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Exercise 1(a)

@ We consider the following square-well potential

) Vo r<n
V(r)_{O rZrO’

where V, is a positive constant.
(a) We propose to solve the radial Schrédinger equation for a
positive energy E in the s wave (I = 0). From this solution,
deduce an analytical expression for the phase shift ¢.
» What is the behaviour of 6, at low energy E ?
How can the different cases relate to the presence of a
bound state hosted by the potential V in the s wave ?
» What is the behaviour of ¢, at high energy E ?



Solution of the Exercises
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Solution of the Exercises
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Solution of the Exercises
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Solution of the Exercises
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Solution of the Exercises
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Solution of the Exercises

Exercise 1(b)

@ We consider the following square-well potential

_ Vo r<n
V(r)_{O 7’27’0’

where Vj is a positive constant.
(b) Extend the previous discussion to any partial wave [ > 0.

» What is the behaviour of ¢, at low energy E ?
» What is the behaviour of ¢, at high energy E ?
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Solution of the Exercises

Exercise 2
@ An experimental cross section is well described by the following
formula
d
d—g =a+bcosO+ ccos’ b,

where a, b, and ¢ are numerical parameters fitted to the data.
This parametrisation remains valid at lower beam energies.
» What can be deduced about the phaseshifts at that energy ?
» Propose a way to test this hypothesis.
» What is the total scattering cross section ?
Find the lowest number of measurements needed to infer it from the
differential scattering cross section (assuming a perfect measurement
without any uncertainty).
> Show that the formula remains valid when 6§y, > 6; > §,, while §, is not
negligible.
In that case, find a way to infer an experimental value for 6, and ¢;.
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Properties of the phase shifts Relation between phase shift and potential

Relation between phase shift and potential
Let us consider two scattering potentials V and V :

d’ I(I+1 2

[W'sz— (r2 )—h—/;V(r)]uk,(r) =0
4’ (l+1 20 -

[ﬁ+k2— (}”2 )—h—';lV(r)]ﬁkl(r) =0

whose solutions exhibit the following asymptotic behaviour

1
uy(ry — z [cos 6; sin (kr — Irr/2) + sin &, cos (kr — Ir/2)]

r—o00

1 i} ]
() = ¢ [cos 5, sin (kr — Ix/2) + sin 8, cos (kr — l7r/2)]

rF—00

We consider the Wronskian of these two solutions

—_ -/ !’ =
W, i) = Uity — Uity



Properties of the phase shifts Relation between phase shift and potential
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Properties of the phase shifts Relation between phase shift and potential
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Properties of the phase shifts Relation between phase shift and potential

Phase shift for a general potential

We consider a potential with a finite range ry
(or negligible beyond that range)

The solution Ry, in the internal region (r < ry)
must be C! with the asymptotic expression

RZ?(}’) =( [COS 5,j1(kr) + sin 511’11(/{}’)]
To determine ¢,, the easiest is to consider the logarithmic derivative
Y= R—;d
Ry

cosodlj;(kro) + sin 6, ny(kro)
cos 0y j(kry) + sin &; ny(kry)
Jy(kro) + tan 6, n;(kro)
Jitkro) + tan 6; ny(kro)

kj (kro) — yiji(kro)

yiu(kro) — knj(kro)

&S tand; =




Phase shift at low-energy

Therefore

Properties of the phase shifts Low-energy behaviour

/
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ﬁ _—
= G n
I-1nN
e T
. kj;(kro) _
tan 6, _Jikro) TGy ~ V1
k kn/ (krg)
ny(kro) W -
(kro)*+! I = 1oy

—
k-0 QI+ DNRI-DN A+ 1)+ ryy,
= 61:)) 0 (+nm;neZ) as [

(unless (I+ 1) + rgy; = 0)



Properties of the phase shifts Low-energy behaviour

Notion of scattering length
In the s wave, we have

tanog — 0 as k,

k—0
The factor of proportionality is defined as the scattering length
a = -lim tan 9
-0  k
The contribution of each partial wave to the cross section is

4r )
o= 7@+ DSHZ:;Z e

At very low energy, only the s wave contributes and o, = 0y = 47a®

Actually j—g P a’ : the cross section is isotropic
For the square well potential,

a:ro(l—

tan kol"o
k()l”()



Properties of the phase shifts Low-energy behaviour
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