rules for obtaining the hyperspherical
functions from the “tree” are given in Ref. [Vilenkin65].

¢ In hyperspherical coordinates

4

? D-10 K?
A= t——o-——
dp P do
. pKy[K} (Q)) is a Harmonic polynomial.
 The HH are eigenstates of K?

R?y(Q) = K(K+D —2)Y(Q)

¢ Using the tree structure one can easily construct HH starting from the leafs
and uniting branches.
¢ Each junction is associated with a quantum number.

e Each junction adds a factor N cos¥& (6) sinkt (O)P((Ioéli’%)_ K,) /»(cos(20))

Figure 7.1: “Tree” diagram

X5 X4 X3 X2 X1

7.1.3 The merits of the HH expansion
* The hyperspherical harmonics are eigenstates of the kinetic energy operator.
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Exhibit seperation between “slow” hyperadial coordinate and “fast” hyper-
angular coordinates.
A complete set of basis functions.

* 5 -0
Z%M”WWWF%£Q=
K] p

=

S(ni — ;)
i=1

Easy transformation between configuration and momentum space

(27T)D/2
(Qp)P/21

Good asymptotics.
With appropriate choice of Jacobi coordinates and states clusterization can
be "easily" treated.

el LM —

Zle Qg) Yk () Jx+p/2-1(Qp)

Mathematical intfroduction
A 2D example

We begin with the simple 2D transformation

X = rcos¢
y = rsing (7.2)

and consider a small translation

dx = drcos¢ —rsingd¢
dy = drsin¢g + rsin¢pdp (7.3)

The distance between the original and the new points is given by

ds* = dx*> +dy* = (drcos¢ — rsinddp)* + (drsin + r cos pd¢)?
= dr’ +r*d¢* = g;;d(;d; (7.4)

here g is the metric matrix

= (' ) 75)
gl = (1 %) 7.:6)

g =detg = r? (7.7)

The volume element in the new (spherical) coordinate set is given by

AV = \/gdC1dlr = rdrd¢ . (7.8)

The Laplacian is calculated utilizing the inverse matric matrix g/ = ggl,

0
1]_
A= Z NG agl 5, (7.9)
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10 o 10 1.0
v Vet rae 2)ag
? 190 1 0

_ 19 71
a2 T rar T g (7.10)

The n-dimensional case

Consider a simple tree node with v} leafs on the left branch and vy leafs on the
right branch. The total number of leafs being v = v1 + vg let p; /g the hyper radius
on each branch, and defined the transformation

pL = psina
PR = pcosa (7.11)

we look at a small distance in the v dimensional space
ds? = ds? + ds% (7.12)

v—1 vr—1
ds? = dp? + o7 Z hizd6}dot ; dsk = dp% + p% )» hidofdey  (7.13)
ij

Here hiLj/ R are the v /g — 1 dimensional L/ R hyperangular metric tensors. I used

the notation Q}J/ R to denote the hyperangular coordinates. In matrix form we can
write the metric tensors as

L (1 0 R_ (1 0
£ (0 p%hL) § (0 pth) 719
Now
ds> = do? +p? ZngGLdGL + dok + 0% ZngGRdOR

= dp+ p2d1x + p?sina ZglL]dGLdGL + p?cos®a Zgl]dGRdGR (7.15)

1
,02
&= 02 sin? ahl (7.16)
pZCOSZahR
ht = detht
hR = dethR
g = detg = p*(p?sin )"t 1 (p? cos? )"k 1KR
= (pz)n_l(SinzDC)VL_l(COSZDC)VR—thhR (717)

The volume element

V8l
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= p" ldo(sina)"2 " (cosa)"rldun \/_HdOL\/hRHdGR

\H/—/\_\,_/
dQy dQg
= " ldp (sina)"t 7 (cos &) 'Rt dadQrdQg (7.18)
dQ)
1
1
gh= " gy (7.19)
p sm-a 1 Ry —1
pzcosza(h )
gil = 851
A= ——\/_g”— (7.20)
/g 0dg; VES ad;
? wv—190 1 [ cosa 0 sina 9
A = a—pﬁ—p 3 2 (a—z“‘“—”smm— ("R—”cma)
vy — 1 1 I/R—l 1

a \/_ 1] 1 a \/_ 1]
p sin® & ; V/hL 0doF LadGL p? cos? Z ViR 9d6oR RE)dGR
02 —190 1 /3
= St (_2
op p dp  p? \ow
1 2 1 2
-2 pry, zxAL 7 cos? zxAR (7.21)

+ ((vp — 1) cota — (vg — 1)tanrx)%)

? wv—-190 1,
A—a—p2+ 5 5—{?/\ (7.22)

0  (vr—vr)— (v—2)cos2a 9 1 5 1 .,
—= — AL+ ——-A 7.23
a2 © sin 2a Frl sinfa’ T T cosZa R (7.23)

7.2.3 Hyperspherical harmonics
To get an harmonic polynomial

AXF(Q) = 0= A’¥(Q) = K(K+v -2)¥(Q) (7.24)
Assume T(lx, QL, QR) = T(DC)TL(QL)TR(QR)
A%‘PL(QL) = KL(KL + v — Z)TL(QL)
A%{TR(QR) = KR(KR + VR — Z)TR(QR) (7.25)

8_2 (wr—wv)—(v—2)cos2a 9  Kp(Kp+wvy—2) Kgr(Kg+vr—2)
on2 sin 2 on 02 sin? a p?cos? w
—K(K+n—2)¥(«) (7.26)

Y(w)
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After some algebra we get

wRUKR (0) = N2 (sina)Xt (cos )Xk P{" (cos 24)
K —Kp — Kg
S R
a = Kp+v/2-1
b = Kr+vg/2—-1
22n4+a+b+1)nT(n+a+b+1)
N = 7.27
" \/ In+a+1)I(n+b+1) (7.27)
It is clear that K = K; + Kg + 2n and that n > 0.
The 3-body case
We begin with the Jacobi coordinates
o mimsy (1‘ _ )
m = Mpm 2"
Mipms Mty + mory
— _ T el 7.28
1 Mipzm <r3 My ) 729
and choose the hyperspherical coordinates
N1 = pcosaf
2 = psinafp (7.29)

The complete set of six coordinates consists of p, 8, and the solid angles (2, (),
associated with the unit vectors #j; and , respectively. The six dimensional volume
element is given by

dV = 0°dpdQ) = p°dp sin®(a) cos?(a) da dijy dijy (7.30)

where d() is the angular volume element associated with the 6 dimensional hyper-
sphere. The hyperangle « varies in the range 7 > 6 > 0.

The Laplace operator in hyperspherical coordinates

The internal kinetic energy operator for a two-particle system is given by the
three-dimensional Laplace operator, expressed in terms of the relative motion
Jacobi coordinate 77 and the corresponding angular coordinates (),

1,
A=Ay, =Ny — 17 (7.31)
T
where the radial part is
?” 29
Ay = — +—— 7.32
o moon 732)

and 2; is the angular momentum operator of the relative motion.
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The internal kinetic energy of a three-particle system is described by the six-
dimensional Laplace operator which is a sum over the three dimensional Laplace
operators that act on the coordinates #; and #, separately.

1, 1,
A = Aj Dy =Dy + Dy, — ?ﬁ — ?zﬁ (7.33)
1 2

Using Egs. (7.29) we can transform the two radial coordinates 77; and 7, into the
hyper-radial coordinate p and the hyper-angular coordinate a. Using (7.22) and
noting that v = 6 we can write

2
@9 59 1p (7.34)

BTN
Here we have used the notation K? = AZ2. Noting that v;, = vg = 3, and that A% =
E% and A? = 3, the hyperspherical angular momentum operator K? is expressed in

terms of the hyper-angular coordinate & and the two angular momentum operators
2 and 73 as follows, Eq. (7.23),

KZ——a—z—4c0t(20c)i+ L py 1 p (7.35)
a2 ox  cos?w 1t sina '

Commuting set of operators
An important observation can be drawn now. The 3-body hypersperical (some
times also callad grand ) angular momentum operator commutes with 21, and £5.
Therefpore K3, 72,71 ,, 73,7, .. These operator form a complete set of commuting
hyperspherical operators, and therefore of quantum numbers, i.e. K, ¢, mq, {5, m;.
Of course these operators also commute with with A(?),

The internal angular momentum operator of the three-particle system is L =
£1 + 25. Note that L.2 and also L, commute with these operators.

The 3-body hyperspherical functions

Following the derivation in Sec. 7.2.3 the 3-body hyperspherical harmonics func-
tions can be written as

¥4 ~ ~
nylmlfzﬂQ(Q) = lIII(2 1(0C)Y£17’I11 (ﬂl)Yfzmz (112) (736)

As we have already seen the eigenfunctions of K?, Eq. (7.35), are functions of
the hyper-angular coordinate « (Eq. (??)) and depend on the value of the quantum
number K as well as on the values of ¢, and /1, as follows

1041
‘I’%’gl (w) = Nﬁzﬂ/uﬁl/z (sin oc)g2 (cos oc)f1 P,ng'“z) (cos2u), (7.37)
where P, (o hi+d) | is the Jacobi polynomial, and 7 is a non-negative integer such
that K
n——_“1-%2 (7.38)

2
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The normalization constant is, Eq. (7.27), [Efros72]

1
NUH1/2641/2) _ 2K +4)nT(n+b+ 6 +2) |
( _

7.39
T(n+6+3)(n+6+3) 739

The eigenvalues of K3 corresponding to the eigenfunctions (7.37) are K(K +4),
where K > ¢ + ¢, > 0 and has the same parity as ¢; + 5 (cf. Eq. (7.38)).

The angular part of the internal state for two particles is described by the spher-
ical harmonic Yy, ,, (771). Adding one more particle belonging to the state Yy, ., (72)
we can form a three-particle state @1 1., ¢, (71, 72), which is an eigenstate of the
operators @2, @%, [2 and L,. This three-particle state is obtained by conventional
angular momentum coupling

Dy raye, (1, 12) = Y (Limyloma| LMYy, (611) Yy, my (712) (7.40)

LG

The hyperspherical function for three particles, which is an eigenfunction of K? as
well as of 1.2, can now be written as

Vi (Q) = ¥ (@)@ pnmy, 0, (711, 2) (7.41)

The symbol [K] stands for the aggregate of five good quantum numbers K, L, M, ¢;
and /, which completely label the state since there are five (internal) coordinates,

ie, i1 = (01, $1), 2 = (62, ¢2), and «.

The A-body case

To construct the A-body hperspherical harmonics functions we shall use an induc-
tive prescription. Consider k Jacobi coordinates and assume that we have already
constructed states for k — 1 coordinates.

The Jacobi coordinates {#y }x—1..n consists of a radial coordinate 7, and a pair
of angular coordinates 7 = (6, ¢ )-

In general, having defined the hyper-radial coordinate py_1 = \/Zi-:ll 1712 we
define py and aj so as to satisfy

Pk—1 = Pk COS K|
Nk = Prsinag (7.42)
where
2 2 2 . 2 1 & 2
Pk = Pk—1 T 1 = ;771' = M, "21 mim;(x; — ;) (7.43)
i= i,j=

Therefore, the hyper-radial coordinate is symmetric with respect to permuta-
tions of the underlying single particle coordinates, and is invariant to the choice
of the Jacobi coordinates. The 3N internal coordinates for the N + 1-particle
system consist of the hyper-radial coordinate py, the N — 1 hyper-angular coordi-

nates «(N) = {a, a3, - - -, an}, and the 2N angular coordinates {#1, f2, - - -, fin}.
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These coordinates depend on the set of Jacobi coordinates specified in Eq. (3.8). For
a different ordering of particle indices a different set of hyper-angular coordinates
as well as a permuted set of angular coordinates is obtained. On the other hand,
the hyper-radial coordinate is independent of the order of the particle indices, cf.
Eq. (7.43). The volume element associated with the N Jacobi coordinates 7, ..., 175
is

3N-1 3N-1

dVan = o3 don dQsn = o3 den sin?(ap) cos3N74(

(XN)leN dﬁN dQ3(N71)

(7.44)
where dQ3y_1) is the volume element associated with the 3(N — 1) dimensional
hyper sphere. The hyper angle ay varies in the range 7 > an > 0.

The Laplace operator in hyperspherical coordinates

The 3N-dimensional Laplace operator, describing the internal kinetic energy of the
A = N + l-particle system, is a sum over the three-dimensional Laplace operators
that act on the coordinates 5, 1, ..., 11y

N N N 1.,

AN =¥ A=Y [ Ay — SEE (7.45)
i=1 i=1 i

This N + 1-particle Laplace operator can be expressed by means of the recurrence

relation

_ 1 4 1.
AN = ANTD p Ay = D+ Ay — R — (7.46)
PN-1 TN

We can apply Eq. (7.42) and transform the coordinates py_1 and 7y into the hyper-
radial coordinate py and the hyper-angular coordinate ay. In this case the 3N

dimensional Laplace operator, Eq. (7.45), can be written in the form

1,
AN = A, — R, (7.47)
PN
where the radial part is
> 3N-1 29
Aoy > (7.48)

= +
dpy PN 9PN

K%, the N + 1-particle hyperspherical angular momentum operator, can be ex-
pressed in terms of K%,fl and @12\] as follows [Efros72]
0> 3N —6— (3N —2)cos(2ay) 9 1,

K% =— K
N o3, + sin(2ap) o N + cos2ay N1 +

72

Sil’l2 aN EN
(7.49)
where we define K2 = @%. The internal N + 1-particle angular momentum operator
istny =Ln_q + Zy. The operators K%\Fl, @%\[, K%\], i%\] and ﬁNZ commute with each
other, thus each hyperspherical state is labeled by the complete set of quantum
numbers Ky, Kny_1, ..., Ky corresponding to the hyperspherical angular momen-
tum, Ly, LN—1, ..., L2, My, corresponding to the spatial angular momentum, and

IN,UN-1, ..., 2,01 corresponding to the angular part of the Jacobi coordinates.
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Theorem 7.4.1 The hyperspherical angular momentum operator K% is the Casimi
operator of the group Oz the same way that L? is the Casimir operator of O(3).
Consequently, K%, is invariant under any rotation in the 3N dimensional space.

The hyperspherical functions

Following the foot steps we have presented in Sec. 7.2.3 and employed previously
to the 3-body case in Sec. 7.3 we can easily see that HH functions corresponding
to the tree displayed in Fig. 7.2 is given by

N
y[KN] - [Hyfj,mj(ﬁ])}

% H £+2 K127 (sinocj)éf(cosoc]) i- 1P(£+2 Kot )(COS(Z“J'))]
Here /
Ki— 4t —Ki_4
ni = ] ]2 ] (7.50)

and [Ky] stands for the 3N — 1 quantum numbers

[KN] - {KN/KN—ll- . '/KZIKNIKN—ll' . 'IgllmN/mN—]J' . -/ml}

coupling recursively angular momenta of the single Jacobi vectors we may get
HH functions with well defined angular momentum

Viky) = ). H Lj—1M;j_1;m;|L;M;) HY€ m]

mlmz SN j=

4 4
HN P (smtx])g (cos aj) - 1P( K )(cos(2ocj))}
j=2
Here M] = M]'_l + mj, M; = mq and L = /1.
Being normalized eigenvectors of the commuting operators {K;, L Ez} and
Ly the HH are a complete orthogonal set, therefore

Vi Vi) = Ok ik
Oy, K OLy, L OMy, ML O1 21
51( K/ 5L L/

!
N-1""*N-1 N-1 gN—l’gN—l

Ok, K4, 0L,,1490,,0,00, 01 (7.51)

N-1/

X X X

The sequential scheme described above is one of many available routes A dif-
ferent route or “tree” structure corresponding to different hyperspherical coupling
scheme is presented in Fig. 7.3. In this case the last two coordinates are coupleed
together before being coupled to the rest of the tree.
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Figure 7.2: The “tree” structure that represents the scheme for constructing the eigen-

functions of the hyperspherical angular momentum operator K%,. The particles are added
sequentially.

12 /Al
y x z y X
moX 6 mq¥ 0
2 1€1
np
K
/
/
AN 2/
Kn-2

Figure 7.3: The “tree” structure that represents the scheme for constructing the eigen-
functions of the hyperspherical angular momentum operator K. The last two particles
are coupled to one another before they are coupled to the rest of the system.

N IN-1 fIN-2 2 M1
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Relation to the HO basis

In view of Egs. (7.47) and (7.43) it is evident that the HO Hamiltonian, written in
the form

N1 ) 1( 2 3N-19 6 K}
] 2.2 N 2 2
Z —-——+tzwn | =z |5 ——+ 5 t+w , (7.52)
,-_1( 2 29 2( W o 2 P

has eigenvectors of the form

YHo = R, (0) Vixy) (Q) (7.53)

with eigenvalues

E, = hw (3(/‘2—_1) + n> = hw (@ +2n, + KN) . (7.54)

Therefore the HH Ky—quantum number can be associated with the quanta of
excitations of the HO wave function.
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[8. HH - The A-Body problem

8.1 Solving the Schroedinger Equation

The HH expansion in few steps
¢ Remove the center of mass

r,12,... YA — Rem, 2. .. a1

Introduce hyperspherical coordinates

muy2... a1 — P = \/;7%+;7§+,,,+;7§4_1,Q

Expand the wave function using hyperspherical harmonics

¥(o,Q)= ) Rip)Vx(Q)

[K],K<Kmax

Transform the Hamilton
=5 Z Vit Vi (+ ) Vit
i<j i<j<k
to hyperspherical coordinates
1(82 L 34-40 1<2>
> p 9

+ )V

i<j

Evaluate the matrix elements

Vi () = (KIS VAIIK'D = [ d095(0) ¥ Vi, )y (©)
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¢ Solve the Schrodinger equation
(& 3A-409 K(K+34-5) R
o o op o2 |

Convergence rate

Evaluating the convergence rate if the HH we follow T. R. Schneider, Phys. Lett. B,
40, 439 (1972).

Definition 8.2.1 Denote the exact wave function by
Q) =) Ry(0) Vi (Q)
K]

and an approximated wave function

Krnax

Q) = [Z]‘, Rig(0) Vg (Q)
K

We also define another approximation to the wave function

Kmax

Y (o, Q Z R’ K (Q)

Y is the solution of HY = EY, and Yk is ¥ limited to the subspace K < Kjzy. In
contrast ¥} is the solution of of Hx¥} = Ex¥}, where Hk is the Hamiltonian
restricted to the subspace [K] < Kmax-

Also denote by
Pag = [ 0N Mol R (o)

the probability of the system being in HH state [K].

Rig(0) + Y Vikg,xn(0) Rk () = ERx(p)

Theorem 8.2.1 If the quantity ||KP|¥)|| is bound then the expansion coefficients
are also bounded RP)
KP|Y
P 5z
and )
[IKPIF) |

ZP<K

Here the sum is restricted to the HH states with principle quantum number K.

This can be easily seen as
IRP[¥)]* = (¥IR*|Y)

- L [ 0N ldpIR g (0) P{K(K +34 - 5)}"
K
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= ) P{K(K+3A—-5)}F (8.1)
[K]

It can be shown on general grounds, applicable to any basis expansion, that

1) — [0l < CIE) — [Fx)| (8.2)
and
|Ex — E|| < DJ|[¥) — [¥x)| (8.3)
It follows that
IEx—Ell < D )}, Py<DIRI* Y = (8.4)
[K] >Kmax K>Kmax

Theorem 8.2.2 If K?PV is square integrable, then the quantity ||K*’*2|¥)|| is
bounded.

Proof. The bound state wave function of the A-body system is a square integrable
function. From the theory of square integrable functions it follows that if f, g are
square integrable then also are fg and f + g.

If the potential V is square integrable, then V|¥) is also square integrable. As
|'¥) is an eigenstates of H

1 1K?
E[¥) - V|Y) = —§Ap|‘1’> + EFW) (8.5)

As H|Y) is square integrable and so are the terms on the lhs, the rhs must also
be square integrable. The wave function |¥) is continuous and differentiable, it
is regular at the origin and therefore A,|¥) must be bound. Consequently also

% |'¥) must be bound. As (p|¥) — exp(—xp) for large p the square integrability
of % |¥) implies that also K?|¥) is square integrable.

Assume now that K?V is square integrable for k < p, and that ||[K2*"2|¥)|| is
bounded. If K?PV is square integrable so also

. s 1, 1 R2P+2
— R¥V[Y) = —R¥E[Y) — SAK7[¥) + 5 e

Y) (8.6)

Consequently ||[K?*2/0%|¥)|| is bounded and following the same argument as
above so also is ||[K?P2[¥)]|. [ |

We can consider now few examples of short range potentials. Each is less singular
than 72 and falls off faster than r—3.
* Yukawa potential -
V(r) = Voexp(—r/a)/r

Here all the difficulties are introduced by the 1/7 singularity. This potential
is square integrable but K2V is not square integrable. It is expected that the
binding energy will converge at least as fast as K—3.
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¢ Square well potenital - The potential is square integrable, but the disconti-
nuity at makes K2V not square integrable. Therefore it is expected that the
binding energy will converge at least as fast as K—3.
¢ Gaussian -
V(r) = Voexp(—r*/a?)

The Gaussian is finite every-where, and it is infinitely differentiable, while it
and all of its derivatives are square integrable. Hence K?’V is bounded for
all values of p. The convergence rate will be faster than any inverse power
of p, exponentially fast.

8.3 Evaluation of Matrix Elements

8.3.1 The 2-body integral

The evaluation of the 2-body potential matrix elements is simple when the last
Jacobi coordinate in the tree is proportionl to the interparticle distance. Let us

)

denote by {qgij ), qgi] yeees ng\i,j)} a coordinate system in which

i =5 =) 8)

Using the 'K’ tree coupling scheme
rij = \/Ep sinay (8.8)

This coordinate system defined a specific set of hyperspherical coordinates (;; and
a corresponding HH basis |[Ky];;). In general we shall denote these coordinates
and states by ij but will omit this subsript in this subsection.

The 2-body matrix elements reads

VD, ) = (RN 1V KA
- / dOY 1(Q)Vii(V20sinan) Vi ()

_ (if)
_5[KN—1}/[K§\]_1] 5€N!£§\]’ 5LN/L§\7 VKN,K&;KN_LEN (p) (89)

(i) _ ) 3N—4
VKN/KQ\];KNflng(p) = [ dapn sin” ap cos XN

x [N#(sinay)™ (cos «xN)KN%P,(f’b) (cos(2an))]
X Vij(\/ip sinay)
X [Ng;b(sin an )N (cos ay ) Kn-1 Plgfl’b) (cos(2an))]

=NZ NP / day sin® 1wy cos®H

x P")(cos(2a))Vii(V2p sin a ) P (cos(2a)) (8.10)

7’1/
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where
1
=/ _
' N+2 3N —5
b = Ky-1+
I KNy — Kn-1—¥{n
2
K\, —Kn_1—V/
n = "N 2Nl (8.11)

2

These expressions become a bit more complicated for non central potentials.

The general case

In general we need to transform the coordinate system so that the desired pair is
in the last Jacobi coordinate.

(Kl = & ]<[1<N1|[I<N]ij>v[§;{j]ﬁ,[,% L O ENIKY)  (8.12)
Knlij [Kivlij

The overlap matrix elements

(KNI KnJi) = [ 4O (), () (8.19)

should be evaluated. In view of the transformation properties of the HH function
it is clear that Ky, Ly define an invariant subspace under the rotation. A few
methods to calculated the transformation matrix elements will be presented in the
following sections.

The Raynal-Revai and the T-coefficients

The hyperspherical functions, as constructed in the previous section, depend on the
choice of the Jacobi coordinates, Eq. (3.8), as well as on the “tree” diagram chosen
for coupling the various single-Jacobi coordinate functions. I first consider the
transformation of the hyperspherical harmonics which results from transforming
between different sets of two Jacobi coordinates connected to the same node in
the “tree” diagram. This transformation is effected by means of the Raynal-
Revai coefficients presented in Subsection 8.4.1. In Subsection 8.4.2 I discuss the
transformation between the two sets of hyperspherical functions corresponding to
two different coupling schemes, i.e. two different “tree” diagrams, that is effected
by means of the T-coefficients. It can be easily verified that the transformation of
the HH induced by any transformation of the Jacobi coordinates can be expressed
in terms of these two sets of coefficients.

At the end of this section we shall present a simple numerical algorithm due to
V. Efros that allows for a simple calculation of the HH transformation coefficients.
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Figure 8.1: A schematic representation of the Raynal-Revai coefficients , RR, between two
sets of Jacobi coordinates coupled to the same node. Only the relevant part of the “tree” is
plotted.

8.4.1 The Raynal-Revai coefficients

To enable the transformation between sets of hyperspherical functions obtained
for the same physical system using different choices of Jacobi coordinates we use
the Raynal-Revai coefficients. More specifically these coefficients are needed in
order to apply transformations between different sets of two Jacobi coordinates
connected to the same node in the “tree” diagram, as can be seen in Fig. 8.1.

As was pointed out at the bottom of Section 7.4.1 the N + 1-particle hyper-
spherical angular momentum operator K% is independent of the set of the angular
coordinates () and of the structure of the “tree” or of the choice of the Jacobi
coordinates. Let us consider the two Jacobi coordinates #,;_; and #,,. The hyper-
spherical functions constructed from these two Jacobi coordinates are uniquely
specified by the quantum numbers ¢x_1, {n, Ky—1,N, LN—1,8 and My_1 n. These
hyperspherical functions can be expressed in terms of the hyperspherical functions
depending on two different Jacobi coordinates 7}, _, and 7}, that are related to the
first two by means of a rotation by an angle v,

Hn-1) _ (Cosy —siny) (fn-1 (8.14)
Ui siny  cos?y N ’
using the Raynal-Revai coefficients as follows:

|(In—1;N)KN-1,NLN-1,NMN-1,n >
= ) <INVl >y iy (O On) KN N DN-1, N M- N >
bty

(8.15)

here ¢;_,,¢}, are the values of the single-coordinate angular momentum operators
corresponding to the rotated coordinates #y,_,; and #}. The sum in Eq. (8.15)
is restricted by the relation |0, ; — ¢}| < Ly—1n < O+ < Ky—1,n such
that £;_, + ¢}y has the same parity as Ky_1,n. Note that the quantum numbers
Kn-1nand Ly_1 n (as well as My_1 n) are common to both sets of hyperspherical
functions, as was explained above.

The Raynal-Revai coefficients defined by Eq. (8.15) can be expressed in terms of
the harmonic-oscillator Talmi-Moshinsky brackets [Raynal73]. Using this relation,



8.4 The Raynal-Revai and the T-coefficients 75

an analytic expression for the transformation brackets for hyperspherical functions
was obtained by Raynal and Revai for three particles [Raynal70], [Raynal73]. A
generalization to four particles was studied in Ref. [Jibuti77].

The Raynal-Revai coefficients can be calculated through the action of the
infinitesimal generator of the Raynal-Revai rotation,

Xnoin =iy 1V — 11y Vin-1) (8.16)

on the hyperspherical harmonics. Analytic expressions for the matrix elements
of the operator Xy_1 in the hyperspherical basis were obtained by Raynal
[Raynal73]. This operator can change the values of /5_1 and /x5 by +1 and does
not change the other quantum numbers K = Ky_1n, L = Ly_1 n and My_1 N-
The expressions obtained by Raynal are (Egs. (23) and (24) in Ref. [Raynal73])

N|—

< ly_1 |1 XN_aNIIN-1ON k= [n(n + 1+ In+2)(L+ n_1+ N +2)]
1
(L+lny 1+ ON+3)Una+Ein—L+1)(Una+En—L+2)|°

(20n-_1+1) (28 +1)(20),_, +1)(20, +1) (8.17)

where 0, _; = fn_1+1and ¢}y = {y + 1, and

% 1 372
< gé\lflglN‘XN—l,NwN—lgN KL= (n + /N + E)(n +ln_1+ E)}
1
!

(L + O — N1 — 1)(L + N — EN—l)(L +ln_1 —IN+ 1)(L +Uln_q1 — N —|—2)
(20n-1+ 1) (20N + 1)(24\1_1 + 1)(2%\] +1)

(8.18)
where ¢, | = {n_1+ 1and ¢}y = {5y — 1. The variable n is given by

_ K—itn_1—IN

" 2

(8.19)

The other two non-zero matrix elementsi.e., /y,_; = {n_1 —1, ¢y = {y — 1 and
ly_1 = In-1—1, ¢y = €y + 1 have the same expressions as in Egs. (8.17) and
(8.18), respectively, but with opposite signs.

8.4.2 The hyperspherical recoupling coefficients - the T-coefficients

The hyperspherical recoupling coefficients are the recoupling coefficients that
enable the expression of a hyperspherical function obtained by coupling of three
subsystems in a particular order in terms of the set of hyperspherical functions
describing the same composite system, obtained using a different coupling order.

For example consider the transformation from the “tree” diagram given in
Fig. 7.2 to the “tree” diagram given in Fig. 7.3. This transformation is effected by
means of the hyperspherical recoupling coefficients (of type F) introduced in Ref.
[Kildyushov72]. The transformation is presented in Fig. 8.3 which is the figure
of case F in Ref. [Kildyushov72] ); Only the relevant parts of the two “trees” are
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Figure 8.2: A schematic representation of the T-coefficient between the “tree” of Fig. 7.2
and the “tree” of Fig. 7.3. Only the relevant parts of the two “trees” are plotted. The
two-headed arrow points to the two different intermediate quantum numbers.

plotted. This hyperspherical recoupling coefficients are known as the T-coefficients,
where "T" stands for “tree” recoupling coefficients.

More specifically, the T-coefficients presented many years ago by Kil’dyushov
[Kildyushov73] are the hyperspherical analogs of the celebrated angular momen-
tum 6j symbols, and indeed they could as justly be called 6K symbols. Let us
denote by K;,i = 1,2,3 an harmonic polynomial over a coordinate space of di-
mension v;. We can couple three polynomials to create an harmonic polynomial
of order K over v; + 1 4 v3 dimensional space in, essentially, two different ways.
We can couple K; and K to obtain Kj; and then couple Kj; with K3, or couple Ky
and K3 to obtain Kj3 and then couple K;3 with Kj. The T-coefficients, like the 6j
coefficients, are the matrix elements of the transformation between these two sets
of functions,

|((K1; K2)Ki2; K3)K >= ZTg{f&iﬂ@|((K1;K3)K13;K2)K > (8.20)

Ki3

We introduce the following definitions

3
DéiEKi—i—El/i—l

e = K12 =K1 —Kp _ Kiz =K1 — K3
12 = 5 GRS 5
K—-K;y—-K; —-K
p= KoKz K ks (821)
2
and follow Raynal derivation in Ref. [Raynal73b] to obtain
T 28 = (=)""M27"3 B, (n13, &1, &, &3) By (13, &1, &3, 2)

sFB(np—nniz—n,—n—np—a—ay—1,—n—njz3—a; —az—1;
—2n—wy —ap —ag—1,—n—way, —n;1) (8.22)

where

1
_ n! (2niptatap+ 1) (nip g +ap+1) |2
Bu(na, a1, a2, 83) = [nlz!(n—nu)! T(n+npp+a+ap+2)T (n—np+az+1)

1
T (2n+aq+ay+ag+2)T (np+ap+1)T (n+ay+1) ] 2 (8.23)
]“(n12+0(1+1)r(71+7112+061 +“2+”‘3+2) '
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Figure 8.3: A schematic representation of the transformation between the “tree” of Fig.
7.2 and the “tree” of Fig. 7.3. Only the relevant parts of the two “trees” are plotted. The
two-headed arrow points to the two different intermediate quantum numbers.

and By, (113, a1, a3, a2) has the same expression as (8.23) with the appropriate sub-
stitutions. The function 4F3 is the generalized hypergeometric function defined by
the relation

o (a1)i(a2)k(a3)i(ag) kx
Fsz(aq,a>,a3,a4;b1,by,b3;x) = cpxk (8.24)
43( 1,42,43,044,01,02,U3 ) k:ZO (bl)k(b2) (bS Z k

where
(111—I—k—1)((12+k—1)(&13+k—1)(€l4+k—1)

i+ k-t k-1 +k—Dk &1

Cp = (8.25)
and ¢y = 1.

It should be noted that expression (8.22) is symmetric with respect to per-
mutation of the indices 2 and 3. In addition, since some of the variables in the
function 4F; are negative integers (see Eq. (8.22)) the sum in Eq. (8.24) reduces to a
polynomial of the order of the lowest absolute value of these negative integers.

When working with a coupled angular momentum basis the T coefficients
needs to be accompanied with the 6] coefficients to recoupled the angular momen-
tum quantum numbers.

|((K1L1; KaLy)KipL1p; K3L3)KL) =

Ly Ly L -
— Li+Lo+L3+L 1 2 12 K;K>K K3
- 2 erernemenenee {7 b

X |(KqLy; (KoLp; K3L3)Ka3Lo3)KL) (8.26)

8.4.3 The Efros trick

Consider the orthogonal transformation O(a — b) € Oy of the Jacobi coordinates
from one coordinate set a to a different set b

N
=Y Owl(a— by} (8.27)
k=1

Each set of Jacobi vectors defines a set hyperspherical angles (), /;, and a corrspond-
ing set of HH states |[K],/;). By this notation we mean that (Q||[K],/,) =
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Vi) (Qayp). As [Kn,On] = [Ln,On] = 0 the quantum numbers Ky, Ly define
an invariant subspace under the rotations O € Oy, in particular for each vector
|[Kn]a) in this subspace we can write

I[Knlp) = O(a — b)|[Kn]a) = Y. ( [Kila | [Kn]p) [[Ki]a) (8.28)
[KiJa ; Kiy=Kn,L\y=Ly

This is an algebric equation in a Nz, and the Nk; x Nk overlap matrix is given

by

( [Knla | [Knlo / A0V 1 (Qa) Vi, () (8.29)
Equation (8.28) holds for any point on the hypersphere
Vi) () = )y ( [KiJa | KNDo ) Vi Q) (8:30)

[Kf\]}a ; K}\]:KN/L/N:LN
choosing a set of Nk arbitrary points we get a set of Ng; x Nk which we can
solve for the transformation coefficients.

Nk,
{ [Ki]a | [Knlp 2 u-! )iy pU D)y k1) (8.31)

where

U@y, = Viky) ()
u(b)p[KQ\]} = y[KN](Q{)’) (8.32)

The condition for this procedure to succeed is det(U(a)) > 0.

Symmetrization of the Hyperspherical Harmonics

The (anti)symmetrization of the HH basis is a difficult problem. Over the years
many strategies where suggested to address this issue. In the following we shall
briefly disucss different approaches to the problem.
A. Apply the anti-symmetrization to the HH basis (including internal degrees
of freedom)

The cost is A! operations. The resulting basis states are (i) non orthogonal
and (ii) over complete.
B. Generate HH states from HO Slater determinant.

det(HO) = e_%pszA (y(Q)X(Si/ ti))

This works very well for the lowest K in a cloased shell, for larger K or open
shells the factorization of the CM and the separation between hyperspherical
and hyperradial excitations becomes more involved. This is probably the
only viable way to extend the HH expansion to large systems.
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C. Using the Casimir eigenvalues and the relation

n—1

Co(n) =Co(n—1)+ Y_(i,n) (8.33)
i=1

a recursive symmetrization procedure can be formulated. Assume that

{|®a(1..n — 1))} is a set of antisymmetric basis states and {|¢,(n))} are

“single particle” states, such that |® 4¢,) form an invariant subspace. Utiliz-

ing the operator relation

(i,n)=(i,n—1)(n,n—1)(i,n—1) (8.34)

We see that

n—1

(P a¢a|Co(n)|Pppp) = (PagalCa(n —1) + ;(i/”)\q’Bfm

n—1)(n— n—l
= —bap6.p" 1)2( 2) (@ aal Y Gin— 1) — 1) (i, n— 1) @y)
i=1
N U 1>2(” =2) & (0= 1) (@ aga|(n,1 — 1) Dpy)  (8.35)

Thus at the cost of evaluating the matrix elements of the operator (1,1 — 1)
and diagonalizing the matrix C, we can construct antisymmetric states. This
procedure can be generalized to any S, irrep.

D. Use the group of kinematic rotations Oa_1, #§; — #; = g#;, the HH sym-
metrization can be carried out in two steps

HH — O(A—l)

and
O(A—l) — 5S4

In short we use the following group-subgroup chain

O3(A71) C O3 ® O(A*l) C O3 ® SA
K LM Ap1 LM Yy (8.36)

For both steps the method is based on the eigenvalues of the Casimir operator.
This method is much more efficient but also much more complicated than
any of the others.

E. The Hamiltonian commutes with S 4 therefore we can “ignore the whole
issue”, built the Hamiltonian matrix diagonalize it and select the physical
states at the end. This procedure might be very expensive for larger system
but it is extremly simple. A variant of this procedure is to introduce a
generalized Hamiltonian

H=H+AG (8.37)

For A large and positive the Casimir operator pushes the antisymmetric
states to the bottom of the spectrum, negative values push the symmetric
states.
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K HH — Sy HH%O(A—l) O(A—l)_>SA Ratio

2 198 56 108 1.21
4 11308 728 1528 5.01
6 516647 8771 16511 20.44
8 107 84700 127544 47.12

Table 8.1: The 6-body system — A comparison between direct symmetrization and
symmetrization through the kinematical group O4_;.

Convergence Accelaration
Convergence - Statement of the problem

¢ For potentials with Coulomb type singularities the HH expansion of ¥
converge as K2, and energy as K,
¢ For Gaussian potentials ¥ converge as ¢
¢ Actually. The problem is not the only slow convergence rate but rather the
fast growth in the number of HH states.
Different Strategies were used to address this major problem.

—cKinax

Correlations

Correlations in the wave-function where used by few groups (CHH, PHH, CFHHM

o)
Y(0,Q) =T1;F(rij) Y, Rgj(0)Vik(Q)
KSKmax
The introduction of the correlation function came as a solution to the hard core
problem in the nuclear force and in order to reproduce the cusp in the wave
function for Coulomb problems.

Basis reduction

Adressing the problem of the fast growth in the number of basis states Fabre de-la
Ripple suggested to use only a small subset of the HH basis, solving a Faddeev
like equation. For the bosonic case the resulting equations take the form

Y =) ¥ (8.38)
where
¥ = %R@i{ () Vi) () (8.39)
and 1
[—EA — E] ¥ =-V,;¥ (8.40)

The wave function is then approximated by taking all quantum number to be zero
but K, this is call the potential basis (PB) approximation. For central potentials
this method was quite succesful. Its can also be generalized to Fermionic systems
and was applied for A > 10 systems. For larger system this method is equivalent
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to the configuration interaction method (CI) which doesn’t fulfill the linked cluster
theorem and therefore cannot be a very good approximation to the many body
wave function.

A simpler basis reduction method was suggested by other groups restricting
the partial angular momenta to small values, or generalizing the PB approximation.
For example in a bose-system this generalized expansion may take the following
form

ZZR 0) Vi) (Qif) +ZZR22 K] (Qijja) + -

ij [K] ijkl [K]

Effective interaction

The basic principle beyond the effective interaction approach is that one can
accelerate the convergence rate by modifing the Hamiltonian while increasing the
size of our basis expansion, i.e.

(2) (2)
Ve — Veff
(3) ()
Vv — Veff

There are different ways to achieve this goal. The Bloch-Horowitz transformation
for one or the Lee-Suzuki. In the Lee Suzuki approach one can construct an energy
independent effective interaction. This method was introduced to the few-body
community through the NCSM method by Navratil and Barrett.

In the Effective Interaction Hyperspherical Harmonics (EIHH) The effective

2-body potential Ve(;} is derived from a "2-body" Hamiltonian

Hy(p) = 7 or T V(7 =V2psinay - i), (8.41)

The effective Hamiltonian is constructed through the Lee-Suzuki similarity trans-
formation

1+ w

H =U"(p)Ha(p)U(p) ; U= 8.42
2¢f£(p) (0)Hz(p)U(p) EEREL (8.42)
The operator w = QwP is given by
(qli) = Y _alwlp){pli) ; Hali) = Eili) (8:43)
4
Finally the effective interaction is given by
1 K?

VZeff(p) :HZeff(p)_%F (8.44)

= Example 8.1 4-body ground-state - Bare vs Effective .
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AV18 AV18+UIX

Kinax Eb <7/2> % Eb <7’2> %

6 25.312 1.506 26.23 1.456

8 25.000 1.509 27.63 1.428

10 24.443 1.520 27.861 1.428

12 24.492 1.518 28.261 1.427

14 24.350 1.518 28.324 1.428

16 24.315 1.518 28.397 1.430

18 24.273 1.518 28.396 1.431

20 24.268 1.518 28.418 1.432

FY [Nogga] 24.25 28.50
FY [Lazauskas] 24.22 1.516

HH [Viviani] 24.21 1.512 28.46 1.428
GFMC [Wiringa] 28.34 1.44

Table 8.2: The 4-body ground-state — Convergence of the EIHH method for “He

binding energy E, [MeV] and root mean square matter radius (r2>% [fm] with
AV18 and AV18+UIX potentials.



Xb,3

Xa,2 Xb,2

O e O
Xa,1 Xb,1

[9. Monte Carlo methods

9.1 Refrences

Here we follow the following sources:

¢ [HLK17] Morten Hjorth-Jensen, Maria Paola Lombardo, and Ubirajara van
Kolck. An Advanced Course in Computational Nuclear Physics. Springer Cham,
2017. DOI: https://doi.org/10.1007/978-3-319-53336-0.

¢ [KFS96] Ioan Kosztin, Byron Faber, and Klaus Schulten. “Introduction to the
diffusion Monte Carlo method”. In: American Journal of Physics 64.5 (1996),
pages 633—-644. DOI: 10.1119/1.18168. eprint: https://doi.org/10.1119/
1.18168. URL: https://doi.org/10.1119/1.18168.

9.2 Evaluating expectation values

Suppose we have solved the Schroedinger equation
HYo(X) = Eg¥o(X) 9.1)

where X stand for all the coordiantes and the internal degree of freedom and we
want to evaluate the observable

_ [ dXdX'(¥o| X) (X|O[X") (X' ['¥o)

(0) = (Yo|O[Yo) = Tax|(X[¥o) P 9.2)

Here the integration stands for both integration over the coordinates and summa-
tion over internal degrees of freedom.

In order to evaluate such integrals numerically we can try to create a grid of
points in each direction, the number of sampling for reaching a given accuracy
would scale as (L/A)P, with L the typicall size of the system, A the required


https://doi.org/https://doi.org/10.1007/978-3-319-53336-0
https://doi.org/10.1119/1.18168
https://doi.org/10.1119/1.18168
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spatial step, and D the dimension. It follows that the number of integration points
grows exponentially with the dimension of the system. Based on the central limit
theorem, the Monte Carlo techniques allows for an integration techniques that has
a way better scaling than that.

We start by rewritting the expectation value as

1
[dX|(X|¥o)[?

(X]O0Y¥0)

0) = (X[¥o)

/ dX| (X|¥)[? 9.3)

For the moment we assume that this integral is well behaved. We note that in our
understanding of quantum mechanics, the term

[(X[¥o)

P Taxixiw e O

is just the probability density function (PDF) of finding the system in the state | X).

Thus,
X (X|O¥o)
dXP 9.5
/ (X[¥o) ©-3)

is the average of the function O(X) = (X|O¥y) /(X |¥o), which we call the local
operator, weighted with the probability P(X). The integral in Eq. (9.5) has a clear
physical interpretation. In an experimental measurement of (O) we would observe
a sampling of P(X). Sampling N points Xj according to the distribution P(X) the
integral Eq. (9.5) can be approximated by

N
ﬁ ; (9.6)

The random aspect of the sampling process is the reason this family of algorithms,
used not only in physics, is generally knowon as Monte Carlo techniques.

The central limit theorem

To evaluate the accuracy of this sampling process we use the Central Limit The-
orem. Given a distribution P(X) over a suitable event space X, and an arbitrary
function F(X), we can define the sum

N
Z 9.7)

Z |

where the events X ~ P(X) are assumed to be independent random variables.
The notation X; ~ P(X) implies that P(X) is the distribution of X. Being a
sum of random values Sy/(F) is a stochastic variable, which in turn has its own
distribution P(Sy). According to the Central Limit Theorem for large N the PDF
P(Sy) will converge into normal distribution,

lim P(Sy) = ;exp (—16N__<F>)2> : (9.8)

N=veo 27t0%,(F)
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Here
A (F) =+ (1)~ (F2) = b 99)
is the variance of the normal distribution, while
0t = (F?) — (F)? (9.10)
is the variance of F, and
(F") = / dXP(X)F"(x), 9.11)

is the n’th moment of F. The case n = 1 corresponds to (F), the mean value of F,
which we estimate using the sum Sy (F). The variance of F is evaluated using the
unbiased estimate 02 ~ ™ (Sn(F?) — S%,(F)).

The importance of the Central Limit Theorem stems form its implications to
the accuracy of our estimate. In view of Eq. (9.8) Sy(F) — (F) £ on(F) as N — oo.
And since on (F) o« 1/+/N, it follows that we need O(N?) sampling points to reach
a given accuracy in our integral. As a consequence, we understand that in general
Monte Carlo techniques are more efficient than “grid” integration methods already
for the 3-dimensional case.

The Metropolis-Hastings algorithm

The crux of the matter is the random sampling of the distribution P(X) in a
computer simulation. The (quasi) random series produced by the computer form
a uniform distribution. In order to create a 1-dimensional distribution P;p(X) we
need to invert the cumulative distribution function of P;p(X). This procedure
can work out in 1-dimension but not in general. In the following we present the
Metropolis—Hastings algorithm which allow us to sample from an arbitray (multi
dimensional) distribution.

To elucidate the basic idea of the Metropolis-Hastings algorithm we can think
of a sample of N points X, which we choose in our Hilbert space according to some
PDF Py(Xp). In order make this a sample distributed according to our desired
PDF P(X) we need to find a transition matrix T(X < Xjp) such that the sample X
obtained via the action T(X + Xj) has the desired properties. Of course if we
knew how to construct such a transition matrix there would be no problem. The
solution suggested by the Metropolis—Hastings algorithm is to construct T as a
sequence of well defined transformations Ty (Xy,1 < X) that in the limit will
yield the desired result.

Taking a more formal look at the process, we consider at first a configuration
Xo sampled from the PDF Py(Xj), and the transition matrix Tp(X; < Xp). The
probability density of finding the system in configuration X is then

Py (X1) = /dXoTo(Xl  Xo)Po(Xo). (9.12)

Or in the short hand notation

P (X1) = ToPy(Xo), (9.13)
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with Tj the integral operator associated with Tp(X; <— Xp). Following this example
it is clear that the PDF obtained after k steps is given by

Po(Xy) = T 1Pe1 (Xi—1) = Tiq ... TiToPy(Xo). (9.14)

The sequence of stochastic variables { Xy, X1, ... Xx} generated by this procedure
is called a Markov chain. It is also customary to refer to a point Xy moving through
a series of transitions { Xy, X1, ... Xi} as a walker, as the Markov chain produce an
arbitrary walk in X.

Now let us make a bold move taking the same transition operators for all steps.
In this case

P(X) = TP 1(Xpq1) = T... TTPy(Xo) = T¥Py(Xo). (9.15)

One might wonder now if this sequence is convergent, i.e. if a limiting probability

density Pe(X) exists. In the following we will avoid this question and simply as-

sume that for the family of transition operators we consider the sequence converge.

That is

lim TP 1(Xeq) = klim Pe(Xy), (9.16)
—00

k— o0
or
TPo(X) = Pw(X). (9.17)

We may conclude now that P (X) is an eigenvector of T with eigenvalue 1. This
latter result follow from our demand that TPs(X) is a normalized PDF.

As it turns out, the properties of such stationary Markov chain can be utilized
to sample an arbitrary PDF P(X). Given a target distribution P (X) it is not too
difficult to construct a transition operators T such that Eq. (9.17) holds. Moreover,
starting with an arbitrary initial PDF a repeated application of T will eventually
generate the distribution Peo(X).

The trick is to write T as a product of a simple transition matrix S(X’ + X),
that creates a step in the X space, and an unknown factor A(X’ < X) that we call
the “acceptance probability”

T =AS. (9.18)

For example, assuming that X is a vector in a D-dimensional coordinate space we
can take S(X’ « X) to be a uniform distribution within a box of size A,

Loif X! - X[ <% foralli=1,...D

S(X' + X) = {A_D (9.19)

0 otherwise

For a stationary distribution we expect that anywhere the probability density
will not change due to the application of the transition operator. Transitions away
from X must be balanced by transitions into X:

/ AX'T(X' + X)P(X) = / dX'T(X « X")P(X'). 9.20)
The equilibrium condition can be replaced with the more stringet detailed balance

condition:
T(X + X)P(X) = T(X + X")P(X') (9.21)
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which we can use as a condition on the acceptance probability,

AX' + X)  P(X)S(X « X)

AX+ X))  PX)S(X < X) ©.22)
We can rewrite this condition as
/ . (PX)S(X«+X)
A(X + X) —mm(P(X) S(X’<—X)'1 . (9.23)

This expression is called the acceptance ratio. It holds the probability by which we
decide whether to accept the new configuration X’ or to remain in the old one X.

We note that for a symmetric transition S the acceptance ratio Eq. (9.23) can be
further simplified

. (P(X)
/ —
A(X' + X) = min < P(X) ,1) . (9.24)

The Metropolis—Hastings will converge to the right distribution if (1) every
allowed state can be reached from any other by a finite number of steps, and (2)
the cycle condition is fulfilled.

Definition 9.4.1 — Kolmogorov Cycle Condition. We say that the cycle condition
is satisfied if given a cycle of states Xo, X1, ... X, = Xo with T(Xj;1 <+ X;) >0
fori=0,...n —1, we have

n—1 n—1
[17(Xip1 X)) = [ T(Xi + Xis1) (9.25)
i=0 i=0

The algorithm

At this point we can formulate the application of the Metropolis—Hastings al-
gorithm for a few-body problem. For simplicity we ignore internal degrees of
freedom, denote R = (Ry,...R4), and assume that the potential and the trial
wave-function depend only on R, V = V(R), and ¥1 = ¥7(R).
1. Start from an arbitrary configuration of the system R.
2. Utilizing the S operator generate a new position R". If i = 1, ... A denotes
the particle index and a4 = x, y, z denotes the spatial direction then

1 §fIRI —R,,|<A
SR Ry = {5 IRy~ Rigl <3 (9.26)
0 otherwise
Implemented in a computer code we just write
R}, =R, + (rand) — 0.5)A. (9.27)

Here rand () is a function that generates a random number with a uniform
distribution in the range [0,1).
3. Evaluate the acceptance ratio

|2
A(R' + R) = min (%1) (9.28)
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4. Now we select a new random number 17 = rand (). If # < A we accept the
new configuration, i.e. setting R = R’. Otherwise we reject it keeping the
old configuration R.

5. Having decided on the configuration we sum over the local energy

HY7(R)
Yr(R)

H‘I’T(R)>2
Y1 (R)

Xp < X+

zpezp+( 9.29)

6. The process described in points 2-5 is now to be repeated. We first have to
make some warm-up steps until the distribution stabilizes.

7. After the warm-up steps we repeat points 2-5, this time we actually start to
accumolate the sums Y, 2. If we have made Niteps actual steps then our
estimate for the energy is given by (E) + AE, where

1
E) =
< > Nsteps

1 X2
AE = E —(E 2). 9.30
\/Nsteps -1 (Nsteps < > ( )

The same procedure may be used for evaluating any integral,

2

/ AXF(X) = / dXP(X)%. (9.31)

9.4.2 Autocorrelations

Earlier we have discussed the Central Limit Theorem. The main assumption
underlying this analysis was that the series Xj,... Xy is a set of independent
random variables. By construction, this requirement is not fulfilled for a Markov
chain. On the other hand we expect that in a Markov chain the correlation between
steps will diminish with the distance between them.

Consider the integral

1 N
= /dXP(X)F(X) ~ ;P(Xi), 9.32)

with the points X; chosen randomly as we discussed above. Repeating this eval-
uation of I with different sets of points we can discuss the average value of the
integral (I) and its variance (AI)?,

N
(AD? = =5 Y (F(X))E(X))) — (F)*. 9.33)
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For a stationary Markov chain the expectation value (F(X;)F(X;)) depends only
on the distance A = i — j, i.e. the number of steps between event i and event j. To
measure the correlation between steps we define the autocorrelation coefficient

(F(Xi)F(Xiyn)) — <F>2.

CA(F) = == (9.34)
The coefficient is normalized so that Cy(F) = 1. Now
(F(X;)F(Xi1a)) = Ca(F)of + (F)?, (9.35)
and thus
2 1 ¢ 2
(817 = 5 Y (FOF(K) — (P
ij=
1, 2 21 5
= SR Y QB P (B = SR Y i), (936)
A=1 A=1

The autocorrelations reduce the efficiency of our sampling process. Usually the
autocorrelation coefficient C, (F) has exponential decay C, (F) ~ exp(—A/A). The
sum in Eq. (9.36) can thus be approximated as

N oo
Y Ca(E) N/ ddexp(—A/2) = A, 9.37)
A=1 0

and therefore
~ L oy
Al = N 1(7FA. (9.38)
This result has a simple interpretation: when we make N steps in our markov
chain, we generate only N/A independent samples of the variables X.
To minimize the autocorrelation the step width A is chosen so that the accep-
tance fraction is about 30%-40%.
Once A has been evaluated we can arrange the calculation to get a more realistic
error estimate. The idea is to devide the points into blocks of size N;, > A, and
then use the block average quantities

E, = Nib Y F(X;) (9.39)

ieb

to estimate the standard deviation of I.

Variational Monte Carlo

Given a trial wave function ¥ we can use the Metropolis—Hastings algorithm to
estimate the ground state energy (Eo)

Yo |H|¥
Er = (Kr|H[¥7) Fo. (9.40)

(Frl¥r) —
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In general, the wave-function will depend on a set of variational parameters
a« = {ay,ap,...}. In that case we can improve our estimate of Ey and of the
wave-function by demanding

(SET(IX)

= 41
oy 0 (9-41)

for all the variational parameters. The solution of multi-dimensional minimization
problem is not that simple but there are various techniques to achieve this goal.
Discussing these techniques is beyond the scope of these lectures.

Diffusion Monte Carlo

Variational Monte Carlo can take only as far as we can guess the real form of the
wave-function. To go further we introduce imaginary time propagation.
Recalling the real time Schroedinger equation

- ih%\‘l’(t)) = H|¥ (1)), 9.42)

we introduce the imaginary time T = it/h, having units of inverse energy, and
write

d
— o= |¥(1)) = H[¥(7)). (9:43)
The formal solution of this equation is
[¥(7)) = e E(0). (9.44)

The crux of the method lays with the observation that the imaginary time propa-
gation of any trial wave function ¥ is proportional to the ground state ¥ given
that 7 is long enough. To see that we write

1) =) culPn) (9.45)

with @, the eigenfunctions of H, H|®,,) = E,;|®;). Now
e HT¥r) =Y cpe BT Dy,)
n

= ¢ bo7 <c0|<1>0> +) cne_(E"_EO)T|<I>n)> , (9.46)

n>1
and if the ground state is not degenrated, then (E, — Ep) > 0, and
(¥ (7)) = e H7[¥r) — coe” 7| D). (947)
The imaginary time propagator selects, or projects, the trial function on the ground
state.

In practice we introduce an energy Er ~ Ej as an estimate of the ground state
energy. Now, since

e—(H—ER)T|1{IT> ~ e_(EO_ER)TCO|®O>’ (948)

we may conclude that
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e For Ej > Eg the amplitude [¥(7)) declines.
e For Ej < Eg the amplitude [¥ (7)) grows.
e For Ey = Ep the amplitude |¥ (7)) is stable.

Path integral formalism

In the following we will limit our discussion to (a) bosonic systems where the
ground state wave function is positive definite, and (b) local interactions. In this
case the propagator is easily expressed in coordinate space.

Formally

¥(R,7) — / dR'(Rle~(H=ER)T| RV ¥ 1 (R') (9.49)

with
G(R,R’;7) = (R|e”H=Er)T|R"), (9.50)

the imaginary time propagator. To evaluate the propagator we break the time
evolution into small time steps. For example, splitting T into two intervals we can
write

(R~ H-ERT|R') = (R~ (H-ER) T~ (H-EOT|R/)
e s v s

In general we can split T into M steps,

(Rle~ =BT IRy — [ dRY.. - aRM-L(R]e™ (1-Ex) | RM-1)
x (RM~1e~(H=Er)f1|RM=2) ... (R |e~(H-Er)31|R’).(9.52)

For a short time propagation we can evaluate the propagator using the Trotter-
Suzuki formula

o~ (H=ER)AT _ ,—(V—ER)5F ,—(T—Er)AT,~(V-Er)5 _ O(AT?), (9.53)

which separates the propagator into a product of kinetic energy and interaction
terms. The interaction is diagonal in coordinate space, therefore

e~ (V=EDF|RY = [R)e~(V(RI-ER) ¥ (9.54)

To evaluate the kinetic energy term we note that a free particle obeys a diffusion

like equation
J h2

R\ /A 2
oY= VY. (9.55)

The solution of this equation for A partlcles is well known

/ (R—R')? /
Y(R,7) = / R exp [ - 222 ) w(r0). (9.56)
(2nE AT)34/2 2L AT
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The short time propagator, to order At?, is then

G(R,R; At) = (R|e”H=ER)AT|R")

—(V(R)—Eg) & ,~ 55 (R-R)? .~ (V(R')~Eg) &

=e
— o~ (AIV(R)+V(R))|~Eg) AT~ 555 (R-R')? (9.57)

Now we can write
¥(R,7) = lim / H iR/ HG (R", R"; 2 )¥1(R"), 9.58)

with RM = R. In order to evaluate this multi dimensional integral we have to use
the Monte Carlo method. To this end we write the propagator as a product of a
transition matrix T and a weight function W,

G(R,R’;At) = W(R, R; AT)T(R, R'; A7) (9.59)
with

W(R,R'; At) = e~ (2IVRI+V(R)]-Er)AT

4

1 __m_(R_R')?
T(R,R;AT) = ————¢ antar RR)7 (9.60)
(27TWAT)3 /2
T is clearly a transition matrix since
1— /dRT(R,R’; AT)
T(R,R';AT) = / dR"T(R,R"; AT)T(R", R'; A7), 9.61)
Now we can write
M-1 M
:/ [TaR TIW(RM,...,R°)P(R™,...R°) (9.62)
j=0 n=1
with P the probability function
M T
P(RM,...R") =] T(R", R"; M)‘I’T(RO) (9.63)
n=1
and W the weight function
M 0 3 1. T
W(RY,...R") = W(R",R"; —). 9.64
( )=TIw =) (9.64)

In this form we can estimate the intagrals in Eq. (9.62) using Monte Carlo tech-
niques, sampling the path RM, .. RY from the distribution P. In view of Eq. (9.62),
P can be written as a product of conditional distributions

P(RM,...R%) = P(RM|RM~1) ... P(R!|R?)P(R"). (9.65)
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The interpretation of P as a distribution hangs on the assumption we made at the
begining of this section, namely that the wave-function is positive and hence, we
can interpret ¥7(R") > 0 as a PDF that defines the distribution of the points P(R?)
(Don’t worry about normalization, we’ll take care of it later). The conditional
distributions

P(R"|R" ') = T(R",R"}; A7), (9.66)

are normal distributions around the point R"~! with standard deviation

12
o=\ —AT. (9.67)
m

Now we are in position to sample a path RM, ... R?. We start picking a point R°
using the trial wave-function ¥7(R") as our distribution. If ¥ is simple enough
we can do it directly, otherwise we can use the Metropolis-Hastings method. To
make a step in our path, lets say from R"~! — R", we sample 3A independent
random variables 7; , from a normal distribution of mean zero and standard
deviation one, #;,, € N(0,1), now

RY, = RI 401 (9.68)
Now in principle we can integrate (9.62) either by summing the points or better

using the Metropolis—Hastings algorithm. The so-called Diffusion Monte Carlo
(DMC), provides a different strategy which we describe next.

Diffusion Monte Carlo
DMC interprets the integrand in Eq. (9.62)

W(RM, RM~1) T(RM, RM~1) ... W(R?, R') T(R? R})

(& / \\ N / \\ J/

weiglrlt M ste;)r M we;grht 2 stEEZ
x W(R!,R%) T(R!, R®) ¥7(R") (9.69)
. ~ ~~ e
weight 1 step 1 init 0

as a product of probabilities and weights to be modeled as a sequence of stochastic
processes carried out not on a single integration path but rather on an ensemble
of integration paths which we call walkers. In the DMC algorithm the walkers
population evolves acording to the following recipe:

Initial state

We start randomly choosing Ny points R%(k) distributed according to trial wave-
function ¥7(R?). Here k is the index of the walker.

Diffusion

In the diffusion step, the positions of all the walkers are changed according to the
prescription discussed above in Eq. (9.68).
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Birth-Death process
Instead of accumolating the weights factors for each walker, it is more efficient to
change the ensamble distribution according to the weight factors W(R", R""!).
This way, the unnormalized wave function is given by the density of the walkers.
The calculation of ¥ is simulated as diffusion-reaction process of our walkers.

To get the average number of walkers correct, we calculate for each walker the
number of copies

(k) = min [int [W(R",R”—l) + z;} ,3} ; Ceu,1).  (9.70)

Here int[x] denotes the integer part of x, and U(0, 1) uniform distribution in the
range [0, 1]. Now, the fate of the walker is decided according to m1,:

e In case m, = 0 the walker is deleted - “death”.

e In case m, = 1 the walker is unaffected.

¢ In case m;, = 2,3 the walker continues to the next step but 1 or 2 new copies

of the walker are added to the ensamble - “birth”.

The limitation m,, < 3 is added to avoid numerical instabilities. The error resulting
from this limitation are expected to be small as in the limit of AT — 0 W — 1.

Population and energy
To control the number of walkers we can introduce a modified weight

-~ _(V(R)+V(R)
W — %e (HEE —Er) AT 9.71)

C
where Nj is the number of walkers we aim for, and N, is the number of walkers in
the current step. W introduce a bias linear in At.
The weight can also be used to estimate the energy. The population grows or
decline according to the expectation value of W,

(W) ~1— ((V) — Eg)AT. (9.72)

Therefore, recalling that we get a stable population for Ex = Ey we can conclude
that
Eg = (V). (9.73)

which we average over the ensamble of walkers. This estimator to the ground
state energy is called the growth energy estimator.

Another way to evaluate the energy is to use a trial function ¥t and evaluate
the matrix element,

(Yr|H[®o) _ (¥r|H[¥(7))

)= (Frl@o) ~ (¥r[¥(1)) (9.74)
which, due to the hermiticity of H we can write as
(E) = (Y(O)IH[YT) _ JdR¥ (R, T)HY7(R)
(Y(7)[¥1) [dR¥ (R, 7)¥1(R)
~ L HY1(R"(K)) o075

Y Yr(R*(k)) -
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