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Properties of the phase shifts Relation between phase shift and potential

Relation between phase shift and potential
We consider two scattering potentials V and V

- 2 0 _
sin(@, - &) = -5k f (1) [V(r) = V)| )
0

This provides two pieces of information :

@ Change in 6, goes opposite to the change in V :
V(r) > V(r) Vr = 8;(k) < 6;(k) Vk

> repulsive potential (V(r) > 0 Vr) = 6,(k) < 0 Vk
» attractive potential (V(r) < 0 Vr) = 6,(k) > 0 Vk

@ Choosing V = 0, we obtain an integral expression for ¢; :

2 OO
sin§; = —h—‘z‘k f ik (PRu(r) rPdr
0 [With Re(r) = Luye(r)]



Properties of the phase shifts Low-energy behaviour

Phase shift at low-energy

(kl’o)zm [ =roy
—>
k-0 2L+ DNQRI-DIN A+ 1)+ ryy;

tan 9,

(unless (I+ 1)+ ryy; = 0)
In the s wave, the scattering length

. tand
a = —lim
k-0 Kk

At very low energy,
only the s wave contributes to the scattering cross section
and j—g P a® : the differential cross section is isotropic



Properties of the phase shifts Low-energy behaviour
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Properties of the phase shifts Low-energy behaviour
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Properties of the phase shifts Low-energy behaviour

Effective-range expansion
In partial wave [, the function k**! cot 6, is analytic in E, i.e. in k.

It can be expanded in powers of E (see Hans’ 2nd lecture)
In the s wave, the first coefficient is the scattering length a

I r., P,
kCOt(S()——Z'FEk +Zk + ...

where

@ r. is the effective range
@ P is the shape parameter
o ...

Forl>0

P,

1 r
Kl cotd) = —— + k% +
cotor 2 4

K+
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Properties of the phase shifts Low-energy behaviour
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Properties of the phase shifts Low-energy behaviour
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Properties of the phase shifts Low-energy behaviour
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Properties of the phase shifts Low-energy behaviour

Relation with bound states
A similar development can be done using a bound state  (1? — u*)
So with the two solutions (V? — )

d? 2
[ﬁ e h—’;V(r)] W) = 0
d? h?
[ﬁ - KZ] V(@) = 0, where — ZKZ =E,
Therefore
@) = 0 and u“(r)—e™
V() = e (l\rK{o) =1 >

For which we have (approximating «* and v* by u° and ")

1
kcotdy(k) + k = Ere(kz + &%)
1 1,
— —— = —K+ ZF.kK
k=0 a 2



Phase shift at high-energy

To study the phase shift at high energy, let us consider the integral
expression of the phase shift

2#

sind; = 7

f“ Ji (kr) V(r)r dr

assuming Ry (r) = j(kr) (first Born approximation) 'L(kn “\\
Since ji(x) — {sin(x—In/2) = i} (lm) L Siw 2 =75

koo  BR
| ii[l—ﬁm(zh"hﬂ
sing, = —%%fo Vi di™
— 0
k—o0
= 0 k—> 0 (+nn)

Imposing 6,k—> 0 is similar to imposing 6; = 0 when V =0



Properties of the phase shifts Levinson Theorem

Levinson Theorem
That theorem relates the phase shift at E = 0 to that at £ — oo.
It states that
6/(0) — 6(c0) = Ny,
where N, is the number of bound states in the partial wave [

It relates the properties of the solutions of the radial Schrédinger
equatipn at positive and negative energies.
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Properties of the phase shifts Levinson Theorem

Summary : Properties of phase shifts
e By convention
Vin=0Vr = &=0VE
6 — 0

k—o0
@ ¢, is a continuous function of energy
moreover k**! cot §; is analytical in E
e If V(r) > V(r) V¥r, then 6, < 6; VE
= if V(r) < 0 Vr (attractive), then 6, > O VE
= if V(r) > 0 Vr (repulsive), then 6, < O VE
e Atlow energy
Si(k) = 6,(0) ~ k!
@ Levinson Theorem :
6/(0) — 6(c0) = Ny,

where N, is the number of bound states in the partial wave [



Properties of the phase shifts Levinson Theorem

Example : p-n phas_e_shifts
Notation : 2*'L, = §;, +&,. = S=zo, 0|
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[Navarro Pérez, Amaro, Ruiz Arriola, PLB 724 138 (2013)]
Data used to fit the various terms of Vyy  (see lectures of Kai Hebeler)



Realistic Vyn
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Strongly repulsive core = negative phaseshifts
Short distaces < high energies



Properties of the phase shifts Levinson Theorem

ann
an, is large and negative,
but discrepancy between experimental measurements

@ a,, = —18.7(6) fm (TUNL)
@ a,, = —16.2(3) fm (Bonn)
o ay, = —17.3(4) fm
He+p—>a+n+n+p  wil be measured at RIKEN (Japan)

0.40

035 — -20.7fm
5 030 N — -187fm
=025
< — -16.7fm
=020 \
& 0.15
%010

0.05

0085 0.2 0.4 0.6 08 1.0

E,, [MeV]

(from Hans’ group)

Energy spectrum will constrain ay,



Notion of Resonance Definition

Notion of Resonance
Resonance =
significant variation of a cross section on a short energy range

. . g . . . . . . .
P T B o 20 0 40 50 60 700 8w
, kB

&
[Dubovichenko PAN 75, 173 (2012)]
In elastic scattering, contribution of partial wave [
small if 6, ~ nw (n € Z)
large if 6, ~ /2
If 6, goes quickly from 0 to 7 — rapid increase and decrease of o;
i.e. resonance structure
Definite [ = quantum numbers and parity similar to bound state

47 )
o= F(ZZ + 1)sin® ¢,
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Notion of Resonance Definition

Another example : nuclear breakup of !'Be

Be + 2C - "Be +n+ >C @ 67AMeV
v AN I IR

"Be+C—>'°Be+n+X (b) ]
06 _— $0°<0=<12° ]
- $0°£6<0.5° (x4)

oa - v T zod S :

02f 0400040 0007000 .

Erel (MeV)
[Fukuda et al. PRC 70, 054606 (2004)]



Back to the S matrix
Let’s rewrite the asymptotic expression

i (r) _) [f(k) —ikr—in/2) — £k ei(krfln/Z):I e IR

in that case
1 (k)
Jik)
So far we have considered k € R* (since E > 0)
Now let’s extend this to the complex plane
(f7 is continuous and analytic)
If ko = kg + ik; is a zero of f; : fi(kg) =0
—krr

Si(k) = e =

ikpr

U1 (1) H—0>o e te

e if kg =0 and k; > 0, it corresponds to a bound state
e if kg > 0 and k; < 0, it corresponds to a resonance



Poles of the § matrix
Since §,; = % a zero of f corresponds to a pole of §,
Close to that pole

k—-k
S (k — 2ig 0
1(k) e ETE
E—-FE"
or S(E) = & 0
I(E) e E - E,

hZ

with Ey = —k; = E, —il/2
. 2p
Since S, = ¥,

0; = —¢ + arctan

E —-E
When ¢ < 1, 8(E,) = 11/2, S(E, — T/2) = /4, S(E, + T/2) = 3n/4

We also have
dé; 2

dEl;, T



Breit-Wigner formula
The contribution of the [ partial wave to the cross section

4 tan’ 8 -2
o = G+ DT (: Sin 5@)

1 + tan?6;
4n r?/4
= Zoi+1
etV E e

This is the Breit-Wigner formula (Lorentzian) Te

Since o(E, -T/2) =0 (E, +T/2) = o(E,)/2
I" is the full width at half maximum (FWHM)
Related to the lifetime of the resonance

T==

I

When the non-resonant phase ¢ is not negligible
the shape can differ significantly from a simple Lorentzian



LMMM/C@/QM & @ Ay O ke
oo bkl s et due b e
ok ocn o A ancon
. ¢ conbrfngal
V) \\\ /ﬁ Jramld
~Vip ()] | v (0x1)
R | / S
Z Z//L Rl_
E / ™




Notion of Resonance A pole in the S matrix
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Charged case Rutherford Scattering

Coulomb scattering

We assumed *V(r) — 0,  which excludes Coulomb V(r) = Ly

4neyr

Coulomb requires special treatment, but similar results are obtained
2
Defining the Sommerfeld parameter n = 2

dreghv’

Schrédinger equation for a and b scattered by Coulomb reads

2
(A 2k, kz)‘I’C(r) =0,
r

which can be solved exactly and

2

‘ i[kr—n1n2kr]
%ﬂ)—»@ﬂw&wmwﬂ+k@i—1 )

i _ n 2i[oo-nInsin(9/2)]
with 0 = - o1
Je®) 2k sin®(0/2)

the Coulomb scattering amplitude

[0 = arg (1 + in)]



Rutherford cross section

The same analysis can be done defining j; and j,
to define the Coulomb elastic scattering cross section
or Rutherford cross section :

1 - |fc(O)
(Zaz;,eZ)2 1
4ney | 16E2sin*(0/2)

Note that it diverges at 6 = 0



Charged case Coulomb + Nuclear Scattering

Partial-wave analysis

We can again separate the angular from the radial part solution of
> IIl+1) 2nk 2u )
W‘T_T_ﬁvw)”‘ up(r) =0

If additional (nuclear) term r*Vy(r) — 0, uy(r) — ul(r) :

ug(ry = AF/®kr)+ BGn,kr)
— Asintkr — In/2 —nlnkr + o)

+Bcos(kr —In/2 —nlnkr + o)

where F; and G, are regular and irregular Coulomb functions
and o; = argI'(I + 1 + in) is the Coulomb phaseshift

= upy(r) — Csin(kr — In/2 —nlnkr + oy + 0p)

0, is an additional phaseshift,
which contains all information about the nuclear interaction Vy



Coulomb + Nuclear Scattering
(Additional) scattering amplitude
The stationary scattering states have now the asymptotic behaviour
ei(kr—n In kr)
() — o)+ 207" fua(@)————
r—oo r
. 1 N io i
with  fua®) = ;(21 + 1)eX(eX% — 1)P(cos )

the additional scattering amplitude
The total scattering amplitude f(6) = fc(0) + faaa(6)
gives the elastic-scattering cross section

do
dQ

At forward angles (0 < 1), fc > fuaa, and do/dQ ~ dog/dQ
= usually (do/dQ)/(dor/dQ) is plotted

= |fc(0) + fuaaO)



Coulomb + Nuclear Scatterng
Example : °He + %Zn @ 14MeV

—T— T T —T—
L "\ i
il o experimental data
1 [} —— one channel -
-een=2e =T MeV
1ax -
— n~4e  =6MeV
0.8 - ng=6e  =6MeV| -
s L
_pm 0.6
|
04+
021
0 1 | =T
0 30 60 90 120 150 180
OCJU. (deg)

[Rodriguez-Gallardo et al. PRC 77, 064609 (2008)]
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