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Two-body Schrodinger equation

2
EW(r) = [—h—A + V(r)] w(r)
2p
where 1 = mym,/(m1 4 my) is the reduce mass, r = r;y —ra, and A = V?

— Assuming central potential V(r) = V(|r]) = V/(r) and introducing radial coordinates

o o, L
Ew(r797<p): 7@@" +2Mr2 +V(r) W(r,@,(p)

— Separating the wave function W(r, 0, ) = u,fr) Yim(0, ¢) (radial and angular part)

and taking into account L?Yin (60, ) = I(I + 1)k Yim(6, ©)

yieldls RADIAL EQUATION

d? 20 R +1
ﬁw(r) = _ﬁ E — V(r)— % UI(I')



Numerov Method

Numerov method

— we want to solve the RADIAL EQUATION numerically

d? 7 2u R2I(1+1)
0, k(r) = 72 E - V()_W

72 u(r) + k(ru(r) =
— TAYLOR EXPANSION of u(r) = u(r)

una(r) = u(r + h) = un(r) + hulD(r) + h—Qu(z)(r) + h—3u(3)(r) e '(r) + O(h°)
n 2 n 6 n 24 n
un-1(r) = u(r — h) = un(r) — hulD(r) + —u,, '(r) - —u,(,3)(r) + %un (r) = O(h°)

where h << 1 is the step size
— summing Taylor expansions for us+1(r) and up—1(r)

4
(1) + tn1(r) = 2un(r) + WU (r) 4 15 (1) + O(H)



Numerov Method

Numerov method

— slightly rewriting the last expression on the previous slide

W) = o funea(r) + 0 1(r) — 2un(r) — 1 () — O(H)

= o e () + (1) — 200(0)] — 15 9(r) — O(HY)

2
we deal with the second derivative u{?(r) and the fourth derivative —h—u )(r) terms

— using Schrodinger equation

ulP (r) = —kn(r)un(r)
K d?
L YR S e
i (N="132 [

and elementary difference formula

o2(0)] = L (1)

o TP )] = 35 T (s () + Ko7 1(7) = 2k ()]



Numerov method

() un(r) = g [0m3(7)  t0-1(r) — 20(7)]
+ % [kns1(r)tni1(r) + kn-1(r)un-1(r) = 2ka(r)un(r)] = O(h")
multiplying by A
—h*ka(r)un(r) =ti1(r) + tn-1(r) = 2un(r)
+ g [Kn1.(r)uns1(r) + kn-1(r)un-1(r) = 2kn(r)un(r)] — O(h®)
we obtain recursive relation for v, 1(r) (Numerov)

2[1— 5Hka(r)] un(r) = [1+ FHkn-1(r)] un-1(r)

uni1(r) =
() 1+ 2 ke (r)

+ O(h®)

— erron in one step is O(h®); errors can add up (global uncertanties) O(h°)
[Numerov is 5th order method]



Boundary Conditions

Behavior of u(r) close to the origin

S =-24 [E —v() - D

— if V/(r) approches zero slower than 1/r® the centrifugal barrier dominates

pr?

d? (1 +1
@U/(r)% ( )

u(r)

— using ansatz uy(r) ~ r® we find u(r) ~ Ar'"™t + Br~’
— W(r) should be normalizable, this means that u(r)/r should be square integrable

closetor=20
2
/b <ﬁ) 2dr — /b 2ady — 1 [b2a+1 B a2o¢+lj|
R r R 2

— for a < —1/2 diverges as a — 0, consequently, we reject r~! solution

r2

u(r —0) ~ r'*t

I+1
— for Numerov we can set up = 0 and u; = h'"



Numerov for bound state

Bound state calculations via Numerov method

— Numerov method needs initial conditions wup, u1, and the energy E

— for bound states the energy E is usually the observable we aim to calculate ...
How do we proceed ?

For r > rnax we obtain Schréodinger equation in a form :
d2
—u
dr2™’

with solution u(r) = Ae™"" + Be™

2
(r) ~ K2u(r), K= —h—l;E

— for bound states E < 0, k > 0 and due to the normalization condition
—+/ 2
u/(r > rmax) ~ Ae 2u|El/REr
Algorithm :

We choose an energy interval (Emin; Emax); inside this interval we search for such E for
which Numerov solution at r > rmax yields ui(r) = 0.



Numerov for scattering

Phase shift calculation via Numerov method

INTERANL region (r < rmax) :

& ey, 2u R0+ 1T (ne) _ K
32y ()——ﬁ E—V(f)—W u (), E—m
— Numerov method for E > 0
EXTERNAL region (r > fmax) :
u,(eXt)(r) = A[cos(6) kr ji(kr) —sin(8) kr ni(kr)]
Using Numerov solution at ri, rn» > fax :
u"n) _ a0 sy Bilkn) — k) _ nu™ ()

u,(int)(rz) B u,(em)(m) Bni(kr) — ni(kra)’ B rzu,(i"t)(rl)



Numerov for scattering

Phase shift calculation via Numerov method

Using Logarithmic derivative at ri > rmax :

(“’(int)(ﬁ)) _ (”’(eXt)(”)) _ Bilkr) —ji(kr2) _ nuf™(n)
(int) = 7 (ext) —  tan(d) = Bn(kr) — ni(kr)’ p= L (mt),y
u ™ (n) u () Bri(kr) — mi(kr2) ru ()
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