Busch formula
(exercise)

Martin Schafer

Racah Institute of Physics, The Hebrew University, Jerusalem, Israel

¢

D‘I7W11‘J MayuT JugIaINa
THE HEBREW UNIVERSITY OF JERUSALEM

TALENT SCHOOLG@MITP " Effective Field Theories in Light Nuclei : From
Structure to Reaction

July 25th to August 12th 2022, Mainz, Germany



Two trapped

— two noninteracting particles of equal mass mi = m> = m inside the Harmonic

oscillator (HO) trap
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with oscillator frequency w

— introducing RELATIVE and CM coordinates
1
r=ri—r RCM=§(r1+rz)
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we can separate Hp into the RELATIVE and the CM part
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where Mcy = 2m (total mass) and p = m/2 (reduced mass)



Two trapped particles

Lets consider relative motion of two trapped particles.

m? 9? L?
EW(r,0,p) = _ﬂﬁﬁ 32

+ %uw2r2 v(r,0,¢)

0, ¢) (radial and angular part)

— Separating the wave function W(r, 0, ) = @ Yim(

and taking into account L*Yim(0, 0) = I(/ + 1)1 Yim(6, )

yields RADIAL EQUATION
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— from now on | will assume h=c=1



Introduction

Two trapped particles

1
F licit trod di | ble x = —, byo = —
or simplicity we introduce dimensionless variable x = bH HO = o
bro ... is quite often called Harmonic oscillator trap length
2
—% 1(x) + l(/ + 1)u (x) + Xu(x) = nui(x), n= %

— for this specific case the solution can be obtained in a form

u(x) = e_Xz/2 |:61X,+1M (W,/Jr g;xz) +ox'M (w, — + %;XZ)]

where M(«a, 3; z) is the confluent hypergeometric function



Two trapped particles

Lets study x — oo

— in this asymptotic region M(«, v,z — c0) ~ T0) o gz
()
_ r[/2+1 ] ri/2-1 (1=n)/2 —x2/2
o) = { ity gy + e ot

— for HO trap there are only bound states, as a result u;(x) has to disappear as x — co
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Two trapped particles

— expression for ¢;/c1 can be further simplified

o (Fn? ~ (142nn
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Semi-final result :
u(x) =ax
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Introduction

Two trapped particles interacting with a short-range
potential V/(r)

d? B (14 1) 1 5,
Sut) =2 £ = D v - Jur ] ()
Two different scales :
— potential range b

— HO trap scale buo
assuming separation of scales b << buo

Three different regions :
r<b: HO term can be neglected
b < r < bno : V(r) and HO terms can be neglected

byo < r: V(r) term can be neglected



Introduction

b < r < byo region

For r — by HO potential can be neglected but we are still in an external region with
respect to V/(r) of range b.

EXTERNAL REGION :
u(r) = A (kr) [i(kr) + ni(kr) tan(d;)]

— for r > b but still r clos to zero
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b < r < byo region

In this specific region we have also a solution of radial equation with HO trap but
no V(r).

u(x) =ax
21+3—n 3.2 G —21-1 —2/+1—n 1 5 —x2/2
{M( 2 ,/+2,x +C1X M 2 , /+2,X e
ﬁ - s a(n)zn ( 1 n 2n
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where a” is a rising factorial 8® =1, a® = a2, a® = a(a+1), a® = a(a+1)(a+2), ...
— for r > b but still r clos to zero M(...,...,x°) ~ 1 and e ¥
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Matching condition

u(r — 0) =B r'* {1 + 21+ 1) (2 = I (tf:l)(jfl } , B=

1+1 (&} b
+ € byo
u(r — 0) —»ar [1 + o 2

} , (we used x = r/bno)

Matching two solutions :

> tan(d;) 2041

(21 +1)[(2/ — )] = z—ij()
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Introduction

Busch formula for phase shifts

Busch formula

n= %7 k= \/2“7

We can use Harmonic oscillator trap bound state energies calculated with
the given short-ranged potential V/(r) to extract the corresponding
scattering phaseshifts !
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Introduction

Few-body systems

Lets assume N-body system in a HO trap (equal masses m; = m)

N p2 N 1 )
Hy = 2 om +; Emw (f‘,‘ 7XN)
N N
using simple identity Z (ri—xn)’ = Z N(r,- —rj)? we get
i=1 i<j
S MRS S
’ = 2m T2 N Y

Introducing Jacobi coordinates :

N—-1 2 1
H(i)ntrinsic — 7rp + 7mw2xp
1 m
i=



	Introduction

