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Abstract:
We describea new parametrizationof thenucleon—nucleusoptical-modelpotentialbasedon datafor A = 40 to 209, proton energiesof 16 to

65 MeV andneutronenergiesof 10 to 26 MeV, including extensivepolarized-beamdata.This parametrization,called CH89, is basedon thecurrent
understandingof thebasisof the opticalpotential,such as thefolding model andnuclearmatterapproaches.It differs significantly from previous
global parametrizations,especiallyin the weaknessof the isovectorpotential, theparametrizationof potential radii, andthesmoothvariationof
imaginary-potentialdepthswith energy.We alsodescribeanoptical-modelparametersearchsystem,MINOPT, basedon theminimizationprogram
MINUIT. It is appliedto analyzesimultaneouslyalargedatabaseof nearly300 carefullyselectedangulardistributions. Parameteruncertaintiesand
correlationsbetweenparametersareestimatedby usingthenon-parametricstatistical techniqueknownasthebootstrapmethod.CH89 is intended
to serveasa startingpoint for definitive testsof modelsof thenucleon—nucleusinteraction, andto beof inunediateuse for applications.

1. Introduction

We reporta new parametrizationof the nucleon—nucleusoptical-modelpotentialappropriateto the
target-nucleusmassrangeA = 40—209 andthe nucleonlaboratoryenergyrangeE = 10—65MeV. The
parametrization,which we designateas CH89, is based on an extensivedatabaseof accurately
measuredcross-sectionand analyzing-powerangulardistributions,and it involves large-scalesearches
using proven strategiesfor this type of data. Particularattention is given to estimatingparameter
uncertaintiesand correlationsbetweenparameters.

Our researchmakes use of an improved understandingof the physics of the optical potential,
including the many-nucleonproblemand the folding-modelapproximation,which hasbeenobtained
since the pioneering analysis of Becchetti and Greenlees[1] two decadesago. The form of our
parametrizationis derivedfrom considerationsof the nucleonopticalpotentialin nuclearmatter[2, 3],
on the folding-modelpotentialfor finite nuclei, and on previousphenomenology.We provideseveral
results(summarizedin section 1.2) that are significantly different from the resultsof the analysisof
BecchettiandGreenlees,andwhich shouldlead to newinsight into the nuclearmany-bodyproblem,as
well as being immediatelyapplicable.

The emphasisin thisreport is on areliableestimationof the optical-modelpotential,on uncertainties
in the parametersof the potential, andon relations(correlations)betweenits parameters,ratherthan
on extensiveinterpretationof the resulting potentials.We decided that, apart from pointing out
featuresof the new parametrization,the task of interpretingsuch a reliably determinedpotential is
much too extensiveto be includedhere.The spirit of our analysisis thereforesimilar to that of the
recentmeson-exchangemodelof the nucleon—nucleoninteraction,the Bonnpotential [4], but with less
theoretical underpinningbecauseof the more complicatednature of nucleon—nucleusscattering.
Becausewe haveobtained,for the first time, reliable estimatesof the correlationsbetweenglobal
parameters,we also describe,with a pedagogicalemphasis,how the correlationcoefficients may be
interpretedand used.

1.1. Motivationsfor global optical-modelpotentials

The nucleon—nucleusopticalmodel is the reductionof the complicatedmany-bodyproblemof the
scatteringof a nucleonfrom a nucleusto the scatteringof a single particle from a complexone-body
potential.The existenceof such a potentialwas formally shown by Feshbach[5], and the theoryand
phenomenologyhavebeenextensivelyreviewedby Hodgson[6], Satchler[7] andRapaport[8], andin
recentconferencessuch as that given in ref. [9].

A global nucleon—nucleusoptical-modelpotentialhasparametersthat aresmoothfunctionsof target
A andZ, projectile type (protonor neutron),and laboratorybombardingenergy(E) andit describes
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dataover a wide rangeof thesevariables.Suchparametersarein someway averagesover values that
bestdescribenucleonelasticscatteringoverlimited rangesof A, Z, andE. Our analysisdescribes(p,p)
and(n, n) scatteringfrom targetnuclei in the valley of stability with 40 ~ A � 209 and10 ~ E<65MeV.

Experimentallybasedglobal optical-modelpotentialshavebroadapplicationsin nuclearscience.At
a fundamentallevel theycan beusedto testmicroscopicallycalculatedpotentialssuchasthosebasedon
the nuclear-matterapproach[2], and to infer the density dependenceof the underlying effective
interactionfrom their densitydependence[10]. At a morepracticallevel, global opticalpotentialscan
beusedto predictnucleon—nucleuspotentialsif elasticscatteringdatacannotbe obtained,asfor nuclei
far from the valleyof stability. Suchdata arerequiredfor modelingr-processnucleosynthesisin nuclear
astrophysics[11] and in fusion reactorengineeringdesign [12].

In anearlier report [13]we summarizedthe parametervaluesobtainedin a global analysis.We refer
to that parametrizationas CH86 (ChapelHill 1986). The parameterset that we report here,called
CH89, is nearlythe same as CH86, but it is shown in section6.1 to be more significant becausethe
uncertaintyanalysis(section5) showsthat the parametersare more precisethan we believedwhen
CH86was derived.As promisedin our brief report[13], weprovideherethe detailsof our analysis.All
the data and a preliminary versionof the analysisare describedin ref. [14].

1.2. Featuresof the CH89 global potential

The featuresof our global potentialthat distinguish it from the previously mostextensiveanalysis,
that of Becchettiand Greenlees[1], are the following:

(i) The quality of fit to ourdatabaseof nearly300 angulardistributions(9000data points)of proton
andneutrondifferentialcrosssectionsandanalyzingpowers,as indicatedby a least-squaresfit, is three
timesbetterthanobtainedwith the Becchetti—Greenleespotential,which usesnearlythe samenumber
of parameters(16) as in our analysis(20). For the first time in a large-scaleanalysis,we providethe
parameteruncertaintiesand the correlation coefficients betweenparameterswhich are necessaryfor
meaningful interpretationor useof the parameters.

(ii) The realpotentialhasanisovectorstrength,V~= 13 ± 1 MeV, which is abouthalf that commonly
used.This muchweakerisospin dependencehasimportantconsequencesfor extrapolatingthe optical
potential to unstablenuclei. The smaller, reliable, value that we obtain is a consequenceof simulta-
neously analyzingproton andneutrondata, whereasref. [1] analyzedthe neutronand proton data
separately.

(iii) The radiusparametersof the real nuclear,Coulomb, imaginary andspin—orbit potentialseach
requirean offset term in additionto the usualA1 / ~proportionalityof potential radii. Such offset terms
arewell known[15]from parametrizationsof nuclearchargeradii, R~= r~A”3+ ~ in which r~°~is an
offset radius. Similar offset radii are thereforepredictedin folding modelsof the nucleon—nucleus
potential, aswe showin section2.1 andhavebeenobservedin atleastonepreviousglobalanalysis[23].
It is necessaryto include the correct A-dependencein the potential radii to avoid introducing
non-isospin effects into the isospin-dependentterms of the depths,since e= (N—Z)IA is nearly
proportionalto A along the line of isotopic stability [16].

(iv) In CH89 the depthsof the imaginarypotential vary smoothlywith energy,so that thereis a
smooth transition from low-energysurfaceabsorptionto high-energyvolume absorption.The CH89
absorptivepotential is thereforemore realistic than in previousanalyses[1, 81, and it also satisfies
empiricalobservationsthat the absorptivevolumeintegral(section1.4.3) is essentiallyconstantoverthe
range 10<E< 150MeV [17,18]. The price we pay for such improvementsis that the absorptive
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potentialbelow 10MeV probablydoesnot behaveas a simpleextrapolationof the energydependence
found here.This energyrestrictionalso limits the usefulnessof CH89 in studiesof dispersion-relation
constraintson the relation betweenreal and imaginarypotentials[19].

(v) We find that the spin—orbit depth is independentof E and A for 10< E <65 MeV and
40<A <209. It is isospin independentand thereis no needfor an imaginarycomponent.

Theopticalmodel we describehereis basedon Woods—Saxonform factors,well knownin nucleon
optical-modelpotentials.This choice is sensible,since we are attempting to parametrizedata from a
wide rangeof A and E, over which detailedvariationsin the form factors(as might be observedin
detailedFourier—Besselanalyses[20]) are averaged.We constraineddata to the mass rangeA � 40.
This avoidswell-known difficulties for A <40in finding anopticalpotentialthat variessmoothlywith E,
becauseof thelow densityof scatteringstatesin light nuclei.We alsoconstrainedthe datato the energy
range10 s E � 65 MeV to avoid problemswith compoundelasticscatteringat lower energiesandwith
relativity at higher energies.

We usean opticalpotentialin a non-relativisticSchrödingerequation,in spiteof significant advances
in understandingDirac-basedrelativistic approaches[21]. The non-relativisticwaveequationis chosen
for threereasons.First, the data we analyzearein an energyrange(10 to 65 MeV) whererelativistic
effects,at leastin the kinematics,areprobablysmall. At the maximumincident energyof 65 MeV the
incidentmomentumhasa relativistic correctionof lessthan2%. Second,part of ourgoal is to provide,
for thisenergyrange,apotentialuseful in nuclearphysicscalculations,which areusuallymadewith the
Schrödingerequation.Third, the microscopicallyderivedpotentialswith which CH89maybecompared
[3] arenon-relativistic.

1.3. Previousextensiveoptical-modelanalyses

Although several previous extensiveoptical-model analysesof nucleon—nucleusscattering for
E � 65 MeV have been made, the presentanalysis is sufficiently different and improved that a
comparisonis worthwhile.

The Becchettiand Greenleesglobal parametrizationas a function of N, Z, and E [1] is the most
widely used,but it is now two decadesold. Their databaseconsistedof about 2500 proton and 1000
neutrondata for targetsof A � 40 (dominatedby data for A � 90) and Es40MeV, including some
reaction, total cross-section,and polarization data. They performedseparateanalysesof (p,p) and
(n,n) data,usingthe bestproton potential as the starting point for the neutronanalysis.They tested
severaldifferentparametrizationsof the opticalpotential,andtheyusedan automatedfitting program.
Their final parametrizationincludedlinearenergydependencesfor all the centraldepths,and a simple
dependenceof the depths on the isospin asymmetry, s. The potential radii were assumedto be
proportionalto A’ ~ andtheyuseda simplemodelfor the real, central-potentialCoulombcorrection
[221.For comparison,we list their parametersin table 1.

The neutroncross-sectionanalysesby Rapaportet al. [8,23] useda databaseof about500 pointsfor
A = 40, 90, 92, 116, 124, 208, with 11 � E s26MeV, all measuredat Ohio University. They explored
the asymmetrydependenceof the potentialsand parametrizationsof the real radiusdiffering from the
usualA113 proportionality.The spin—orbit potentialwas fixed duringthe searchat Becchetti—Greenlees
values.The resultingbest-fit potential [81is given in table 2. We includedtheir datain ourdatabase.

Therehavebeenother,smaller-scaleanalysesof nucleon—nucleusscatteringfor a rangeof valuesof
A andE. Pattersonet al. [24] used12 angulardistributionsof (p,n) and (n,n) cross-sectiondatain a
Lane-modelanalysisto estimatethe isovectorpartsof the optical potential.They found the isovector
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Table 1
Becchetti—Greenlees[11parametersfor proton andneutronscattering,in the

notationof CH89, describedin section2.2

(p,p) V= 54.0—0.32E+ 0.4Z/A~
3+ 24.0~MeV,

= 1.17Au3fm, a
0=0.75fm,

‘~‘~=6.2MeVfm
2 , R,~= 1.O1A”3fm, a,

0 =0.75fm,
W,=—2.7+O.22EMeV, W,>0,

W,= 11.8—0.25E+12.OeMeV, W >0,
R,,= 1.32A’

1’ fm, a,, = 0.51 + 0.7sfm.

(ii, n) V= 56.3—0.32E— 24.OeMeV,
R,= 1.17A”3 fm, a

0 = 0.75 fm,
= 6.2MeV fin

2, R,
0= lOlA”

3 fin, a,
0 =0.75fm,

W,=-1.56+0.22EMeV, W~>0,
W~13.0—0.25E—12.0eMeV,%4~>0,
R,,= 1.26A”

3 fin, a,, = 0.58fm.

Table 2
Rapaport,Kulkarni and Finlay [8,231neutronglobal optical-model
potential,global potentialA, usingthenotationof CH89, describedin

section2.2

V= 54.19— 0.33E—(22.7—0.19E)eMeV,
R,= 1.198A” fm, a, = 0.663fm,

= 6.2MeVfm2 , R,
0= lOlA” fm, a, = 0.75 fm,

W,’~0.0MeV, 1
W,=4.28+O.4E—12.8eMeV,1 ES15MeV,
W, = —3.95 + 0.37EMeV, 1
Wd=13.50.35E9.3SMeV,1E�15MeV,
R,,= 1.295A” fin, a~= 0.59 fm.

(asymmetry)potentialto besignificantly smallerthanin previousanalysessuchas Becchetti—Greenlees,
andthey wereable to describethe (p,n) and (n,n) cross-sectiondatawell.

At higher energies,60 � E � 200 MeV, systematicelastic scatteringdata with polarizedbeamsare
now available;the analysisby Nadasenet al. [18] used(p,p) scatteringfrom

40Ca,90Zr, and208Pb,in
an analysis containing about 1500 data points. They correctedfor relativistic effects by using an
approximatereductionof theDirac equationto the Schrodingerequationandrelativistic kinematicsfor
the projectile.Theydeduceda logarithmicenergydependencefor the realcentral-potentialdepthanda
volume absorptionpotential relatively constantup to E = 140MeV.

1.4. Motivation for this analysis

Our analysiswas motivatedby threemajoradvancesin nuclearphysicsin the twentyyearssincethe
work of Becchettiand Greenlees[1]: (i) a betterunderstandingof the theoreticalbasisof the optical
model, (ii) greateraccuracyand completenessof data for crosssections,a~(O),and vectoranalyzing
powers,A~(O),and(iii) an improvedability to optimize manyparametersreliably in searcheson large
databases.With this motivation,weemployeda semiempiricalapproachto theoptical-modelpotential,
in which we selectedtheoreticallyreasonableN, Z, and E dependencesfor the parameters,thenused
theseto parametrizereliably awide rangeof nucleonelastic-scatteringdata. We nowdescribeeachof
theseadvancesin moredetail.
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1.4.1. Currentunderstandingof the opticalpotential
The analysesdescribedin section 1.3 were similar in that they used form factor radii simply

proportionalto A1 /3, diffusenessparametersandspin—orbit depthsindependentof A andE, mixturesof
surfaceandvolume componentsin the form factorof the imaginarypotential,andwell depthslinearly
dependenton E.

However, there is now sufficient understandingof microscopic models [25] to predict a global
parametrizations.For real centraland spin—orbit potentials,we describein section2.1 folding-model
potentialsusingrealistic nucleardensitiesandeffectiveinteractionsto suggestparametrizations.For the
absorptivepotential, the phenomenologyof its volume integralsand some microscopicpredictions
suggestparametrizationsof its E- andA-dependences,as discussedin section2.6.

Thefolding model.The opticalpotentialcan be estimatedfrom a semi-microscopicbasis,usuallyby
meansof the folding model, first applied extensivelyto nucleonelasticscatteringby Greenleeset al.
[261.In this model the potential is calculatedas the superpositionof interactionsbetweenan incident
nucleonandeachtargetnucleon,in the approximationthatthe incident nucleondoesnot perturbthe
targetdensitydistribution. In the folding model, the centralpotential (for example)is [7, p. 475]

VFM(r) = f v(~r— r’~)p(r’) dr’, (1.1)

in which v( r — r’ I) is aneffectivenucleon—nucleonpotentialandp(r’) is the point~densitydistribution
of target nucleons,inferred from the chargedistribution measuredby (e, e) scatteringor calculated
from a self-consistentmodelof the targetground state[27]. For the folding model of the spin—orbit
potential, similar (but more involved) formulas areobtained[281.

Folding-modelintegrals. One generalresult from the folding model in the form of eq. (1.1) is that
VFM may be characterizedby its volume integralsandmean-squareradii (MSR) [26], independentof
the detailsof the densitydistributions.The volume integralsof the centralpotentials,V(r), are defined
by

J~41TfV(r)r2dr. (1.2)

The significanceof the volume integralsis that in the folding model,for density-independenteffective
interactions, they reduce to the volume integral of the effective nucleon—nucleoninteraction, u,
multiplied by the A-value of the target [7, app. C],

J=Afv(s)s2ds, (1.3)

wheres is the nucleon—nucleonseparation.Thus, for a folding-modelpotential,f/A characterizesthe
underlyingeffective interactionindependentlyof the nucleardensitydistribution.

The mean-squareradius(MSR) of ascatteringpotentialis definedby

sfr2V(r)r2 dr/f V(r)r2 dr. (1.4)
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If V(r) resultsfrom folding a densitydistributionwith a finite-range,density-independentinteraction,
then

(r2)~
01= (r

2)~+ (r2)~, (1.5)

where (r2 ),, is the MSR of the densitydistribution and (r2 ) is the MSR of the effective interaction.
Fordensity-dependenteffectiveinteractionstheformulasaremodified [10,291. Becauseof theexpected
simplebehaviorof the volume integralandMSR, theyareoften usedto compareandcharacterizethe
potentials.

For the spin—orbit potential a slightly different integral, J
2, gives the integral of the effective

nucleon—nucleoninteraction independentof the density.distribution,

= 4ir J r
2V,

0(r)r
2 dr, (1.6)

for which the MSR is

= ~J r~V~
0(r)r~dr. (1.7)

Phenomenologicalproperties of volume integrals. In determining phenomenologicalpropertiesof
opticalpotentialsit is foundthatparametersderivedfrom fits to individualnucleiatsingle energiesvary
considerablyfrom nucleusto nucleusandwith energy [16], which makes the extractionof global
potentialpropertiesfrom individual fits difficult. Therefore,global propertiesof opticalpotentialsare
usuallysummarizedin termsof volume-integralandMSR values.However, information on potential
depths (which is important for nuclear matter) and on potential geometries(relevant to nuclear
structure)is therebylost.

The observedpropertiesof empirically determinedvolume integralsare summarizedin several
references[6—8].The mostnoteworthypropertiesare: (i) f/A for the real centralpotentialdecreases
almost linearly with increasingE for 10 � E ~ 80MeV [3]; (ii) f/A of the real central potential is
approximatelyconstantwith A for protonscattering[30], but it decreaseswith A for neutronpotentials
[8]; (iii) f/A for the absorptivepotentialis almostconstantwith A andE in the protonpotentials[17],
but decreaseswith target A in the neutronpotentials[8]; (iv) for the spin—orbit potential.12/A varies
slowly with A andE [31,321.

Most of thesevolume-integralpropertiesare well determinedfor proton scattering.Results for
neutronscattering,summarizedin ref. [8], areless definitive. Onegoal of our analysiswas to havea
betterbalancebetween(p,p) and (n, n) data to remedythis defect.

1.4.2. Availability of nucleonelasticscatteringdata
After decidingon aform for thepotentialandtheparametersto beused,selectionof the databaseof

elasticscatteringdata hasthe greatestinfluenceon the resultingparametrization.Many data usedby
BecchettiandGreenlees[1] wereextractedfrom the literature,andthosein otheranalysesmentioned
in section 1.3 were generally limited to a few target nuclei. Previousproton data were principally
unpolarizedelastic-scatteringo(O) measurementsand limited absorptioncross-sectionmeasurements,
supplementedby a few polarization data measuredby double scattering. The small number of
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polarizationdata and the severesystematicuncertaintiesaffecting them,comparedwith the accurate
A~(O)data that are now available,limited the reliability of the parametrizationof the spin—orbit and
absorptivepotentials.

Previousneutron data were almost entirely cross sections,differential elastic-scatteringor total,
manymeasuredat energiesbelow 10 MeV wheresignificant compound-elastic-scatteringcorrectionsare
required.Therewere also manyfewer neutrondatasetsthanprotondata sets.This wasunfortunate,
since the greatestsensitivity of elasticscatteringto the isovectorpotentialoccursin the comparisonof
neutronandprotonscatteringfrom the same,or nearby,nuclei [16], as we discussin section4. An
additionaldifficulty with previousanalyseswasthat datafor varioustargetsandenergiesweremeasured
at manydifferent laboratories.Different, usually unstated,systematicerrors,suchas in the normaliza-
tion of o-(O), can causeeffectsthat can be mistakenfor E- or A-dependences[22].

The databasefor the CH89 potential(detailedin section3) is improvedover thoseusedpreviouslyin
the following way.

(i) Systematicmeasurementsfrom laboratoriesemphasizingelastic scatteringstudies havebeen
used. These measurementson large numbersof targets used the same scatteringapparatusand
techniques,thus rendering systematicerrors similar amonggroupsof targets, and thereforemore
readily discernibleand correctable.

(ii) By using polarized ion sourcesfor protons and efficient polarization transfer reactionsfor
neutronproduction,onecanmeasureeasily (and simultaneouslyfor protons)accurateA,, and r data.
Analysesof such data providestrongconstraintson the spin—orbit and absorptivepotentials.Unlike
double-scatteringpolarizationmeasurements,systematicerrors in A~(O)can be madenegligibly small.

(iii) The energyrange of our neutrondatabaseis now such (10 to 26 MeV) that only data for
E � 10MeV needbe used, reducing the effect of compound-elasticscattering,especiallywith the
restrictionmadein our analysisto A � 40.

(iv) PreciseneutronA,, dataarenow available[33], enablingusto analyzeneutrondataon asimilar
footing to protondata.

1.4.3. Parameteroptimizationprocedures
Therearetwo distinct waysto estimateglobal opticalmodelparametersfrom the data. Oneis to fit

eachdataset of o(O) andA~(O)separately,adjustingparametersto achievethe bestfit. As pointedout
in section 1.2, this often producesparametersthat fluctuate with A and E. A smoothingprocedure
oftenadoptedis to averagethe geometricparameterswith respectto A andE, thenrepeatindividual
fitting usingthis fixed geometry.The resultingdepthsarethenfitted to functionsof A, E, andisospin,
to give a broaderparametrization[231,which is thenslightly adjustedto fit the data optimally. This
techniquehasoften beenchosenbecauseindividual fits were availablefrom otherwork, and because
the strong parametercorrelationsin the optical model tend to confuse many search algorithms.
Although practical for a smalldatabase,the techniqueis impractical for an extensiveanalysiswith a
large database.

The secondapproachto a globalparametrizationis to postulatea globalmodelasa function of N, Z,
E and nucleontype (p or n), then to vary the model parametersto optimize the fit to all the data
simultaneously[1]. This techniqueis the better approachfor analyzinglargedatabases.Its success
needstwo technologies;a searchtechniquethat is stableandefficient evenwhensearchingon 10 to 15
correlatedparameters,and the existenceof fastcomputers.

It is also desirable to report confidenceintervals and parametercorrelationsfor a meaningful
interpretationof the resultingparametrization.For example,to computethe uncertaintyin functionsof
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optical model parameters,such as volume integrals,requiresknowing parametercorrelations[35].
Parameteruncertaintiesandcorrelationshavenot beenreliably obtainedin previousanalyses,but are
describedherein sections5 and6.2.

Rawcomputingpoweris also neededfor global fitting. Although therearesearchalgorithms,suchas
embodiedin the programMINUIT [34],which arecapableof stablesearcheson dozensof parameters,
they may requirethousandsof calculationsto examineproperlytheparameterspace.The useof fast,
scalar processorsrunning at 2 MFLOPS (million floating point operationsper second),available in
modernscientificwork stations,allowedus to executein about 1 h asearchon a 20-parameteroptical
potentialusing 150 datasets(9000 datapoints). Detailsof thesecomputationsaregiven in sections4
and5.

Duringour analysiswe determinedthat many of the uncertaintyandcorrelationestimatesgiven by
the optimization program MINUIT are unreliablein our application.Thereforewe usedthe novel
bootstrapstatisticalmethodto makemore reliableestimates,asdescribedin section5. This reliability
wasobtainedat the expenseof muchmore computertime, 50 h per estimate.

1.5. Outline of the report

In the following five sectionswe detail the procedureswe used to obtainthe CH89 parametrization
of the nucleon—nucleusoptical potential. In section2 we describehow we usedthe folding model to
suggestthe form of the real parts of the optical potential, and the phenomenologyof the absorptive

Table 3
Globaloptical-modelparametrizationfor CH86andCH89.Thevaluesa

0, a,,,
V,,,, and a,0 are independentof A, Z, andE= E,,,(MeV)

Realcentral potential:

= ±v ~ +(E— EC)V,, +: protons, —: neutrons,

R,= r,it’” +

E,= .ii~MeV for(p,p),
0, for(n,n).

Coulombpotential radius:

R,= r,A” + r~°~= l.238A”
3 + 0.116fin.

Spin—orbit potential:

R,
0= r,0A’’ + r~.

Imaginarycentralpotential:

F fW_-(E-E)\1~’

W~=W~,[l+exp(~“° w * )] ‘

~=(~ç,±w~, [l+exp(~~°)]’,

R,,= r~A”+ r~ .
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potentialto suggestappropriateforms for it as a functionof N, Z, andE. Assembly of the 9000 point
databaseof accurateprotonand neutronelastic-scatteringo- andA,, is describedin section3.

In section 4 we describe our optical-model analysis procedures,including the searchprogram
developed,studiesusingsyntheticdata,criteria for best-fit estimators,and thefinal searchprocedures.
Sincea key featureof the usefulnessof CH89is a reliableestimationof the parameteruncertaintiesand
of correlationsbetweenparameters,we providein section5 a summaryof the relevantstatisticsand
probability theoryas a backgroundto the bootstrapuncertaintyanalysiswe developed;thenwe show
how it was applied for the optical-model analysis.Finally, in section6 we presentour resultsand
conclusions,comparisonswith previousresults,and possibilitiesfor future researchin this area.

To thosefor whom the journeyis lessinterestingthanthe destination,wegive the form of the CH89
potential in eqs. (2.3), (2.4) andin table 3; the parametervalueswith uncertaintiesin table6, andthe
correlationcoefficientsbetweenparametersin table7.

2. Parametrizingthe optical potential

In this sectionwe describehow we decidedon the form of the optical-modelpotentialusedin our
global analysis.Thereare two levelsof parametrization:(i) For each (N, Z) and projectile(p or n) at
given laboratory energyE, one must parametrizethe geometryof the potential, its central real and
imaginaryparts, and the spin—orbit interaction.(ii) For the whole databaseonemustdecidehow the
geometricparametersandthe potential depthsare to vary with N, Z, E, and nucleontype (p or n).

For CH89 we usedthe folding model (sections1.4.1 and2.1) primarily to establishplausibleforms
for the A-dependenceof the geometry,and we usedmicroscopiccalculationsof the opticalpotential,
especiallythe nuclear-matterapproach[2,3], to suggesttheN-, Z-, andE-dependencesof the potential
depths.We summarizetheseconsiderationsin the following subsections.

2.1. Folding-modelguidelines

Following the discussionin sections 1.4.1, we use nuclear ground-statedensities and realistic
effective interactionsto model the real parts of the potential for nucleon—nucleusscattering,with
particularemphasison the geometricparameters.We summarizerelevantaspectsof our folding-model
calculations.More detail is given elsewhere[36].

We used accuratelydeterminedtwo-parameterFermi (2pF) chargedensities[36—38]for electron
scatteringfrom nuclei in the massrange 40 ~ A ~ 209 (the rangeof our optical-modelanalysis)and
parametrizedthe chargeradii in a least-squaresfit. We thenderivedthe geometricparametersof the
nuclearchargedensitiesas a functionof nuclearmass,A, namely the chargeradius

RCd(A) = 1.238A113— 0.72fm (2.1)

and chargediffusenessaCd = 0.56fm. We noteimmediatelythatchargeradii havean offset term,here
—0.72fm, and that such radiusoffsets eventuallyappearin the nucleon—nucleuspotential.Fromthe
chargedensitieswe also derived [36] point-proton densities by unfolding the proton and neutron
internaldistributions.We thenassumedthatthe neutronandprotondensitiesarethe same,so thatthe
matter and point-proton densities coincided. Such an approximation is sufficiently reliable for our
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purposes,and leads to the usual (N — Z)IA dependenceof the real-well depths.The matter radius
derivedwas,

RM = 1.25A”3 —0.71 fm (2.2)

and the matterdiffusenesswas aM = 0.51fm.
Theeffectiveinteractionusedin the folding modelhasthe samespin andisospinstructureas the free

nucleon—nucleoninteraction [7,p. 638]. It differs from the free interactionbecauseof effectsfrom the
surroundingnucleons,suchas exchange(Pauliblocking). Onecan estimatethe effective interactionby
varyingits parametersin a folding-modelcalculationof the opticalpotentialto fit the elasticscattering
data [26,39]. This is successful,but very computationallyintensive, and so it not well suited to a
large-scaleanalysis, althoughit hasthe advantagethat the radial form is not constrainedto simple
analytic forms.

For the effective interaction in eq. (1.1) we usedthe potentialM3Y [40] andsomevariantsof it.
Pauli blocking effects were estimatedby using a local Slaterexchangeapproximation.The folding
integralswere evaluatednumerically. The calculatedpotentialswere fitted with 2pF functions, and
yieldedpotentialswith the sameA113 coefficient as in eq. (2.2), a largeroffset radius,and a somewhat
largerdiffuseness,becauseof the finite rangeof the effectiveinteraction.Similar, but more elaborate
calculationsweremadefor the folding-modelspin—orbit potential, following ref. [28].

2.2. Form of the opticalpotential

Our folding-model calculations describedin section 2.1 were adequatelyparametrizedby 2pF
functions in the surface region. Our analysesare most sensitive to the surfaceregion, becauseof
relativelystrongnucleonabsorption.Therefore,weused2pF functionsfor the radialform factorsof the
nuclearpart of the potential, but call them Woods—Saxon(WS) form factors,in accordwith usual
practice. There has been much recentwork on alternativesto WS form factors, especiallyusing
Fourier—Besselexpansions[20] to representdeviationsfrom the basic WS function. These variations
areusuallyin the detailsof the quality of fits and of the potential in the nuclearinterior. With current
computationallimitations, the effort is not justified for sucha global analysis.We write for theWSform
factor

f~,(r,R,a) = 1+ exp[(r — R)Ia]~ (2.3)

For componentsof the optical potentialthat are surfacepeakedwe useform factorsthatare radial
derivativesof WS form factors.

We write the local opticalpotential for nucleon—nucleusscatteringas

V(r) = —V~f~,(r,R
0,a0) — iWvfws(r, R~,a~)— iW,(—4a~)~— f,~(r,R~,aw)

— 2(V~0+ iW,0)(—~~- f~(r,R,0,a,0)l.
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Ze2
—, r�R~

+ Ze2 r2 for incidentprotons,
r~R~

+ 0 for incident neutrons. (2.4)

For future referencewe record the volume integrals,f., i = R, w, andthe mean-squareradii (MSR),
(r~),i = R, w, whichwere introducedin section1.4.1.For the componentsof the potentialin eq. (2.4)
theseare

.JRJO(V~,RO,aO) ~ ~25
A A 3 A TL ~R

0Ji’ ‘.

2 3 21 7/1ra0’\
2(r )R = 5 R

0~1+ ~ (2.6)

for the real part of the centralpotential,while

f,,,, — f~(W~,R~,a~)+ f0(W,,R~,a~)
~ + (~fl+~ + (?)2]}, (2.7)

(r )~= J~[(r ~ + (r ~

= ~- ~ f~~[1+ 7 (lTaw)2] + f~~[1+ ~ (~!~)]} (2.8)

for the imaginarypart of the centralpotential.
For the spin—orbit potential the correspondingintegralsthat can be relatedto the folding model

(section2.1) are [seeeq. (1.6)]

f50 f2(V~R,0,a,0) R~0 r (1Ta,0~
2]

A = A = 8ir -~- T’~
011+ y~—)j, (2.9)

21 7/lTa \1
(r2)so= R~0[1+ ~~—~--~)] . (2.10)

Note that eqs. (2.5) through(2.10)areleptodermousexpansionsin powersof the ratio of diffusenessto
radius[41], they areaccurateto 0.01% for the geometricparametersobtainedhere.

Although the folding model discussedin sections1.4.1 and 2.1 is useful for guiding the choice of
potential geometry,it is not adequateto predict the potentialstrengthdependenceon energyand
isospin. It is also quite inadequatefor describing imaginary parts of the potential, becauseit is
constructedonly from ground-statedensities and ignores reaction processes.In what follows we
describeand justify our choicesfor the N-, Z-, and E-dependencesof the parametersin eq. (2.4).
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2.3. Real centralpotential

For the real central potential, we expect that the folding-model predictions, which use simple
effective interactions,are not correct for the real central-potentialdepth, V~,evenif the exchange
effectsareappropriatelyincluded,sinceadditionalpoorlyunderstoodenergyanddensitydependencein
the effectiveinteractionareexpected[10]. Sincewe lack guidancefrom the folding model for Vr~we use
phenomenology[16] as a guide and parametrizethe depth as

V = V0 + Ve(E— E~)±[~— ~e(E — E~)]r, (2.11)

wherethe isospinasymmetry,e= (N — Z)IA, andthe “+“ sign is for (p,p) scatteringandthe “—“ sign
is for (n,n) scattering.The linear energydependenceof V~is consistentwith previousanalysesin the
range10~E�65MeV[16].

The isovectorterm in eq. (2.11) reflectsdifferencesbetweenneutron—nucleusandproton—nucleus
scatteringthat arisefrom the hadronicpart of the interaction. It resultspredominantlyfrom the Pauli
principle in nuclei [6, 42]. The principal difficulty in determining the isovector potential is that it
contributesonly about4% of the total potentialfor 40 ~ A ~ 209 for nuclei in the valley of stability.

The isospin dependencecan be investigatedmainly in three ways: (i) by studying targetswith
different isospin asymmetry,e, using the sameprojectile; (ii) by comparingthe scatteringof neutrons
and protons from the sametarget (in which casethe isovectorterm changessign); (iii) by studying
(p,n) reactionsbetweenisobaricanalogstates.In the first approach,r increaseswith A, a correlation
that makesit difficult to separatepurely A-dependenteffects,such as the A-dependenceof the nuclear
radius,from the isospin dependence[8]. A variationon this methodis to study chainsof isotopesor
isotones,in which A changesrelatively little, but e changessignificantly. Unfortunately, nuclear
structurealso varies significantly acrosssuch a chain, producingchangesin Vr not directly relatedto
isospin dependence.This confusessuch an analysis,making it impractical for isolating the isovector
componentsof a global potential.

The secondapproachto investigatingthe isospin dependenceis to parametrize(p, p) and (n, n)
scatteringconsistently.Since isovectorcontributionsto the potentialare of oppositesign for the two
projectiles,while nuclearstructureeffects and A-dependenceare often similar (especiallyfor nuclei
awayfrom closedshells),suchaprocedureshouldbe morereliable.This is the methodthat we chose.

The third method,the analysisof (p,n) reactions,would isolatethe isovectorpotential,but thereare
not sufficient high-qualitydata in the appropriateA- andE-rangesto justify inclusion in our analysis.

We assume,as usual,that the isovectortermsV~and~“~ein eq. (2.11) affectonly the potentialdepth
andnot the geometry.This assumptiondoesnot necessarilyhold [3], but, giventhe small contribution
of theisovectortermsto the depth (lessthan3 MeV), their effects on the geometrywould bedifficult to
determinefrom elasticscattering.The isovectorenergydependence,V~e~is includedfor completeness.
The evidencefor the energydependenceof the isovectorpotential is weak;somestudiesrequirenone
[24] but othersdo [23]. We eventuallyfound (sections4 and6) that 1”~ein eq. (2.11) is not significantly
different from zero.

Folding-modelcalculationsshould reliably describethe radial form of the real centralpotential,
especiallyin the low-density region outside the nuclear surface. We observedin such calculations
(section2.1) that the half-densityradiusof nucleardensitydistributions,andthereforeof the resulting
folding potentials,do not obey the simpleA”

3 dependenceusually assumedin optical-modelanalyses.
This effect is a fundamentalpropertyof diffuse nuclearform factors[15]andhaslong beenknownfrom
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electron-scatteringdeterminationsof chargeradii [43]. Density dependencein the effective interaction
also modifiesthis deviationfrom theA~3dependence[10,15]. By using the charge-andmatter-radius
parametrizationand the effective interaction (M3Y) describedin section 2.1, we found that the
half-density radius,R

0, of the density-independentfolded potentialscan be reliably parametrizedas

R0= r0A”
3 + ~ (2.12)

with r
0 = 1.24fm andr~°~= —0.70fm. Failure to includethe offset r~°~in a global analysissignificantly

affects the determinationof the isovectorandCoulombcorrectioncomponentsof the opticalpotential.
We chose the diffuseness of the real central potential to be independentof A and E, since
folding-modelcalculationssuggestonly a slight but non-systematicA-dependence,presumablyreflect-
ing the shell dependencesof surfacethicknesses.A constantdiffuseness,representingthe averageover
our sampleof nuclei,a0 = 0.56fm, was selectedas the startingvaluefor the initial parametersearches.

2.4. Coulombpotential and Coulombcorrection

Forprotonscatteringthe potentialmust includea realisticCoulombpotentialandits effectson V(r).
Coulombeffects appearin the potential as the electrostaticterm of eq. (2.4) and as a Coulomb
correctionterm E~in eq. (2.11). Sincethe Coulombinteraction is relatively slowly varying compared
with the total real potential, suchthat in

120Sn it variesby about5MeV from r = 0 to r = R
0 while the

nuclearpotentialvaries by 25 MeV, approximatemethodsmaybe usedto calculateit.

2.4.1. Coulombpotentialfor a diffusecharge
We modeledthe Coulombpotentialas that from a sphereof radiusR~with chargeZe uniformly

distributedthroughoutits volume. In applyingthis potentialto protonscatteringwe choseR~soas to
produceat the nuclearsurfacean electrostaticforce very closeto that from a 2pF chargedistribution
with radiusRCd, eq. (2.1).This choiceis sensiblebecauseover the rangeof protonenergiesconsidered
scatteringis mostsensitiveto the surfaceregion.To obtain the electric field at r = RCd, we made[14]
the leptodermousapproximationaCd/RCd~ 1, whereaCd is the diffusenessparameterof the 2pFcharge
distribution, eq. (2.1), andkeptterms throughsecondorderin this ratio. We obtainedthe equivalent
uniform-potentialradiusby equatingthis field to that from a uniformchargedensityconfinedwithin R~.
This resultsin

R~(A) RCd(A)+ 1.O4OaCd+ 4.089aCdfm. (2.13)

Inserting our previouslydescribedparametrizationof nuclearchargeradii (eq. 2.1) into the above,
gives

R~(A) 1.238Av
3+ 0.116fm, (2.14)

for the equivalentsharpCoulombradiusto model the Coulombpotential. In deriving this we replaced
RCd in the last term of eq. (2.13) with its averagevalue of 5.03fm for the range40 � A ~ 209,making
an error of lessthan2% in R~(A).
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In previousanalyses,constantCoulombradii (usuallyR~= 1.25A”3 fm) wereoften used.Although
the numerical values given by these formulas make only small differences in the final potential
parameters,our procedureis justified by the physics of the Coulombpotential and allows R~to be
fixed.

2.4.2. Coulombcorrection to proton energy
The presenceof the Coulombpotentialin (p,p) scatteringcomplicatesconsistentparametrizationof

(p,p) and (n, n) scattering,becausethe opticalpotential is momentumdependent[7, 16,22]. There-
fore, in a semiclassicaldescriptionof the scattering,the repulsiveCoulombforce reducesthe incident
proton kinetic energy.Thus, the averageoptical potential for a proton of given bombardingenergy
correspondsto that of a neutronwith lower incident energy.The bestmethodto accountfor these
Coulombeffectsin the opticalpotentialwould be to solvethe Schrödingerequationwith a momentum-
dependentopticalpotential, resultingin anintegralequationthat is time-consumingto solve [7, p. 450]
and for which it is not clearwhat form of momentumdependenceto use.

The usualapproachis to makea Coulombcorrection[22,44] to the depthof only the real potential
and to assumea linear energydependenceof the potentialdepth on the incident energy,as in eq.
(2.11).The latterassumptionis justified for energiesfar abovethe Fermi energy[45],which areatleast
15 MeV in our analyses.

If the imaginarypotentialis momentumdependent,it too should havea Coulombcorrection[46].
Oneprescription[24] assumesthat the energyof an incidentprotonis reducedby E~.In evaluatingE~
in eq. (2.12),wehaveusedthe sameradiusparameteras in the Coulombpotential.For a linear energy
dependenceof the potential, thisgives equivalentresultsto the Pereymodel [22].Therefore,for proton
scattering,E~in eq. (2.11) was chosenas

E~=a~—, (2.15)

wherethe coefficient a allows scaling of E~relative to the averageCoulombenergy.This procedure
gives the sameparametrizationof the Coulombcorrectionfor the real potential as the Pereymodel
(a = 1) andcan be appliedconsistentlyto the absorptivepotential.We eventuallyfound (sections4 and
6) thata = 1 producesconsistentlygood fits to our global database.

The importanceof a correct treatmentof the Coulombcorrectionsis apparent,since VeEc in eq.
(2.11) is typically about twice as large as the isovector potential term eV~.We note a convenient
inconsistencyin E — E~E is in thelaboratoryframe,but E~is in the centre-of-massframe.This hasno
practicalconsequencesin view of the smallnessof suchdifferencesfor A � 40 and the approximate
natureof the Coulombcorrectionterms.

The Coulombcorrectionhasbeenstudiedpreviously by comparing(n,n) and (p,p) scatteringat
similar incidentenergieson N= Z nuclei. Such comparisonshavebeenmadefor scatteringfrom 28Si,
32S and40Ca[8]. The resultsof suchcomparisonshavesignificant uncertainties[46] becauseof nuclear
structureeffects. Fromthis type of study it is not possible to deducethe radial form factor for the
correction,althoughit is expectedto differ significantly from the form factorsfor the nuclearpotential
[3]. Whenmaking Coulombcorrections,we assumethe sameradial dependencesfor them as for the
neutroncentralpotential.
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2.5. Spin—orbitpotential

Mostanalysesof low-energyscatteringandmostmodelcalculationsareconsistentwith a spin—orbit
potentialthat is essentiallyreal at E � 65 MeV [47]. Guidedby folding-modelcalculations(section2.1),
it is usuallytakento havethe Thomasradial form [7, p. 457; 26]. However, its strengthcomesmostly
from the spin—orbit part of the effective nucleon—nucleoninteraction,rather than from relativistic
effects.

Our folding-modelcalculationsof the spin—orbit potentialincludedexchangeeffects,andweremade
for proton scatteringat 16 and 65 MeV. The resultsfor the depthwere parametrizedas

= 1”~oO+ V,oeE+ 1’cOAA-~
3, (2.16)

and for the geometryas,

R,
0= r,0A”

3 + r~°~ (2.17)

with a,
0 constant,sinceit varied slightly but non-systematicallywith A and did not vary with E. The

parametrizationof the spin—orbit radius, including the offset radiusrL°~,reflectsthe behaviorof the
radiusof the underlyingdensitydistributions. The predictedparametervalues from the folding model
1”~oO= 5.1 MeV fm

2, V,oe = —0.0087fm2, ~oA =5.61 MeV fm2, r,
0 = 1.24fm, r~°~= —0.82fm, anda,0=

0.66fm, wereusedas starting valuesin the optical-modelparametersearch,which will be describedin
section4. Eventually(section6), no clearsignaturesof E- or A-dependenceswere found by the fitting,
so a singlevalueof V~0is quoted.Its valueof 5.9MeV is essentiallythe folding-modelpredictionfor the
energyandmassmidpoints of the database,E 30MeV, A 120.

Sincethe nucleon—nucleonspin—orbit interaction(effective or real) hasa rangesomewhatlessthan
the centralpotential,folding modelspredict R50< R0. However, the absorptive-potentialradiusis at
leastas largeas the central-potentialradius,becauseof the peripheralnatureof absorption.Therefore,
the analyzingpowersare quite sensitiveto the complexcentralpotential as well as to the spin—orbit
potential.

2.6. Absorptivecentralpotential

The imaginary central potential is usually representedas a combination of volume andsurface-
peakedform factors. Surfacepeakingof the form factor is expected if the dominant absorptive
processesoccurin the nuclearsurface,for example,ascollectiveexcitationsandtransferreactions[7, p.
457]. Such a form is also found in microscopiccalculationsof the imaginarypotential [3, 48]. This
peakingis mostprominentfor low-energy(E <20MeV) nucleonscattering,so thatat low energiesthe
nucleonwavefunctionis dampedon the nuclear surface,preventing it from sampling the nuclear
interior and making the scatteringinsensitiveto the interior potential.

For higher-energyprojectilesthe dominantabsorptionis from nucleon—nucleoncollisions within the
nuclearvolume,relatedto the finite meanfree pathof nucleonsin the nucleus[49, pp. 139, 165; 50].
This componentof the absorptionpotential thenresemblesthe bulk distributionof targetnucleonsand
maybe modeledby a Woods—Saxonform factor.

The imaginarypart of the optical potential is difficult to calculate from semi-microscopicgrounds.
Calculationshavebeenattemptedin anuclearstructureframework [48], but the resultsarespecific to
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the nucleus under study. Nuclear matter calculationsproducecomplex potentials, the absorption
describingthe finite free pathof nucleons in nuclearmatter [2]. However, this type of calculation
neglectssuch absorptioneffects as collective excitationsand reactionsin finite nuclei. Therefore, to
parametrizethe absorptivepotentialwe havebeenguidedby phenomenology.

2.6.1. Phenomenologyof absorptivepotentials
There are two well-determinedempirical characteristicsof the absorptivepotential. First is the

transition from principally surface-dominatedabsorption at low energies(E <20MeV) to volume-
dominatedabsorptionat higher energies(E >60MeV). Secondis that the proton optical potentials
haveimaginaryvolume integralsper nucleon,which are approximatelyconstantas a function of A and
E [17]. In addition,we imposedthe physically reasonablecriterion that the transition from surfaceto
volume absorptiontakesplace smoothlyas a functionof energy.Such a criterion was not applied in
previousglobal analyses[1, 8] resultingin unphysicaldiscontinuitiesin the potentialsandtheir volume
integralsas a functionof E.

To accountfor the aboveobservations,weneededenergydependencesvaryingsmoothlywith E. We
chosethe energydependenceof the absorptivepotentialsas

~
yew sew

f~~(E)W~(r)+fws(E)Ws(r), (2.18)

in which W~and W~are the depthsof the imaginarysurfaceandvolume potentials.The parametersof
the energydependencesare the half-value energies, W5~0and W5e0, for the volume and surface
absorptionsrespectively,andthe widths, WvewandWsew. If Wveo= WseoandWvew= ~ the constancy
with E of the absorptionvolume integral,~1win section2.1, is satisfiedautomaticallyfor anyA, sincethe
surfaceandvolume termsare assumedto havethe samegeometry.Examplesof the volume integrals
areshownin fig. 1. The form eq. (2.18)hasbeenusedpreviously [51, 52] andsatisfiesthe criterionof
smoothnessin E.
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Fig. 1. Energydependenceof theabsorptivepotential for CH89. The volume integralsof thesurface(.1,,,) andvolume (I,,,) absorptionsareshown
by dottedlines andthetotal absorptivevolume integral (J,,, +J,,,) is shownby asolid line. The calculationsaremadefor protonscatteringfrom
A= 125, Z = 50 at E= 30MeV. Coulombcorrectionsare includedin thecalculation.The phenomenologicalobservationof ref. [17]is indicatedby
the horizontalsolid line.
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To investigateparametrizationsthat reflect the approximateconstancyof JW/A with A, considerthe
expressionsfor theseintegralsin eq. (2.7).For the surfaceterms,aconstantvaluecan be maintainedif
W~risesto compensatethefall asA”3 of 1 /R~.This can be describedby including an isovectortermin
the potentialdepth, by introducingan A- or c-dependentdiffuseness[1,53], or from the density
dependenceof the effective interactionsimilar to thatof the real potential [3]. Usually, W~is assumed
to be isoscalarfor consistencywith resultsfrom medium-energyprotonscattering[18].

3.6.2. Parametrizationofabsorptivepotentials
From the considerationsin section 2.6.1,we chosethe following parametrizationof the imaginary

central-potentialdepths:

W~=

W~= (W~
0+ W~tS)fws(E), (2.19)

113 (0)R~r~A +r~

with a~aconstant.Herefwv andf,,~arethe energy-dependentfactorsin eq. (2.18).Thepotentialradius
hasan offset from the usualparametrizationas a functionof A”

3, in analogywith the real centraland
spin—orbit componentsof the potential (sections2.3 and 2.5). This offset is necessaryif thereis a
densitydependenceof the imaginaryparts of the effective interaction [10,15].

As discussedin section2.4, the protonCoulombcorrectionfor the imaginarycentralpotentialwas
appliedin the samemanneras for thereal centralpotential,by reducingtheprotonenergyat which the
potential is evaluatedby E~[given in eq. (2.15)]. It is not clear [48] that such a procedureis well
justified, sincethe availablechannelsfor absorptionwill differ for protonsandneutrons,evenwhenthe
energyhasbeen adjusted.However, one expectsthat when the nuclear energyis well above the
thresholdsfor significant nucleon-absorptionchannelsthe procedurewill be reasonable.In fact, our
global analysesindicate little sensitivity to the absorptiveCoulomb correction becauseof the two
complementarydependenceson E~in eq. (2.18).

3. Databaseof nucleon elastic scattering

We now describethe databaseassembledfrom recentlyavailableaccuratedatafor usein the global
optical-modelanalysisoutlinedin section2. In particular,we establishthe criteria for inclusionof data
in the databasein section3.1 andwe discussthe breadthand quality of the dataassembled,usingas an
examplein section3.2 the 16 MeV protonscatteringdatawe measuredat TriangleUniversitiesNuclear
Laboratory(TUNL). The othercontributionsto the databasearedescribedin section3.3.

3.1. Databasecriteria

An importantingredient of a global parametrizationis the breadthin the databaseof (p,p) and
(n,n) scattering.The datawe selectedfor analysisweremeasuredat only a few laboratoriesto reduce
systematicproblemsand distinguishsuchproblemsfrom effects arising from the parametrization.

The protondatawere from TUNL (E = 16MeV) [14] andthreeothersources;EindhovenUniversity
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of Technology (E = 17 to 25 MeV) [54,55], Oak Ridge National Laboratory(ORNL) (E =40MeV)
[56,57], andthe ResearchCenterfor NuclearPhysics(RCNP), Osaka,Japan(E = 65 MeV) [58,59].
All the protondatawere measuredusingpolarizedbeams,andin mostcasesthe o-(O) andA~(O)data
were measuredsimultaneously.The neutrondatawerefrom two sources,the o- andA~datafrom the
TUNL neutron time-of-flight facility (E = 10 to 17 MeV) [60—63]and the u-data from the Ohio
University AcceleratorLaboratory(OUAL) (E = 11 to 26 MeV) [64]. To minimize databaseerrors,we
usedonly dataavailable in tabularform.

Figure2 summarizesthe A- and E-distributionsof this database,which is the largestbody of data
everassumbledfor an optical-modelanalysis.Thereareapproximately6000(p,p) a- andA~data,in 95
datasetseachcontainingbothobservables,with averagestatisticaluncertaintiesof lessthan2%. There
areabout 3000 (n,n) data in 60 data setsof mostly elasticu-data,with 15 setsof A~data.The (p,p)
and(n, n) data arefor targetnuclei 40~ A � 209, usingnucleonbeamswith energies10 ~ E � 65 MeV,
under which criteria compound-elasticcontributions are probably negligible [16]. The experimental
conditions for the measurementsat each laboratory are summarized in table 4, and the nuclei
investigatedare tabulatedin table 5.

We presentsamplesof the datawith fits from the global analysisin figs. 3 to 11. The datasetsshown
areusually composedof an angulardistributionof crIuR and [cr/uR]AY(O) for (p,p), wherea-R is the
Rutherfordcrosssection,and of o-(O) andA~(0) (whereavailable)for (n, n).

For eachtarget nucleusin the (p, p) data the A,, datawereconvertedinto analyzingcrosssections
(crosssectionstimesanalyzingpowers),a-A,~half the differencebetweenthe left-handand right-hand
scatteringcrosssectionswith a beamfully polarizedalong the normal to the scatteringplane.This
observableis preferableto A,,, sincetheoreticallyA is computedfrom it by dividing by a-. Using A,,,
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Fig. 2. Distribution of targets in the nucleon scatteringdatabasein target mass (A) on an A” scaleand incidentnucleon energy(E) on a
logarithmicscale.Valuesof A and Efor whichwe useddataare indicatedfor protonscatteringby circles andfor neutronscatteringby plus signs.
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Table 4

Experimentalconditionsfor the (p,p) and(n,n) data usedin the CH89 optical-modelpotential

Protons Neutrons

TUNL, Eindhoven, ORNL, RCNP, TUNL, OUAL,
[14] [55] [56,57] [58,59] [60—63] [64]

E,,b (MeV) 16.0±0.05 (17—27)±0.1 40±0.4 65.0 (10—17)±0.1(ff) (11—26)±0.1
±0.3(A~)

Uncertainties:
Relative

a(8) 1—3% 2—3% 1—10% 1—5% 5—20% 3—5%
A,(8) <0.01 <0.01 0.1—0.15 <0.04 <0.07 —

Normalization
or(S) �6% �10% 5% 1-20% 5% 5%
A,(O) 5% 5% 5% 1% 2.5% —

~°d,t (deg) ±0.6—±1.2 ±1—±2 ±0.4(o’) — ‘I

±1.2(A,)

‘I This angularacceptanceis correctedin themultiple-scatteringcalculationsusedto analyzethe data.

an errorin fitting a- is reflectedin A,,.For example,at cross-sectionminima, significant enhancementsin
A,, often occur,which arenot directlyrelatedto spin—orbit potentialeffects.For elasticscatteringin the
energyrangeconsideredhere,a-A,, is amoreuniform functionof anglethanis A,,, andwefound that
the contributionto the error-weightedresidualsfrom crAg is closer to that from a-‘than that from A,,,
becauseuA~is boundedby — a- and a-. Thus,polarizationobservablesin the a-A, form havea more
equitableweighting in the fitting processdiscussedin section4.3.

The standarddeviationfor a-A,was estimatedby usingthe uncorrelatedpropagationof errorsform,

i.~(a-A,)= (A2,, Au2+ a-2 AA~)112, (3.1)

whereAu andAA,, are the standarddeviationestimatesin a- and A,,. We investigatedcorrelations
betweena- and A, that might significantly alter the magnitudeof this uncertaintywhen these are
measuredsimultaneously,since a- and A,, are computedfrom the sameindependentvariables,the
countsin theleft andright detectors.A detailedanalysis[14] showsthatthe effectsof suchcorrelations
are negligible for the data usedhere.

The neutrondata are representedas a- andA,,. Accurateconversionof A,, into a-A, could not be
made,becausethe u-datawerenot usually measuredat the sameanglesasA,. However,for the same
reasonsas for (p, p), it would be better to fit a- and a-A, ratherthana- andA,.

The(p, p) dataaresparsebetween25 and65 MeV, becauseof the lack of acceleratorswith polarized
beamsin this energyrange.However, this is the region wherethe transitionfrom surface-dominatedto
volume-dominatedabsorptionprobablyoccurs.For the neutrondatathe problemis moresevere,since
thereareno systematicdataabove26 MeV becauseof a lack of neutronscatteringfacilities.In addition,
there is a large gap betweenA = 124 and A = 208 at all energies(see fig. 2), partly becauseof
insufficient energyresolutionin proton andneutrondetectionsystemsfor elasticscatteringfrom most
nuclei in this massrange.

There were also problemswith individual data sets, most significant of which are normalization
problems, since some proton data were originally normalized to optical-model calculations. The
inaccuraciespossiblewith thesetechniquesand the effects of improper normalizationon parameter
determinationare discussedin section4.3.2. This can be a serious problemat higher energies[57],
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Table 5
Elastic-scatteringdatasets for theCH89 optical-modelpotentialdatabase.Units are incidentnucleonenergyin MeV

(n,n) (p,p)
Target
nucleus TUNL OUAL TUNL Eindhoven ORNL RCNP

40Ca 10, 14, 17 11 40.0 65.0
““Ca 65.0

“Ti 65.0
““Ti 16.0 65.0

‘lv ii
“Mn 11
‘4Fe 10, 14 11, 20, 22, 24, 26 16.0 17.2, 20.4, 24.6 40.0 65.0
‘6Fe 11, 20, 26 16.0 17.2, 20.4, 24.6 65.0
“Co 11 40.0 65.0
“Ni 10, 14 16.0 20.4, 24.6, 27.2 40.0 65.0
“Ni 10, 14 16.0 20.4, 24.6 40.0 65.0
“Ni 20.4, 24.6 65.0
TMNi 20.4 65.0
“Cu 16.0
“Cu 10, 14 16.0
“Zn 20.4 40.0

20.4
72’4Ge 22.0
“Se 16.0 22.3
“Se 16.0

“Sr 24.6
“Sr 11 24.6

11 65.0
“Zr 11 16.0 40.0 65.0
“Nb 11

11, 20, 26
11, 20, 26 65.0

lO6.lOS.~lO~~ 22.3’~

‘‘°““Cd 20.4, 22.3~
10, 14 11, 24 16.0 20.4

“Sn 11, 24 20.4
“Sn 10, 14, 17 11 16.0 20.4, 24.6 40.0

11 20.4
“Sn 11, 24 16.0 20.4

16.0
“Nd 17.2~
‘“Sm 65.0

l4S.~SO~~ 20.4”
“Ho 11

11
“Pb 10, 14, 17 11, 20, 26 40.0 65.0

11 65.0
“Thesedatawere normalizedby us.

wherethe samedatasetwith differentnormalizationscanbe describedequallywell by quite different
potentials.

3.2. Polarizedproton data from TUNL

As anexampleof theproceduresusedto acquireaccurateelasticscatteringdatafor the database,we
summarizeourmeasurementof the 16 MeV data. Detailsaregiven in ref. [14] andabouthalf of these
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dataare shownin figs. 3 and4. We usedseveralcriteriato select23 targetnuclei,amongwhich were:
(i) a wide rangeof target mass(40 sA s 209), (ii) manychainsof isotopesfor investigatingisospin
effects, and(iii) matchingof targetsto protondataat otherenergiesandto neutrondata.Compromises
were necessaryfor two principal reasons.

First, many potentially interestingtargetsrequiredtarget-makingtechniquesand processingbeyond
our capabilities.Second,the detectorsystemand electronicshada resolutionof greaterthan50 keV

E~=l6MeV TUNL
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1.5 •
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~: ~ ~
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Fig. 3. Proton elasticscattering,measuredatTUNL, using 16 MeV polarizedprotons.Uncertaintiesareshownwheretheyarelargerthanthedata
points.Thelinesaretheoptical-modelpredictionsusingthebest-fitpotentialparametersof CH89. Lessthanhalfof all theangulardistributionswe
usedareshownin figs. 3—11.
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Fig. 4. Proton elasticscatteringdata andCH89 fits for 16MeV polarizedprotons,measuredat TUNL. SeefIg. 3 for details.

(FWHM). This effectively preventedour measuringreliably elasticscatteringon nuclei for which the
excitation energy of the first-excited states is less than 100 keV, such as most rare-earthnuclei.
However, nuclei near closed shells haverelatively high-lying first-excited states,so the targetswe
selected(and thoseusedin previousglobal analyses)emphasizednearly-closed-shellnuclei [1,8]. Of
our 23 targetsat 16 MeV, 19 are within onenucleonof aclosedneutronor proton shell. Our targets
overlapsignificantly with thoseof otherdatasetsusedin our global analysis,andthe databasereflects
the sameexperimentalconstrainttowardsclosed-shellnuclei.
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3.2.1. The data acquisitionscheme
The 16MeV (p,p) dataare u(0) and A,(0) measuredsimultaneouslyusing essentiallythe same

detectorgeometryandexperimentalprocedurefor each target,at laboratoryanglesbetween25°and
170°in 5°steps.

EachA, measurementwas madein two steps,with the beamspin up, thendown, andwith detectors
placedsymmetricallyleft and right of the beam.This schemeeliminatesmost first-ordererrorsin A,
[65] and is the standardschemeat TUNL for A, measurements.The differential crosssection was
measuredsimultaneouslywith A,, and was calculatedas the uncertainty-weightedmeanof the cross
sectionsfrom spin-up and spin-downsteps.

The 16 MeV polarizedproton beamwas producedin a Lamb shift polarized-ionsource [66], then
acceleratedin an FN tandemVan de Graaff electrostaticaccelerator.The beamfor theseexperiments
hadan averagepolarizationof 80% and anaverageintensityof 80 nA at the target.The energyspread
of the beamon target was less than 10 keV, with an absoluteenergyuncertaintyof lessthan 50keV
[67].

The scatteringchambercontainedtwo setsof detectors,oneset eachon the top andbottomrotating
plates. Each set was separatelyadjustedin scatteringangle to maintain left and right symmetric
detectorplacementwhile the chambervacuumof 9 x 106mbar was maintained.The four detector
holders in each set were pinned into the plates, 10°apart, at a radial distanceof 15.9cm from the
target,ensuringreproducibility of positionand angle.The anglescould be set to a precisionof better
than0.1°;the alignmentwas checkedoptically with the actual detectorholdersused.The detectors
weresilicon surface-barrierdetectorswith defining aperturessubtendinganglesof 0.6°to 1.2°andwith
solid anglesof 1.3msr to 2.5msr. To facilitate measurementsnear90°with the symmetricdetector
placement,the target anglewas continuouslyvariable from 0°to 180°,and could be set reliably to
within 0.5°,addinguncertaintiesof lessthan 1% in the data.

The beampolarizationwasmonitoredwith an activepolarimeterusingthe well-determinedA, of the
4He(p,p)4He reaction[68], placing left andright detectorsat 0 = 112°,whereA, is a maximum.The
polarimeter detectorswere plastic scintillation detectorsbecausethey did not become radiation
damagedat 16 MeV as quickly as solid-statedetectors.The beamdump was well separatedfrom the
monitor, and it incorporatedasplit Faradaycupwith secondaryelectronsuppressionto providebeam
position information for keepingthe beamcenteredon the target and polarization monitor. This
monitorwas calibratedusing solid-statedetectorsin place of the scintillators. For the 16MeV beam
used in this work and with the backgroundspresentin the monitor detectors,the monitor analyzing
powerwasA, = 0.92±0.04.

We investigatedpotentialsourcesof errorin beamcurrentintegration,amongwhichwere: (i) failure
to captureall the beambecauseof the small size of integrationsurfaces,(ii) inadequatesuppressionof
secondaryelectrons,(iii) loss of capturedbeamcurrentbecauseof leakagecurrentto ground,and(iv)
inaccuracies in the beam current integrator. We made tests and calculations to estimate these
uncertainties.None contributedmore thana 1% uncertaintyto the a-(0) measurements.

The pulse-heightsignalsfrom the right—left detectorpairswere processedtogetherusing standard
electronicsand storedin a DEC VAX 11/780 computer, which ran the TUNL XSYStem data
acquisitionandanalysissoftware[69]. The deadtime was measuredactivelyby injecting a slow(10Hz)
pulserinto the testinput of one detectorpreamplifierof eachdetectorpair. Themaximumdeadtime of
10% arosein the signal-shapingelectronics,largelyfrom pile-up rejection.Thesystemwas very stable,
exhibiting no detectablegain changesover measurementperiodsof up to 4 h. The energylinearity of
the systemwas better than1%.
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3.2.2. Targetthicknessmeasurement
Most of our 23 targetswerevacuumevaporated.They wereeitherself-supportingor supportedon

thin carbon films. Their thicknessesranged from 100~gcm2 to 800 p~gcm2, as measuredusing
Rutherfordor near-Rutherfordscatteringof 4 to 6MeV protons.At theseenergies,an optical-model
descriptionof u(0) at forward-scatteringangles(<40°)is insensitiveto detailsof the parametrization,
producing less than 1% uncertaintiesin the a-(0) normalizations.The low-energy scatteringwas
performedin the sameexperimentas the 16MeV scattering,using the samedetectorgeometry.The
productof targetthicknessanddetectorsolid anglethusdeterminedcontributedthe largestuncertainty
to cr(0). Multiple measurementsof the productof thicknessandsolid angle,usingthe samedetectorat
different scatteringangles, gave values varying from 2% to 5%. Comparisonwith optical-model
calculationsand otherelastic-scatteringdataat 16 MeV suggesteddiscrepanciesaveraging4% or less.

A few of the targets,namely50Ti and 134’136Ba, were significantly contaminatedby otherisotopes.
Also, 54Fe was contaminatedby significant amountsof NaCl during the target production. These
angulardistributionswere carefully correctedfor thesecontaminants,as detailedin ref. [14].

3.2.3. Data uncertaintyestimates
The importance of determining correct relative and absolute (normalization) uncertaintiesfor

optical-model studies is discussedin section 4.3.2. We worked carefully to estimate realistic un-
certaintiesfor the 15 MeV polarized(p,p) data.

Relativeuncertaintiesarosemainly from statisticaluncertaintiesin counting,statisticaluncertainties
in pulser-baseddead-time-correctionestimates,and from less easily measuredfluctuations, such as
non-uniformity in the target thicknessor variations in beamangle and position on target. Other
contributions to relative uncertaintiesarose in determining the relative detector solid angles, or
uncertaintiesin targetorientationrelativeto the beam.In the 16 MeV measurementsuncertaintiesfrom
countingstatisticswere 1% or lessin u(0); thecorrespondinguncertaintiesin A,(0)weregenerally0.01
or less. Dead-timecorrectionuncertaintieswere alwayslessthan 1% and,to first order,affectedonly
u(0).

Straightforwardstatisticalestimatesof a-(0) uncertaintiesproved inadequatefor the 16 MeV data.
We comparedmeasurementswith different detectorsat the sameangles,using our bestestimatesof
relativedetectorandbeamcurrentnormalizations.The standarddeviationsof thesecomparisonswere
significantly larger thanour purely statisticalestimatesof uncertainty,so we usedthe meanof the
comparisonstandarddeviations as an estimateof the instrumentalor systematicuncertainties.We
calculatedthe total relative uncertaintyby addingtheseinstrumentaluncertaintiesin quadraturewith
the counting-statisticsuncertaintiesas

2 2 2(Au/a-) = (Ao/u),,atjstjcai+ (Aa-/a-)systematjc, (3.2)

becausethe overlappingmeasurementsusedto estimateuncertaintieswere atforward-scatteringangles
wherestatisticaluncertaintieswerenegligible comparedto the estimatedinstrumentaluncertainties.At
morebackward-scatteringanglesit was necessaryto accountfor statisticaluncertainties,which should
enterapproximatelyindependentlyof instrumentaluncertainties.

A similar procedurewasfollowed for theA, data. We estimatedthe instrumentaluncertaintyfrom
the meanof the standarddeviationof A, measuredwith differentdetectorsatthe sameangle.ForA,
datatheseestimatedinstrumentaluncertaintiesweregenerallysmallerthanthe statisticaluncertainties.
The uncertaintyfor eachA, was thencomputedas
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AA2, = AA~(statistical)+ AA~(systematic). (3.3)

To estimatenormalization uncertainties,we evaluatedseveral possible contributions. The un-
certaintiesin a- arecomposedof uncertaintiesin the detectorsolid angleandtargetthickness,absolute
angle, and averageefficiencyof beam-currentintegration.Uncertaintiesin target thickness,basedon
standarddeviations of repeatedmeasurements,ranged from 1% to 6%. Only the uncertainty in
thicknesscontributedsignificantly to the normalization uncertainty.For A, data the only significant
uncertaintyin normalizationwas from the beam-polarizationdetermination.As discussedabove,except
for statistical uncertaintiesin the polarimeter data (<1%), the only normalization uncertainty in
polarizationwas in the effective monitor analyzingpower, about4%.

There aretwo waysto investigatethe absoluteuncertainties.The first is to compareour datawith
othermeasurementsof elasticscatteringat 16 MeV. We did this using a--datameasuredpreviously on
58’60Ni, 90Zr, 120Sn,and 208Pb [70], which havea statedaccuracyof about2%. The TUNL u(0) data
agreedwith thoseof ref. [70]within 5%. An alternativemeasureof reliability of the u-normalizationsis
the renormalizationestimatedfrom comparisonof the forward-scatteringangledatawith optical-model
predictions.For small renormalizations(<5%), studieswith syntheticdata (sections4.2 and4.3) show
that thisnormalizationfactor can be estimatedreliably by optical-modelcalculations.Renormalizations
suggestedby optical-modelfits to each target data setare generallysmall, on the order of 1%.

In view of thesecomparisons,and to assurerealistic accuracy in the data, we used a uniform
normalization uncertainty of 5% for all the 16 MeV polarized (p,p) a--data.We used a uniform
normalizationuncertaintyof 4% for theA, data,basedon the determinationof the monitoranalyzing
power, sincewe did not locate comparableA, measurementsandan optical-modelcomparisonis not
appropriate.

3.2.4. TUNL data excludedfrom the database
Threeof the 16MeV scatteringdatasetsexhibit significant resonantbehavior.The nuclei 208Pband

209Bi exhibit strong isobaric analogueresonances[71] near 16 MeV. Some previous optical-model
analyseshadincluded208Pb proton scatteringnear16 MeV and ignoredthe resulting inconsistencyof
the potentialat this energywith that at otherenergies[70,72].

We experiencedsimilar problemsin fitting the 40Ca(p,p)40Ca data. A previousattempt [52] to
describethe 16 MeV data with an energy-dependentoptical modelfor 40Ca, found that the 16 MeV
optical potentialwas inconsistentwith 40Ca parametersat other energies.Other attempts at such
analysesexperiencedseriousdifficulty with 40Ca elastic scatteringdata near the (p,n) thresholdat
16.2MeV [73].In addition,reactioncross-sectionmeasurementsshowoscillatorybehaviornear16 MeV,
just before the (p, n) threshold[73]. Becauseof such non-direct (p,p) scatteringfrom thesethree
nuclei, we decidedto excludethesedata from the global database.

3.3. Other datafor the database

The measurementconditions for the data setsother than the TUNL 16 MeV proton scattering
(section 3.2) are summarizedin table 4, and all the nuclei used are listed in table 5. We now
characterizethesedata.

3.3.1. TheEindhovenproton 17 to 27 MeVdata
The data for 17 to 27 MeV polarized(p,p) scatteringconsist of 42 pairs of a- and A,, angular
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distributions. They were obtained [74] from an extensiveelastic and inelastic scatteringdatabase
measuredat the EindhovenUniversity of Technology.The facilitiesand proceduresusedaredescribed
elsewhere[54,55, 75]. About onequarterof the Eindhovendatafor our databaseareshown in figs. 5
and 6.

The u(0) datawerenormalizedby comparisonwith optical-modelcalculations,andwere estimated
to be accurateto 5% by minimizing the best-fit estimatorwith respectto a single datanormalization
factor [54,76]. In particular, the techniqueusedin the Eindhovenanalyseswas to estimatethis factor
after eachiteration of the optical-modelsearchprogram.

Someof the datawe receivedwereonly approximatelynormalized,requiringus to re-estimatetheir
normalization.It was not appropriatefor us to usethe Eindhovenmethod[54], becauseof our search
algorithms,as describedin sections4.3 and4.4. Instead,we estimatedthe renormalizationby making
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Fig. 5. Protonelastic scatteringdataand CH89 fits for 20.4 MeV polarizedprotons, measuredat Eindhoven.See fig. 3 for details.
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Fig. 6. Proton elastic scatteringdataandCH89 fits for 22.3 MeV polarizedprotons,measuredat Eindhoven.See fig. 3 for details.

optical-model fits to the individual data sets, thenallowing the optical-model programto estimatea
best-fit renormalization.This techniquewas not reliable for all datasets.We fitted the data for 110Pd
and severalSm isotopesusing renormalizationfactorsthatdiffered from unity by 10% to 20%, in an
attemptto find the appropriatefactor. The fits with variousrenormalizationfactorsdifferedsignificantly
in the minimum valueof the least-squaresfunction. The optical-modelcalculations,however,consis-
tently estimateda renormalizationfactor of unity. Thus,for thesedata,the estimateof the renormaliza-
tion from the optical-modelcalculationwas accurateto only about20%.To compensatefor this failure
of the technique,we estimatedthe normalizationfrom the forward angle a-(0) data. Even this was
unreliablefor 110Pd and 152’154Sm, so we excludedthesedatafrom the databasesearches.

3.3.2. The ORNLproton data at 40 MeV
The datafor 40 MeV protonscatteringwereobtainedfrom Oak RidgeNationalLaboratory(ORNL)



86 R.L. Varner et a!., A globalnucleon optical modelpotential

[53,56,57]. Thesedataarenine angulardistributionsof o-(0) andA~(0)measuredatE = 40MeV. Most
of thesedataare shown in fig. 7.

The polarizedprotonbeamwas producedby scatteringan 81 MeV alpha-particlebeamfrom an H2
gastarget,using recoil protonsat an angle of 25.5°(with a polarizationof 0.89), or by scatteringan
unpolarized41 MeV protonbeamfrom a

40Catargetat anangleof 25°(with a polarizationof 0.27).The
advantageof the Capolarizerwas its higher efficiencyandthe solid target,which providedabeamwith
betterenergyresolutionthanby alpha-particlescattering.Most measurementswere madewith the Ca
polarizer.
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Fig. 7. Proton elasticscatteringdata andCH89 fits for 40MeV polarizedprotons,measuredat ORNL. Seefig. 3 for details.
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TheORNL u(0) andA,(0) dataweremeasuredin separateexperimentsbecauseof thelow intensity
of the polarizedbeam.The a--measurementsweremadein stepsof 2.5°,while A, was measuredwith
left-handand right-handdetectorpairs in anglestepsof about5°[57]. The target thicknesseswere
determinedby energy-lossmeasurementswith a 20MeV 3He beam,normalizationsdeterminedafter
the initial publication of the data [53]. Becauseof difficulties in determiningthe beampolarization,
thesedata havebeenassumedto havea 5% normalizationuncertaintyin both a- andA,,.

3.3.3. The RCNPproton data at 65MeV
The datafor 65 MeV protonscatteringwereobtainedfrom the large(p,p) datacollectionmeasured

at the ResearchCenterfor NuclearPhysics(RCNP) [58,59]. The u-dataandA,, datawere measured
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Fig. 8. Protonelasticscatteringdata andCH89 fits for 65 MeV polarizedprotons,measuredat RCNP. Seefig. 3 for details.
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simultaneouslywith a polarized proton beam, using left—right detector pairs. The a- data were
normalized by weighting the targets to obtain the target thicknessand by measuringthe detector
geometryto computethe solid angle[59]. Subsequently,the authorsrenormalizedthe u-datato best-fit
optical-modelcalculations.Estimateduncertaintiesare given in table 4, the targetnuclei areindicated
in table5 and aboutone-quarterof the 19 RCNP datasets areshown in fig. 8.

3.3.4. The TUNL neutron datafor 10 to 20 MeV
The polarizedneutronscatteringdatawereobtainedfrom the neutrontime-of-flight facility at TUNL

[60—63].This facility is uniquelycapableof measuringpolarizedneutronscatteringin the 10 to 20 MeV
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Fig. 9. Neutron elasticscatteringdata andCH89 fits for 14 MeV polarizedneutrons,measuredat TUNL. Seefig. 3 for details.
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energyrange.The techniquesusedto measureelasticand inelasticscatteringat this facility havebeen
thoroughlydescribedelsewhere[61,62], especiallythe multiple-scatteringcorrectionsrequiredbecause
of thelarge targetsusedin the low incident flux. The targetnucleimeasured,the energiesused,andthe
estimateduncertaintiesaregiven in tables4 and 5. Of the 19 TUNL neutronangular-distributionsets
abouthalf are shown in fig. 9.

3.3.5. The OUAL neutrondata for 10 to 26 MeV
The unpolarizedneutrona-(0) datawere measuredat the Ohio University AcceleratorLaboratory

(OUAL) in the energyrange 10 to 26 MeV. We obtainedthesedatafrom the National NuclearData
Centerat BrookhavenNationalLaboratory.Theyhavebeenpublishedpreviously [64] and somehave
been used in an optical-model analysis of neutron scattering[8, 23]. The targets, energies,and
estimateduncertaintiesare given in tables4 and 5. Onethird of the 36 OUAL a-(0) distributionsare
shownin figs. 10 and 11.
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Fig. 10. Neutron elasticscatteringdataand CH89 fits for 11 MeV neutrons,measuredat OUAL. See fig. 3 for details.



90 R.L. Vameret a!., A global nucleonoptical mode!potential

E0r2OMeV CUAL CUAL

l0~ -

I I I I I

102

— .4 4

~6Fel I11:23 ~ •,,,

to
3 —

102 —~ 92Mo - -

- 2 116Sn 24MeV -“4 I I
I0~

I02~~”

io3 •‘ 4 :: \\~~4MeV -

101I~.. - 101
t02 °0Mo 102

4, —

4 4
I I I I I I I I I I

0 60 120 180 0 60 120 180

8c.m. (deg)

Fig. 11. Neutronelastic scatteringdata and CH89 fits for 20 to 24MeV neutrons,measuredat OUAL. Seefig. 3 for details.

4. Optical-modelanalysisprocedures

In our analysisof elasticscatteringdatain the globalopticalmodelweuseda potentialparametrized
to reflect current understandingof the optical potential, as summarizedin sections1.4 and 2. Our
analysisprocedurethereforefocusednot on experimentationwith different forms of potentialparamet-
rization, but on eliminating termsin the chosenparametrization(section2) that arenot well determined
by the data, finding the best values of the remaining parametersreliably, then estimating the
uncertaintiesin theseparameters.

We soughtthe optical setof 20 optical-modelparametersfor the potentialdescribedin section2 to
describethe 292 angulardistributionsof a- andA, in our database(section3). To do this weneededa
fast, accurate,and efficient optical-model program, since more than60000 separateoptical-model
calculationswere typically madein a single global parameteroptimization.The procedurehadto search
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withouthumanguidance,morethana dozencorrelatedparametersin a highly non-linearmodel,since
we know of no way that a humancan comparedata and predictionsin 292 angulardistributionsand
reliably decidehow to changethe global parameters.

We also neededa function to describe the quality of fit, such that the best fit would be found
unambiguously.When the fit was found we neededto estimatethe parameterconfidencelimits and
correlationsbetweenparameters.Such estimateshave beenabsent in pastanalyses,yet they are an
essentialguide to usersof the parameters.

To meet these requirementswe constructedthe program MINOPT (see section4.1) from the
programsOPTICS,a nuclearoptical-modelprogram[76], andMINUIT, a minimizationprogram[34].
Testsof thesuitability of MINOPT for optical-modelparametrizationsaredescribedin section4.2. The
use of least squaresas the goodness-of-fitestimatoris justified in section 4.3. Finally, the search
proceduresaresummarizedin section4.4. The methodusedto estimatethe uncertaintiesis reservedfor
section5, while the resultsof the analysisaregiven in section6.

4.1. The optical-potentialsearchprogramMINOPT

Two programswerecombinedto produceMINOPT [14]— an optical-modelprogram,OPTICS,and
a function-minimizationprogram, MINUIT. In the following we summarizetheir features,then in
sections4.2 and4.3 we describehow MINOPT was used in the global-parameteranalysis.

4.1.1. Theoptical-modelprogram OPTICS
The program OPTICS is a small, efficient nuclear optical-model programfor computing elastic

scatteringobservablesfor light structurelessprojectilesof spins0, 1 /2, or 1 [76]. OPTICSnumerically
solvesthe Schrödingerequationcontainingthe opticalpotentialdescribedin section2.2. It predictsa-
andA, (or a-A,), thencomparesthem with the correspondingdata by calculatinga goodness-of-fit
function. The numerical integration techniqueusedis a modified Numerovmethod[77]. The time-
intensivepartsof OPTICSwereoptimizedfor bestperformanceon eachof the severalcomputersused.

Many featuresin OPTICS make it ideal for use in global searches.It automaticallyadjuststhe
matchingradiusandthe maximumpartial wavein a calculationto helpminimize the calculationtimein
searchesover awide rangeof incidentenergyandtargetmass.The a- andA, (or a-A,,) dataareallowed
to havedifferent weightsin calculatingthe best-fit estimators.OPTICScan renormalizedata,usingthe
currentoptical-modelcalculationto estimatethe minimumof the least-squaresfunction for the dataset
with respectto its normalization[76]. We preferredthis techniqueto that usedin someoptical-model
programs,in which the normalizationis adjustedafter each iterationof the searchprogram[54].The
latternormalizationadjustmentreducesconsiderablythe value of the iterative minimizationtechniques
we used (section 4.1.3), which assumethat thereis no changein the shapeof the parameterspace
duringthe search.The net effect of such“on-the-fly” renormalizationis to confusethe searchandslow
the convergencesignificantly.

OPTICScan includeMott—Schwinger(magnetic-dipolescattering)correctionsto neutronscattering.
We observedthat thesecorrectionshaveno significant effect at most angleswhereneutronanalyzing
powersare measured,so theywere excludedfrom this analysisbecausetheyincreasethe computation
time.

4.1.2. Theoptimizationprogram MINUIT
To performthe work of parameteroptimizationweadoptedMINUIT, the well-developedminimiza-
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tion systemfrom CERN [34], ratherthanwriting our own optimizationprogram.The developmentof
suchprogramsrequiresmuchexperiencein thenumericalpropertiesof variousoptimizationalgorithms,
and a variety of differentalgorithmsthatare effective at differentdistancesfrom the minimumof the
quality-of-fit functionshould be employed.Thesefeaturesexist in MINUIT, andarewell documented
for users[34]. MINUIT is also capableof automaticallyswitching betweenalgorithms when there
appearto be problemswith the convergenceof the search.

4.1.3. Minimization algorithmsin MINUIT
The proceduresusedin MINUIT for optimization (function minimization or point estimation)are

describedin detail elsewhere[34,78,79]. Theseareimplementedsuchthatwe only needto provide a
function whose value is a minimumwhen the bestoptical-modelfit hasbeenobtained.We discussin
section4.3 our choice of that best-fit function. The various routines for function minimization in
MINUIT areapplicableunderdifferentassumptionsaboutthe function to beminimizedandthe quality
of the fit at the searchstartingpoint, as we now summarize.

A Monte Carlo techniqueof randomlysamplingpointsin the parameterspaceis usedwhenthereis
no prior knowledgeof the best-fit functionor the starting point in parameterspace.

The simplexalgorithm [34,79] is usedwhen the starting point is relatively far from the best fit. It
dependsonly on successiveevaluationsof the best-fit function, and makesno assumptionsabout its
shape,suchas beingparabolicin eachparameter,which might hold only neara minimum.The simplex
algorithm works by calculating the quality-of-fit function at n + 1 points in a minimization with n
parameters(forming a simplex in the n-dimensionalspace),then searchingalong a line from the
worst-fit point through the center-of-massof the other n points. The algorithm specifies three
alternativesteps,one to outsidethe simplex, one twice as far in the samedirection,or one inside the
simplex.The bestof the new points,that with the minimumfunctionvalue,is addedto thesimplex, and
the worst-fit point is discarded.The methodis stoppedwhen the stepsizesare below a user-specified
minimum.

The simplexmethodis very robust,but gives little information aboutthe curvatureof the function,
so it mayhavetrouble nearaminimumby steppingbackandforth overthe optimumvalues.We used
the simplexwhen starting searchesfrom a completely new set of parameters.This algorithmis also
invoked by MINUIT when thereare problemswith the convergenceof the variable-metricmethod.

The variable-metric method, which we used most often for optimizing parametervalues, is a
gradient-basedmethod[341,which finds roots of the gradientof the quality-of-fit function, Q2 (section
4.3), with respectto the parameters.This is doneby making a quadraticapproximationof Q2 in terms
of eachvariedparameter,which holdsonly closeto a minimum [78].From thisassumptionanestimate
of Pmin’ the parameterset that minimizes Q2, maybe found from the expression,

p. p
0Vg, (4.1)

in whichp0 is the currentsetof parametervalues,the covariancematrix Vis the inverseof the matrixof
secondderivativesof Q

2 with respectto the parameters,andg is the gradientof Q2 evaluatedatp
0.

In the variable-metricmethod V is not directly evaluatedat each iteration, which would be time
consumingand not alwaysuseful atanysignificant distancefrom the minimum, sincethis is a quadratic
approximation.Instead,it makes an initial approximationto V, exactly evaluatesthe gradient,then
searchesfor a minimumalongthe directionpredictedby eq. (4.1).The approximatecovariancematrix
is correctedafter eachiterationby an updatingformula, which includesthe resultof the search.This
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techniqueis generallyvery stable,andit producesa covariancematrix that may be used to estimate
parameterconfidencelimits andcorrelations[34] The variable-metricmethodstopswhentheestimated
distanceto the minimum and the averagefractional changein the covarianceare both less than
user-specifiedvalues.

4.2. Studiesusingsyntheticdata

Early in the developmentof MINOPT, we studiedthe suitability of MINUIT for the problemof
global optical-modelparameterdetermination,particularlyits consistencyandstability. Testswerealso
madeto evaluatealternativesto least-squaresas a quality-of-fit function. To bestcarryout thesetests,a
global databasewas neededthat could be well describedby the opticalmodel andfor which the best
possiblefit was knownwithout question.

The tests we developedused a set of synthetic data,generatedfrom an arbitrary, global optical-
modelpotential.The sourcepotentialwasa realisticpotentialbasedon preliminaryfits to protonelastic
scattering.The calculateddata setswere 16 MeV proton scatteringfrom 60Ni, 90Zr, 120Sn, ‘38Ba and
208Pb.For each targetnucleus,optical-modelangulardistributionsof a-(0) anda-A,(0) werecalculated
in 5°stepsfrom 25°to 170°.This closelyemulatedthe 16 MeV TUNL proton scatteringdata (section
3.2), thus facilitating later comparisonof the testsand actual fitting. For calculatingthe quality-of-fit
function, arbitrary,uniform uncertaintiesof 2% for a-(0) and of 0.01 for A~(0)valueswere assigned;
thesewere thencombined in the samemanneras uncertaintiesfor the true data (section 3.2.3) to
generateuncertaintiesin a-A,.

To provide test data that simulate problemstypical of the elastic-scatteringdatabaseswe used
(section3), we modified the syntheticdatabasein two ways. First, we multiplied eachdata point by a
randomnoisefactor,distributednormallywith astandarddeviationof 0.05 andmeanof unity. We did
not changethe assigneduncertaintiesafter the addition of noise, reflecting the usual experimental
situation,in whichone’sknowledgeof uncertaintiesis incomplete,alack that caninfluencethe estimate
of the best fit. Secondly, we modified each angular distribution by multiplying it by a random
renormalizationfactor.Thesefactorswerenormallydistributedwith a standarddeviationof 0.05and a
meanof unity, onefactor for eachangulardistribution. The uncertaintiesassignedarerepresentativeof
thosefor our 16 MeV (p,p) data describedin section3.2. The modificationsto the syntheticdatabase
provided a very realistic test of the searchmethods, especiallyfor effects resulting from database
deficiencies.

4.2.1. Testsof MINOPTstability
We tested MINOPT stability by starting a search from parametervalues relatively far from the

sourcepotentialandthenobservingthe programbehaviorin finding the best fit to the syntheticdata.
The startingparameterswereselectedby threedifferentprescriptions:(1) 10% changesin components
of the potential(real, imaginaryor spin—orbit), leavingall the othertermsattheir optimumvalues,(ii)
changing11 of the potentialparametersaway from their optimum valuesby aconstantfraction (e.g.,
10%), and (iii) changingthe potentialparametersto exploit the knownparametercorrelationsin the
opticalpotential, such as V~R~, W,a~,and V~

0R,0[6]. Suchchoicesof starting parametersprovided a
reproduciblemeansof biasingthe searches.

The syntheticdata studieswere madeusingthe variable-metricmethod,minimizing the sum of the
best-fit function Q

2 (section4.3) from both the a-(0) andthe a-A,(0) data, searchingfor 11 parameters
simultaneously.The studiesrevealedthat stability of the searchrequirescareful selectionof starting
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valuesof the real central-potentialparameters.In general,searchesthatstartedwith the real potential
depth, radius,anddiffusenessparametersmorethan5% different from the generatingpotentialwould
not convergein asearch,andwould produceparametrizationsthat did not fit the datawell. Suchfits
correspondedto local minima in regionsdistant from the true potential,often referredto as “discrete
ambiguities” [6].

4.2.2. Testsof searchstrategies
For startingpotentialswith real termslessthan5% different from the sourcepotential, testswith the

synthetic databaseshowedthat two types of strategieswere useful: (i) searchingfor all parameters
simultaneously,and (ii) searchingseparatelyon the central and spin—orbit potential. If the search
convergedsuccessfully,strategy(i) waspreferable,yielding final parametervaluescloseto the best-fit
potential in the least time. When strategy(i) failed to converge,the more complex strategy(ii)
generallysucceeded.Use of this searchmethodusually produceda potential parametrizationclose
enoughto the best-fit potentialto enableuseof strategy(i) in a subsequentsearch.

Uniform, upwardrenormalizationof all datasetsby 5% did not affect the ultimate parametrization,
althoughsubsequentestimatesof the renormalizationsweregenerallynot correct. If the a--datawere
renormalizedby 10%,the searchwould not converge,showingthe importanceof correctcross-section
normalizationto aboutthe 5% level, whichis aboutthe levelattainedby ourdatabase(section3). Even
if MINOPT did not signal thatit hadconvergedto aminimum, it usuallyhadreachedapotentialclose
to the sourcepotential.This highlightsa caution in dealingwith this searchalgorithmin MINUIT, that
severalsearchiterationsarerequiredbefore thereis enoughinformation to detectconvergence.

4.3. Best-fitestimators

Oncewewere generallysatisfiedwith the behaviorof the optimizationsoftware,we hadto choosea
quality-of-fit function thatwould enableus to find the bestparametrizationefficiently. This function is
referredto in statisticsas an estimator.A major deficiency of MINUIT andmost automatedfitting
proceduresis that only a singlenumberis used to characterizefit quality. The obviouschoiceof this
estimatoris the sum of error-weightedresidualssquared,that is,

[X~T~(J~)] , (4.2)

in which x. denotesan elementof the set of Ndata, T1(p) is the optical-modelpredictionfor the datum
x. basedon the vectorof parametersp, andAx1 is the estimatedstandarddeviationof the measuredx,.
Estimation of the bestvalues of the parametersby minimizing Q

2 is called the “methodof least
squares”.

If eachterm of Q2 is normallydistributedwith astandarddeviationof one anda meanof zero, Q2
hasax2 distribution.Fromthisdistributionthe reliability of the extractedparameterscan becalculated.
This has leadto the goodness-of-fitmeasureQ2 beingoften referredto as ~ although this is not
generallytrue [80].To clarify this difference,andbecausewefound (sections5.1.3,6.2)that Q2 did not
havethesedesirablepropertiesfor our global parametrization,we havenamedit differently.

For the global optical-model potential, we thought that the least-squaresmethodmight hinder
finding the bestfit, especiallybecauseof the effect of outlying datapointson fit quality. The minimum
Q2 value,~ hassignificant contributionsfrom datathat the model is not able to describe,suchas
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changesin angular distributions from strong channel coupling or from systematicerrors. These
contributionscould easilymaskeffectsof adjustingthe opticalmodelto fit themajority of datathatare
well described.

We thereforeexaminedtwo othergoodness-of-fitfunctions,whichmight reducethe emphasisof such
outlying points:

~ max(0,ln{[x~ — T~(p)J2/A4}), (4.3)

~ [x~- T
1(p)]/Ax~I. (4.4)

Thesefunctionsmakea calculatedvalue far from a datapoint contributelessstrongly thanto Q
2. In

function (4.3), the logarithmictransformationcould makenegativecontributionsto the goodnessof fit,
so it is constrainedto be positive. The function (4.4) has beenmentioned [80] as a possible fitting
function,especiallywhenthe tail of the underlyingdistributionof parametersis wider thanthe usually
assumednormaldistribution.

Thesegoodness-of-fitfunctionswere testedwith syntheticdatasimilarly to thosedescribedin section
4.2,for the least-squaresfunction (eq. 4.2). In all casestested,the convergenceof the simple Q2
function was muchfasterthan that of the alternativefunctionsin eqs. (4.3) and (4.4). Searchesusing
thesenew fitting functionstendedto be relativelyinsensitiveto thebest-fit potentialparameters;we had
succeededtoo well and hadlost sensitivity to eventhe good data.

In view of these negative results, we tested modifications to the fitting function that added
information to Q2, particularlyinformation about the relative phasebetweendata and calculation,to
which visual fitting is usuallysensitive.To measurethe relativephases,we programmedacomparison
of the locations of extremain the calculatedand measuredangular distributions, including this
informationwith the Q2 function as a penaltyterm [34]. This strategyhinderedrapid convergenceof
the fit; our techniquewas inaccurate at locating extremabecauseof the relatively large angular
separationsof the data points for many of the data sets comparedto the separationof extrema.
Consequently,we choseto staywith the least-squarescriterion, the minimizationof Q2 in eq. (4.2), to
measurethe quality of fitting.

4.3.2. Leastsquaresand data normalization
In our preliminary fits of a global opticalpotentialto thedatabase(section3), weobservedthatthere

were largecontributionsto the least-squaresfunction Q2 from datathat eithercannotbewell described
by any optical model (suchas data with compoundelastic scattering)or thatmight havesubstantial
errors in the assignmentof data uncertainties.For somedata setsQ~valueswere relatively large,
evenwhenindividually fitted by anoptical-modelpotential.An exampleis the 90Zr(p,p)90Zrdatasetat
16 MeV. The bestindividual optical-modelfit to thesedatawasvisually quite good,but Q~was much
largerthanthe averagefor the entiredatabase.This arosefrom unusuallysmallestimateduncertainties
in thesedata. For the 16MeV data, an estimateof the instrumentaluncertaintieswas includedin the
variances,as discussedin section3.2. For otherdatasets,exceptingthe RCNP data, the uncertainties
are purely statistical.

To addresstheseproblems,the contributionof thejth angulardistribution, Q ~, to the global Q2
function, Q2(global), was renonnalizedby dividing it by Q~(min)obtainedin a local (non-global)
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optical-modelfit. Thus, for Nd data sets,we have

Nd

Q2(global)= >~Q~IQ~(min). (4.5)

This procedureapproximatelyaccountsfor both factorsmentionedabove,namely, the validity of the
opticalmodelandthe errorin the data uncertainties.It is not difficult to obtainsuchfits, sincewe were
not interestedin globally consistentvalues of such optical-model parameters.Where possible,we
comparedour fits andthe associatedQ~(mm) valueswith thosepublishedfor thedatasourcesin section
3.3. Theywereusuallysimilar. The reciprocalsof the Q~(mm) valueswereusedas theweightsfor each
data set in the global fits.

The results of this weighting procedureare that each data set in the global parametrization
contributesunity to Q 2(global)whenthe global model fits aswell as the local modelusedfor Q~(min),
andall the datasetsin Q2(global) areequallyweighted.Althoughthisprocedurerequiresextrawork, it
is a realisticway to obtainglobal parametersunbiasedby datauncertaintiesthathavebeeninapprop-
riately estimated.No attention was given to this considerationin previous global optical-model
analyses.

4.4. Searchprocedures

There were two componentsto our searchprocedure;(i) the selectionof subsetsof the data for

varioussearches,and (ii) strategiesin usingthe searchprogram.We now summarizethesetwo aspects.

4.4.1. Selectionof data
Becauseof the enormoustaskof searchingon the global databasedescribedin section3, we initially

performedrestrictedsearchesto establishreliable starting values for the global potential.We either
selecteddata setsfrom largedatasetsat asingle energycontainingmanytargets,usuallyfrom a single
laboratory,or we selectedtargetnuclei with dataatmanyenergies,including both (p,p) and(n, n). In
the first case,therewere,for polarizedproton scattering,the 16MeV data (TUNL, 20 datasets),the
20.4MeV data (Eindhoven,22 datasets),the 40MeV data (ORNL, 9 datasets),andthe 65 MeV data
(RCNP,20 data sets); for neutronscatteringwe usedthe unpolarized-beam11 MeV data (OUAL, 23
data sets).

Searcheswere performedfor eachset of data independently,with the intent of determiningthe
energydependenceof the optical parametersby comparisonof valuesat different energies.These
searcheshelpedestablishstarting valuesfor the global searches(section4.4.2). Theadvantageof using
thesedata setswas that variancesof the data are likely to be consistentwithin one laboratory.A
significantdisadvantagewas thattheyweremeasuredwith only oneprojectile isospinandoneincident
energy. It was thereforedifficult with such data setsto separateisospin, Coulomb,or A-dependent
effects, as discussedin sections2.3 and2.4. Therefore,useof suchdata only guidedthe estimationof
simple isoscalarpotentialterms.

To studythe effectsof energydependenceandisovectordependenceon the global parametrization,
we useddatafor single isotopesmeasuredat severalenergieswith both protonandneutronscattering.
The bestcaseswereisotopesof Fe (21 datasets),Ni (20 datasets),Zr (4 datasets),Sn (23 datasets),
and Pb (8 data sets). As mentionedin section 3.2.4, nuclear structurevariations may cloud the
interpretationof suchsearches,but they providedour beststartingparameters.
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The first largedatabasewas formed by mergingthe single isotopedatasets.This createda database
that representedthe full rangeof A, E, andprojectileisospinin theglobal database.To thesewe added
all the TUNL proton-scatteringdata, the RCNP data,andsomeneutronscatteringdata. The resulting
databaseof 75 data sets was used to establish reasonableparametervalues and to confirm the
convergencepropertiesof MINOPT (sections4.1, 4.2) for a global database.The ultimate global
databasecontained155 data sets.

4.4.2. Final fitting methods
Fromthe synthetic-datastudies(section4.2) and subsequentwork with the global database(section

4.4.1),it becameclearthata simplestrategyin MINOPT searchesis the best, that is, allow it to search
simultaneouslyon as many parametersas appearwell determinedby the data. Wheneverthe search
seemsunstable,the numberof parametersmust be reduced;elimination of the spin—orbit potential
parametersfrom the search is usually sufficient. In searchingon the global database(as opposedto
small subsetsor the test data),such instabilitieswere neverencountered.

Our approachdiffers from that usedin othernucleonoptical-modelanalyses,in which the searchwas
guidedby graduallyincreasingthe numberof parametersused, in an attempt to avoid optical-model
ambiguities[8,62]. In our searcheson the global databaseusing MINOPT, such proceduresslowed
convergence.

We beganourglobal searchwith the postulatedparametrization,initially derivedfrom folding-model
estimatesand phenomenology(section2). We madethesesearcheson subsetsof the global database,
usuallychosento reflect strongly someproperty of the global modelwe wishedto investigate,suchas
isospin dependence.After oneor two searches(starting the secondsearchfrom the endpoint of the
first), the parametervalues usually stabilized.We thenexaminedthe searchresultsto determinethe
next step in the process,for example,removingpoorly determinedparametersfrom the search.

Oncewehada reasonableideaof theresultsto expectfrom the subsetsearches,we usedthe entire
global database,searchingand refining as above, to obtain the final global parametrization.Un-
certainties and parametercorrelationswere then estimatedby the bootstrap statistical analysis
describedin section5. The best-fit parametervaluesandtheir uncertaintiesarepresentedanddiscussed
in section6.

5. Estimating optical-modelparameteruncertainties

The studyof the nucleon—nucleusopticalmodelhasnowreacheda sophisticatedlevel in understand-
ing its theoretical underpinnings(sections 1.4.1 and 2) and in the precision of elastic-scattering
observables(asin section3). Therefore,it is now desirableto estimatereliably the uncertaintiesof the
optical-model parametersand the correlationsbetweenthem. These quantitieshelp to assessthe
significanceof comparisonsof theoreticalmodelsof the opticalpotential (section2.1) with empirical
potentials,as well as to gauge the reliability of predictionsderivedfrom thesepotentials.However,
therehasbeenno previoussystematicattemptto evaluateglobaloptical-modelparameteruncertainties
andcorrelations.

In the following subsectionswe review relevant conceptsfrom statisticsand probability theory
(section5.1), we introduceandillustrate the bootstrapmethod(sections5.2, 5.3), thenin section5.4
we showhow we applied it to estimateparameteruncertaintiesand correlationcoefficients.
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5.1. Relevantstatisticsand probability theory

The usualideaof a statisticaluncertaintyis that repeatedmeasurementsof a quantity vary randomly
aboutits expectationvalue (meanvalue).Thesemeasurementshavea distribution,and onesometimes
usesits width as an estimatorof the uncertainty.The width of the distribution is taken from the
interval, centeredon the mean,which containsa given fraction of the total probability for observing
that qu4ntity. Since the parametersof our optical-model potential are derived from data with
uncertainties,they would haveuncertaintiesevenif the modelwere perfect.

A commonmeasureof the uncertaintyof a quantityx is the standarddeviation,

1/2

(5.1)

where.~estimatesthe meanvalueof x from Nrepeatedmeasurements.If the distributionof the x1 over
= 1, 2,. .. , N is normal (Gaussian)the standarddeviationis thehalf-width of anintervalthatcontains

68% of all the observations,that is, the probabilityP(i — a- < x< ~ + a-) = 0.68 [81]. For distributions
that arenot normal thereis no apriori relationbetweenthe statistica- andthe probability P, afact that
is often ignoredby physicists. As examplesof non-normalparameterdistributions,section6.2 shows
skeweddistributionsof optical-modelparameters.

If two or more parametersarejointly (simultaneously)estimated,the probability statementfor the
standarddeviationmustbe qualified, evenfor normal distributions.The probability contentof the ±a-
interval dependsupon the estimatesof all the other parameters[80]. Thus some estimatesfor the
parameterx that are within ±a-~of the meani are associatedwith otherparametersy, with mean~Y,

which lie outside their ±a-, interval. To make a statementabout the joint probability of the n
parametersrequires evaluationof the joint n-dimensionalprobability distribution. Generally, the
probability

~

is much smaller than the individual probabilites for the x- and y-distributions separately.Such

considerationsleadto the notion of correlationcoefficients.
5.1.1. Correlation coefficientsand their uses

If two or morequantitiesaremeasuredsimultaneously,boththe uncertaintyin eachandthe degree
to which variationsin oneparameter,x, can affectdeterminationof another,y, should be described.
The relation betweenx andy is usually describedby the correlation coefficient,estimatedby [81]

1/2

~ , -l~p~l, (5.2)

in which the sum is over N repeatedmeasurementpairs (x1, y1). Here p = + 1 indicates perfect
correlationof xandy in the samedirection,andif p = —1 they arecorrelatedin opposition.Correlation
coefficientsareusefulin two ways: (i) as a measureof the interdependenceof two variables,and(ii) in
the propagationof uncertaintyfor functionsdependingon bothx andy.

For the opticalpotential,we can examineparametercorrelationsto discoverwhich parametersare
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closely linked and subject to the various ambiguitiesthat plagueoptical-model parametrization.For
example,giventhe observationthatVrR~ constantfor the real potentialis anambiguity[6], we expect
to see strong negative correlationsbetween Vr and R0, indicating that a change in Vr can be
compensatedby achangeof oppositesign in R0 without significantly changingthe quality of fit. Note
thatp(V,, R0)= —n/In I for the aboveambiguityprovidedthat the fractionalvariationsof 14 andR0 are
not too large.Thus,p — —1 for any positive n.

When computingthe uncertaintyin a compositequantity,g, from two correlatedvariables,x andy,
we shouldaccountfor their correlation.Thus, the standarddeviationof q, a-q~is obtainedfrom [81,p.
175]

= (~)~a-~+ (~)~a-~+ 2 pa-ta-,,. (5.3)

We haveverified that, to avery good approximation,q maybe expandedaboutits meanvalueto first
order in x — I and y — j7. Equation (5.3) is independentof the distributions of x andy, but the
probability of aninterval basedon the calculatedvalueof doesdependon thesedistributions.This
equationhasa straightforwardgeneralizationto functionsof more thantwo variables.At p ±1, the
extremesof the uncertainty,

(5.4)

are reached.For example, in the local optical model, with q a volume integral (section 2.2), x a
potentialdepthandy its radius, p is close to —1, so uncertaintiesin the volume integralsare much
smallerthanin depthsandradii separately,in agreementwith previousobservations[26].For theglobal
opticalmodel, section6.2 showsthat the correlationis weaker.

Whatvaluesof p in eq. (5.3) aresignificant?Considerthe commoncasein which q is formedfrom a
productof powersof x andy. If the fractional uncertaintiesin x andy are comparable,then the
fractional uncertaintyin q is scaled by at most (1 + p)”

2 relative to its value when correlationsare
ignored. More generally, when q is calculatedfrom n parameterswith fairly constantcorrelation
coefficientsbetweenthem (meanvaluep5), the fractionaluncertaintyis scaledby about [1+ (n — 1 )j~]112

Forexample,to makean errorof lessthan50% in the fractionaluncertaintyof the real centralvolume
integral (in which thereare six terms),one shouldinclude thoseparameterpairshaving p~� 0.2. As
shownin section6.2, uncertaintiesin estimatingthe correlationslimit the precisionof suchcalculated
compositeuncertainties.

5.1.2. Uncertainty estimatesandprobability
Estimatesof the standarddeviationsandcorrelationcoefficientsarenot usefulunlessthe probability

contentof the interval, p. — � t. sp
1 + a-,, in which t1 is the “true” valueof the parameterp., can be

estimated.To do this onemusteither know, or assume,a probabilitydistribution. Forexample,for the
normal distribution there is a 68% probability that the true value of p, is within ±1 a- of the
most-probablevalue. For linear relations betweendata and parameters,normally distributed un-
certaintiesin dataimply normally distributeduncertaintiesin parameters.Fornon-linearrelations,such
as that between the elastic-scatteringdata and the optical-potential parameters,the probability
distribution of parametersmust either be assumed(parametricstatistics)or determinedusing the
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techniquesof non-parametricstatistics.We first discussthe normal-distributionstatisticsassumedfor
the error analysesprovided by MINUIT [34,78, 83], then in section 5.2 we describe bootstrap
non-parametricstatistics.

5.1.3. Relevanceto optical-potentialparameters
If we assumethat the parameters,p,, of the opticalpotentialobey a normaldistribution, thentheir

standarddeviationscan be estimatedfrom the covariancematrix, V, calculatedby MINUIT (section
4.1.3). The standarddeviationsof the parametersp1 are estimatedas

(5.5)

and their correlationswith otherparametersareestimatedby

p(p1, p.) = V/(VV)~
2 (5.6)

MINUIT estimatesof standarddeviationsandcorrelationsare not obtainedby directly examiningthe
distributionsassociatedwith the parameters,but by assumingthe parametersto be normally distributed
and then relating a- of eachdistribution to the derivatives of the best-fit function, Q2(global) in eq.
(4.5),with respectto the parameters[82].

For an optical-modelfit to a single angulardistribution,in which statisticsdominatesthe experimen-
tal uncertainties(excluding anoverall normalizationuncertainty)andfor which the modelcan beforced
to describe the data, the parameteruncertaintiescan be reliably estimatedfrom such parametric
models,assumingthat Q2 hasax2 distribution. We haveverified this by fitting single datasetsof a-(0)
andA,(0) using MINOPT; it is also the experienceof most usersof optical-potentialsearchcodes.

When the opticalmodel is usedto fit severaldatasetssimultaneouslyin global parametrizationssuch
as CH89, severalproblemshinder the interpretationof uncertainties.The two main difficulties arethat
thereareusuallysystematicdata uncertaintiesnot accountedfor by the statisticaluncertaintiesusually
reported(sections4.2, 4.3), and suchglobal parametnzationscannotbe expectedto describeall the
data accurately.Most experimentersreportonly the statisticaluncertainties,becausethey attempt to
minimize systematicuncertaintiesin their data.Nevertheless,since the elastic-scatteringmeasurements
arenow usuallymadewith high statisticalprecision,non-statisticaluncertaintiescan becomeimportant,
especiallyin the normalizationof data (sections3, 4.2, and 4.3). Omission of theseeffects from the
uncertaintiesresultsin higher contributionsto Q2(global)in eq. (4.5) for somedatathanfor others,so
that Q2(global)no longer hasan analytic,statistically straightforwardinterpretation,sinceit doesnot
havea x2 distribution,as discussedin section4.3.

Beyond suchproblems,which can be approximatelycorrectedby the Q2 renormalizationdescribed
in section4.3.2, the purposeof a global optical model is to describe,on the basis of well-justified
physics (sections 1.4, 2.1), a large body of elastic-scatteringdata by a relatively small numberof
parameters.(In our analysisabout 9000 data are describedby 20 parameters.)The parametersare
assumedto vary smoothlywith Z, N, projectiletype (p or n) andenergyE, yet it is clear that the data
contain local effects of shell structure and collectivity, which cannot be describedin any simple
systematicway within this model.Theinability of the globalopticalmodelto describelocal variationsin
elasticscatteringcontributesto the least-squaresminimizationof anon-statisticalway.

However, it is still very useful to estimateuncertaintiesin the potentialparameters.One might ask,
“How different would the parametersof the global model be if anotherresearcherwith a similarly
extensive,but different, databasewere to use a similar parametrization?”In the initial global
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optical-model analysis,CH86 [13,14], different methodsof estimatinguncertaintiesusing MINUIT
producedcontradictoryresults. Eventually,without assumingthat the searchprocessgives accurate
variances,or that the probability content of the Q2 statistic is reliable, we found how to estimate
parameteruncertaintiesand correlationsreliably betweenparameters.This is the main difference
betweenthe CH86 and the presentCH89 parametrizations.

5.2. Thebootstrapuncertaintyanalysis

A recently inventedtechniquefor model-independent(non-parametric)statisticalanalysisis Efron’s
bootstrap[83,84]. A pedagogicalintroductionto bootstrapsis providedin a ScientificAmericanarticle
[85]. Originally, the bootstrapwas usedto estimate“standarderrors” in simple statisticalquantities,
such as meansand correlationcoefficients, for data with unknowndistributions.More recently, it has
been used, for example, to analyze clustering of galaxies [86]. To our knowledge, this global
optical-modelanalysisis the mostcomplexuncertaintyanalysisto usethe bootstraptechnique.

The bootstrapsimulatesmanyrepeatedmeasurementsof the databy creatingnew data setsof the
samesize as the original, using randomsamplingwith replacement.That is, given a set of N data,

(5.7)

andaquantitythat dependson D, X(D), we createK new datasetsrandomly.Thus, thejth one(D
1)

mayhave,for example,d1 appearingtwice and d5 deleted,

(5.8)

and,correspondingly,Xi,. = X(D ~‘). The distributionof theX~indicatesthelikely spreadof theX-values
if the experimentwere repeatedK times. The width of this distribution is estimatedby the standard
deviation

a-(~)= (~1 ,~ - X)2) (5.9)

in which X is the meanof the bootstrapsamplesX1.
To obtain reliable parameterdistributions in the applicationof the bootstrapto CH89, several

hundredresamplings,K, wererequired. In our analysiseachd. is an angulardistributionof a-(0) and
(usually) of A,(0) or a-A~(0).The X’s are optical-modelparameters.Therefore,since the parameter
searchis computationallyintensive,a bootstrapanalysisfor global optical-model parametersis time
consumingand expensive.

5.3. A simpleexampleof the bootstrap

As a straightforwardexampleof the bootstrapappliedto estimatingparameterconfidenceintervals,
considera linear relation betweentwo parametersbut with superimposedrandom fluctuations.The
parametersare interceptand slope,with their uncertainties,anda coefficientof correlation between
them. In this examplethe uncertaintiesand correlationcan also be estimatedanalytically from the
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methodof leastsquares,providing a checkon the bootstrap.Usingthe bootstrappeddatawe can also
demonstratesomepropertiesand applicationsof the correlations.

The model functionwe chooseis y= x so that the interceptb = 0 and the slopem = 1. From this
modelwe generateN = 100 syntheticdatapoints,y, for x= 1, 2,. . . , 100. Analogously to our studies
usingsyntheticoptical-modeldata(section4.2),we simulateuncertaintiesin the databy addingto each
y a random number, chosen from a normal distribution with mean zero and standarddeviation
a-(y) = 5. These data and the least-squaresbest-fit line are shown in fig. 12a. The line, with its
analytically estimatedstandarddeviations,is

y= (1.2 ±1.0) + (0.98±0.02)x.

The analytically estimatedcorrelation coefficient,p(b, m) = —0.9, indicating that small increasesin b
can be almost completelycompensatedby a decreasein m, as is evident from geometry.

For bootstrapestimatesof parameteruncertainties,we select K = 100 bootstrapsamplesof the
original data. Eachsample has N= 100 data points, and a least-squaresfit is performedfor each
sample.The distributions of b andm aroundtheir respectivemeans,b0 andm0, shownin figs. 12b and

a) b)!flfl

+ b

X b/b -1

0

c) ci)

: .....~, ~

m

rn/rn-i b

Fig. 12. Resultsof thesimple bootstrapexamplewith noisy, linear data: (a) thestraight-linedatapoints, shownwith the least-squaresbest-fit line;
(b) thebootstrapdistributionof the intercept,b, scaledto containvaluesof b within 100%of thebootstrapmean,b0 (c) thebootstrapdistribution
of theslope,m, scaledasb, relative to the mean slope,m,; (d) a scatterplotof m againstb, to display correlationin the determinationsof the
coefficients.The correlationcoefficient of m andb is determinedfrom the datain thescatterplot to be p(m, b) —0.8.
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12c areusedto estimatethe parameterstandarddeviations,Ab = 1.0 andAm = 0.02, in agreementwith
the analyticalresult above. The correlation coefficient from the bootstrapdata, using eq. (5.2), is
p(b, m) = —0.8 for the scatterplot shown in fig. 12d. Thus, in this simple example the bootstrap
essentiallyagreeswith the analytic resultsbecauseof the linearity of the model, but with a 100 times
greatercomputationaleffort.

5.4. Bootstrappingfor optical-potentialuncertainties

For theCH89 optical-modelanalysisweextendedthe bootstraptechniqueto addressthe problemof
parameteruncertaintiesby taking the original database(section3) and selecting data setsrepeatedly
with replacementto constructnewdatabases,eachwith the samenumberof datasetsas the original,as
in eq. (5.8). For each new database,we estimated,using MINOPT (section 4.1), the best set of
parametervalues for a global fit. The distributionsof theseparametersareshown in fig. 13.

V0 Vt Ve J~iJ r0 r0~°~

a W~~0 Wveo Wvew jç~ Wso

~ _
r~i~l Wseo ~i1 Wsew ,~t r

ws ws

~ _
~ IL ~ ~ asor~~

x=p/p0 -1; -O.2<x<O.2
Fig. 13. Bootstrapdistributionsof theCH89 optical-modelparameters.The horizontalaxesshowx = P’Po — 1, wherep0 is themean valueof the
parameterin thebootstrapdistribution. They arescaledto showx-values within the interval [—0.2,0.2]. Thepoint x = 0 is shownby thedashed
line. The solid lines show the standarderror interval. The bootstrapwasperformedwith 300 samplesof the 300 angular-distributiondatabase.
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Given the empirical parameterdistributionsfrom the bootstrapcalculations,we thenestimatedthe
uncertaintiesof eachglobal optical-modelparameterasthe half-width of the interval containing68% of
the probability of the distribution, centeredsymmetricallyabout the meanvalue of the parameter.
Figure 13 showsthat most parameterdistributionsaresufficiently symmetricfor this purpose.We also
estimated the correlation coefficients of the global parameters,using eq. (5.2), with x and y
representingpairs of parameters.

The bootstrapestimatesof uncertaintieswere found to be sufficiently accurateandstablefor K ~i 300

samples,which is consistentwith resultsin simpler systems[84]. It appearsthat the estimatesof
correlationsare less accuratefor this samplesize, but they are sufficient for qualitativework. For a
300-sampleestimate,the requiredCPU time on a modernscalarprocessorwas about 150h. Thus,the
time per globalsearchwasabout 30 mm, ratherthanthe 1 h cited in section1.4.3,becauseeachsearch
startedfairly neara minimum and refinedconvergenceto a bestfit was not required.

In order to test for systematicerrors in estimatingthe uncertainties,we ran two test casesusing
different starting values of the potentialparametersin the search.The searchesresultedin similar

V . V : V~ . . (0).
0 t . e r~ r

U :
• .•. I. .... .. .. ..

$ . :~41b

a . WVO Wveo Wvew W~0

4 ,..

Wseo W r • r~°~
:... -. sew. •

• ~•. ..~q. ;~ ~.

4 4.
V (0) a‘~ls•. so . r • r • so.

SO SO ~

S /

Fig. 14. Scatterplots of correlatedparameters.The figure showsthecorrelationof r,0 with all theotherparametersin a bootstrapdatasetof 300
samplingsof the global database.The axes arescaledso thatthecorrelationellipseswould bealignedalonga 45°line if therelativeuncertaintiesin
eachpair of parameterswere correctly estimated,asshownfor theself-correlationof r~0.
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Table 6
Parametersof the global nucleon—nucleusoptical

potential for CH89

Parameter Value Uncertainty

V, 52.9MeV ±0.2
13.1MeV ±0.8

V
0 —0.299 ±0.004

r, 1.250fm ±0.002
—0.225fm ±0.009

a, 0.69Ofni ±0.006

r0 1.24fm —

r~°~ 0.l2fm —

5.9MeVfm
2 ±0.1

r
00 1.34fm ±0.03

—1.2fm ±0.1
a,~, 0.63fm ±0.02

W,,, 7.8MeV ±0.3
Wy,, 35MeV ±1
Wy,, 16MeV ±1

W,, 10.0 MeV ±0.2
W,, 18MeV ±1

36MeV ±2
W~, 37MeV ±2

1.33fm ±0.01
—0.42 fm ±0.03

a, 0.69fm ±0.01

Table7
Correlation coefficient estimatesfor best-fit parametervalues in CH89. For correspondingparametersand uncertainties,see table 6.
For interpretation,see section6.2. All correlationcoefficientsof absolutevalue less than 0.2 havebeen omitted. The uncertaintyof any single

elementis ±0.1

V V~ r, r~°~a, V,, r,, a,, W~ W,~ Wy,, 14’, W,, W,,, W,~, r,, r~ a,,

V, 0.2 —0.2 —0.4 —0.5 . . . . —0.3 . —0.2 . . . . —0.2 . . —0.2
—0.4 —0.2 . . . —0.2 —0.2 0.2 . . . 0.3 . . .

1/, . . . . . . . —0.2 . . . . . 0.2 . . 0.4
r, —0.2 —0.2 . . . . . . . . . 0.2 . . . —0.2

r~°) . . . . 0.2 . . . . —0.2 . . .

a, 0.2 . . . . . 0.2 . 0.3 . . . . —0.2
0.7 . . . . . . . . —0.2

r,0 —1.0 —0.2 . . . . . . . .

r~0) . . . . . . . . .

a,0 . . . . —0.2 . . . —0.2 0.3
W, 0.6 0.3 —0.2 . . —0.2 .

W~ 0.3 0.2 —0.2 0.2 . .

W~,—0.2 0.4 —0.2 0.5 . . —0.2
W, . . 0.2. .

W,, —0.3 0.3 . . —0.2
W,~ —0.3 —0.2 . —0.3

W,,, . . 0.2
r,,, —0.5 —0.2

r~ —0.2
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distributionsof the parametersandonly slight differencesin the final uncertaintyestimates.The results
of the bootstrapanalysesare given in tables6 and 7, while figs. 13 and 14 showthe resultsvisually.

6. The global optical potential, conclusionsandoutlook

In this sectionwe rewardthe diligent readerby presentingthe global potentialparametersresulting
from our investigation,their uncertainties,comparisonswith previouswork, some applications,and
suggestionsfor further research.The potentialparametersobtainedin the final searchesare those in
table6 andfits to the data are displayedin figs. 3 to 11 for representativevaluesof A, Z, andE. Our
estimatesof the parameterconfidencelimits arein table6 andthe correlationcoefficientsare in table7.
We alsodiscussqualitativelythe fits, thencomparethe volume integralsfrom the presentpotentialwith
previousempirical parametrizations,with microscopicallyderived potentials, and with phenomeno-
logical valuesobtainedfrom the literature.

6.1. Theoptical-modelpotential CH89

The featuresof this global optical-modelpotentialwere summarizedin section1.2. We now make
somegeneralobservationsand comparisonswith previousnucleon—nucleuspotentials.

6.1.1. Parametervalues
The final parametersof our semiempiricaloptical potential are listed in table 6 in terms of the

parameterdefinitions in table 3. The least well-determinedparametersare those for (i) the energy
dependenceof the absorptivepotential(WVe(;, Wvew~W~~

0and Wsew),(ii) the radiusparametersof the
spin—orbit potential (r,0 andr~)and (iii) the isovectorcomponentsof both the real and absorptive
potentials(14 and W,~).The difficulty with (i) is partially a consequenceof the irregulardistributionof
the data in energy.Comparisonof the energydependenceof the absorptivepotential (fig. 1) with the
distribution of the data (fig. 2) shows that the variation of W, and W~with energyis greatestwhere
thereis the leastdata, around30 to 40 MeV. The spin—orbit radiusparametersarehighly correlated,as
discussedin section 6.2.1. The isovectorcomponentsof the potentials, although relatively poorly
determined,haveuncertaintiesconsistentwith those in the otherdepthparameters.

We investigatedthe optimal valuesof the Coulombcorrectionattenuationfactor, a, in eq. (2.15).
This factor might not be unity, as usually implied, if the interactionwerelocalizedin someregion of
r-space,such as the surface,and not distributeduniformly throughout the nucleus.Searcheson a
generallyreturnedto the valuea = 1.0, with largeuncertainties,sowe fixed it at this value. In addition,
we investigatedthe effect of switchingon andoff the absorptivepotentialCoulombcorrection[48]and
found no effect on the quality of fit. This is becausethe importantquantity in thesefits is the total
volume integral, which is relativelyconstantin E. A shift applied equally to W, and WV doesnot affect
that total.

6.1.2. Representativefits to angulardistributions
In figs. 3 to 11 we displayrepresentativefits (broadlydistributedin A and E) of the global potential

to the databasedescribedin section3. About 40% of the dataare shown,with the full setof fits to
essentiallythe samepotential, CH86, being given in ref. [14]. Overall, the fits are excellentand are
significantly better thanthoseobtainedby BecchettiandGreenlees[1] who describedmuchlessdata.
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More quantitatively,calculationsusingtheir potential(table 1) gaveQ2 [eq. (4.2)] valuesgreaterby a
factor of threethancalculationsusingCH89. A moredetailedcomparisonof the potentialsis madein
section6.3.1.

For targetswith 40 � A s 70 we describethe proton scatteringdata at energiesbelow 65 MeV less
well thandoesref. [1]. The mostpoorly describedtargetswere 40Ca,54’56Fe, and the isotopesof Ni.
Thesedata were not well describedevenby local optical-modelfits, so the poor visual quality of the
global fit is not surprising. In the caseof neutronscattering,the lower-A dataarepoorly describedat
the low energiesof 10, 11, and (to a lesserextent) 14 MeV, perhapsbecauseof compound-nucleus
effects. In proton scatteringfrom the sametargets, the backward-anglecrosssectionsare typically
underestimated.The Becchetti—Greenleespotential [1] generallydescribesthe A<70 databetterthan
CH89, becausethey were biasedby data-setselectionto emphasizefitting light, closed-shellnuclei at
low energies.

For targetsof A > 70, the data are well describedby CH89 at all energiesfor both neutronand
proton scattering. There are a few exceptions to this observation: 90Zr(p,p) at 16 MeV and
92’96’98”°°Mo(n,n) at 20 MeV. The Zr scatteringis significantly underestimatedcomparedto fits on
nearbynuclei at the sameenergies,althougha very good local fit to thesedata is possible.The Mo
neutronscatteringis overestimatedby the calculations,againin contrastto nearbynuclei andin spiteof
the high-qualitylocal fits to the data. We haveno explanationfor theseexceptions.

Present work

(a)(b)450 ~~~(C)lOMeV

300

25(
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Fig. 15. Volume integralsof the real isoscalarcentralpotential for CH89 and severalother parametrizations.The othercurveswere constructed
using thepotentials from (a) Jeukenneet al. [3], (b) BecchettiandGreenlees[1], and (c) Rapaport[8]. The calculationsweremade at the three
nucleonincidentenergiesshown, for the 11 nuclei describedin thetext.
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6.1.3. Volumeintegrals and RMSradii
To furthercharacterizethe CH89 potential,we presentin figs. 15 to 18 the volumeintegralsandin

fig. 19 the root-mean-square(RMS) radii of the CH89 potential in comparisonwith thoseof other
global potentials[1, 3, 8]. The calculationswere madefor the samenuclei used in the folding-model
calculations(section2.1), 40Ca,51V, 55Mn, 56Fe,59Co, 60Ni, 65Cu, 68Zn, 89Y, 110Cd, 120Sn, ‘65Ho, and
208Pb, for which 2pF nuclearchargedensitiesare available [37,38]. The calculationswere madefor
E= 10, 25, and65 MeV. The volume integralsareshownseparatedinto the T = 0 (isoscalar)and T = 1
(isovector)componentsand, for consistency,excludeCoulombcorrections.The comparisonof volume
integralsis developedin section6.3.

6.1.4. Nuclearmatterproperties
To use CH89 as a test of nuclear-mattercalculationsand for use in neutron-starcalculations,we

write down the single-nucleonpotential,with uncertainties,in the large-Alimit for asymmetricmatter,
Vnm:

= —(52.9±0.2) ~ (13.1±0.8) N— Z + (0.299+ 0.004)E

F __________

—i(7.8±0.3)[1+expl\ 16±1 (6.1)

for 10 ~ E ~ 65 MeV, where,in the isovectorstrength,the uppersignis for protonsandthelower signis

Present work
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Fig. 16. Volume integrals for thereal isovectorcentral potential. Seefig. 15 for details.
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1 51 ‘-. Present Work
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Fig. 17. Volume integralsfor the absorptiveisoscalarcentralpotential. See fig. 15 for details.

Present work
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Fig. 18. Volume integralsfor the absorptiveisovector centralpotential.Seefig. 15 for details.
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1 .2 \ Present work

1.1

50 100 A 150 200

Fig. 19. RMS radii for the potentialsshown in figs. 15 to 18. Thesecalculationswere madefor nucleonsof 25 MeV incident energy,which is
irrelevantexceptfor thecalculationsfrom ref. [3]. The radii are scaledby A”.

for neutrons.In eq. (6.1) the appropriateenergyfor protonsis not simply E — E~,with E, theCoulomb
correction(section2.4.2), but depends,for example,on how the momentumdependenceis incorpo-
rated. In addition, there are correlationsbetweenthe parametersin this equation,as discussedin
section6.2.

6.2. Parameteruncertainties,correlationsand their uses

The parameteruncertaintiesandcorrelationswereestimatedusingthe bootstraptechniqueof Efron
[83—851,as describedin sections5.2 to 5.4. They arelisted in tables6 and7, andaredisplayedin figs.
13 and 14. To estimate these statistical quantities, we made about 300 bootstrapsamplingsand
parameteroptimizations,for a total of about i07 optical modelcalculations.We found it necessaryto
take great carewhen using the fitting program MINUIT (section4.1) to reinitialize the covariance
matrix betweensamplings,in orderto be assuredthat the resultsof eachsamplewereindependentof
previousresamplings.

6.2.1. Parameteruncertaintiesand their interpretation
In estimatingthe uncertaintiesof the optical-modelparameters,wechoseto usethe “standarderror”

techniqueof Efron [87], in which we assumethat the distribution of estimatesfrom the bootstrap
resamplingsaresufficiently normal that the uncertaintycan beestimatedfrom the standarddeviation.
Inspectionof the parameterdistributions in fig. 13 justifies this assumptionqualitatively. Thus, the
uncertaintiesin table 6 are standarddeviationsof the bootstrapdistribution for eachparameter.The
moresophisticatedestimationsof confidenceintervalsdescribedin ref. [87]arenot worthwhile because
the model is limited in its ability to describethe data.
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It is necessaryto qualify the interpretationof the standard-errorintervalsthatwe report, as discussed
in section5.1. For normal distributions the meaningof the standarderror, a-,-, for eachparameter
estimate,j5~,is that thereis a 68% chancethat the truevalueof the parameteris in theinterval [ji~—

+ a-,], but only if one ignoresthe simultaneousvaluesof the otherparameters.If wewish to makea
statementabout the simultaneousvaluesof the parameters,we must usethe bootstrapdata set of
parameters(300 setsof 20 optical-modelparameters)as an approximation to the joint probability
distribution of the parameters.From this we can determineintervalsfor all the parameterssuchthat
thereis a68% chancethat all parametersarewithin theseintervals.An approximationto thisvolume is
the hyper-rectangle[80, ch. 9] for which,

fl (p~— 2.2o~~ ~j5~+ 2.2o~))= 0.71, (6.2)

wherefl designatesthejoint probability. Thus,thereis a 71% probability that thetrue valuesof all the
parametersaresimultaneouslywithin an interval of width 2.2timesthe uncertaintieswe showin table
6, centeredon the estimatedparametervalues.

Our bootstrapdatasetcan be apowerful tool for studyinga variety of statisticsthatsummarizethe
parametersandtheir properties.We haveexploitedone possibilityin the joint estimatepresentedin eq.
(6.2). Anotherpossibility is to estimatethe uncertaintiesof functionsof the parametersdirectly from
the bootstrapdataset.We do this by calculatingthe functionfor eachof the bootstrapparametersets,
thenmeasuringthe uncertaintyfrom the resultingdistributionof functionvalues.Suchuncertaintieswill
automaticallyinclude all correlationsbetweenparameters.

~ :AAflI

21/2 21/2 21/2
<r >R <r >~ it

x=p/p0 -1; -O.2.<x<0.2
Fig. 20. Distribution of volume integralsand RMS radii calculatedfrom the bootstrapsamples.Thehorizontalaxesaredefinedasin fig. 13. The
standarderrorsof suchdistributionsestimatetheuncertaintiesshownin figs. 15 to 19. Mean valuesandstandarddeviationsare givenin eq. (6.3).
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As an example,we estimatethe uncertaintiesin the volume integralsandroot-mean-squareradii for
the real central, imaginarycentral andspin—orbit potentials.The distributionscalculatedfor A = 125,
Z = 50 and E = 30MeV neutronscatteringare presentedin fig. 20. The valuesand their standard
deviationsare,

JR—341±2MeVfm, (r2)~2°”5.33±0.01fm,

= 71 ±2MeVfm3, (r2)~2= 6.18±0.05fm, (6.3)

J,
0=222±7MeVfm

5, (r2)~2=5.54±0.O5fm.

A more concisemethodis to usethe parametervalues,uncertaintiesandcorrelationcoefficientsin
tables6 and7, as weillustratein section6.2.3.Beforedoing this, we discussthe correlationcoefficients
betweenparametersin CH89.

6.2.2. Correlation matrix and its interpretation
Another usefulstatistic to estimatefrom the bootstrapdata setof optical-modelparametersis the

pairwise correlationcoefficient,describedin section5.1.1.The correlations,often written in a matrix,
show whether the global optical-modelparametersin CH89 are strongly interdependent,and allow
estimatesof the uncertaintiesfor functionsof the parameters.

We usedthe bootstrapanalysisdescribedin section5.4 to estimatethe correlationmatrixpresented
in table 7. It is not as well determinedas the standarddeviations. In severaldifferent bootstrap
calculations,using differentstartingpotentialsfor eachsearchon a bootstrapsample,our estimatesof
the correlationsvariedby ±0.2and we calculatedthe standarddeviationof the bootstrapcorrelations
to be ±0.1.Estimatingthese“higher-order”statisticsfrom a bootstrapdata set requiresmorecareand
morebootstrapsamplesthanfor simple standarddeviations,as discussedin ref. [87]. Forour purposes,
the lessprecisecorrelationmatrix is sufficient, but to emphasizethis imprecision,we haveeliminatedall
the elementsfrom the correlationmatrix with p~<0.2. In practice,suchelementsdo not contribute
muchto the calculateduncertainties,in spiteof the warningsin section5.1.1.

The qualitativeobservationof correlationcoefficientsin the matrix in table7 showsonly threewith

I p1 � 0.5. In particular,the correlationof r,
0 andr~°~is —1.0, which meansthat r~0andr~°~cannotbe

determinedindependentlywithin the uncertaintieswe measure.Another largecorrelationis between
14~ and a50 (p = 0.7), suggestinga reciprocalrelationshipbetweenthe two parameters.Since iç, is a
surface-peakedpotential, the potentialconservesa differentproperty of the spin—orbit potentialthan
the J2 integralin eq. (1.6), perhapsits surfacestrength,which varies as V~0/a50.

A largecorrelationbetweenthe absorptionparametersW~0and WVCO (p = 0.6) is alsoindicated.Such
a largecorrelationdid not arisein all the bootstrapsamplesandso maybe spurious.Thereasonfor this
relationshipis not clear.

The well knownandphysically understoodstronganticorrelations(p —1) betweenthe central-well
depth, V,~,and its radii, r0 and ~ for single angulardistributionsis weakenedin a global database
[p(V0,r0) = —0.4, p(V0,r~°~)= —0.5], presumablybecauseof the largevariationof nuclearradii over
40 ~ A <209. Thus the well depths V0 and the radii r0 and ~ are determinedindependentlyand
without ambiguity.
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6.2.3. Example:calculationof spin—orbitintegrals
The useof correlationsin computinguncertaintiesof functionsof the optical-modelparameters,such

as volume integrals, follows straightforwardlyfrom the applicationof eq. (5.3) and its extensionto
severalparameters[80].As an exampleweshowthe analyticcalculationof the uncertaintyof J~0,which
was computeddirectly from the bootstrapsamplein eq. (6.3). The expressionfor J~0is given in eq.
(2.9), andits uncertaintymaybe estimatedfrom a simpleextensionof eq. (5.3),

= (~~:)2U214o + (~~:)2a-2Tso + ~ !)0.2(T~~, + (~~:)2a-2h1so~,

aJ aJ aJ a~
+ 2p(140,r~~)~ . a-(14~)o~(r~~)+ 2p(140,r~)~7—~ a-(14~)a-(r~)

+
2p(14

0~a50) ~ ~ cr(V50)o(a~0)+ 2p(r50,r~) ~ ~ u(r50)cr(r~)

+ 2p(r,0,a~0)~112~ o-(r50)o(a~0)+ 2p(r~,a50)-~4~~ a-(r~)a-(a50). (6.4)

To evaluatethis equation, we require the derivativesof the volume integral, the valuesand un-
certaintiesof the parametersin table6, andthecorrelationsfrom table7. Thederivativesare, including
an evaluationusing the datafrom tables6 and7, and usingA = 125, Z = 50 for E = 30 MeV neutron
scattering,

äJ 8ir

= —i-- R5~(R~+ir
2a~)=39,

a,, 8~V 2 22

A~’3(3R
50+ira50)°~576,

~J 8irV (6.5)
~

aJ 8’n~V

= A SO (21T
2a

50R50)= 81.

Upon combiningthesederivativeswith the a-- and p-valuesfrom tables6 and 7, we obtain

cr(J,0) = [449 (uncorrelatedterms)— 411 (correlationcorrections)]
112= 6 MeV fm5, (6.6)

in good agreementwith the bootstrapestimatein eq. (6.3), a-(J
50) = 7 MeV fm

5.
This exampleshowsthe needfor includingcorrelationswhenevaluatinguncertaintiesof functionsof

optical-potentialparameters,sincehereneglectingcorrelationswould increasethe estimateof a-(J
50) by

morethana factor of three,as eq. (6.6) shows.
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6.3. Comparisonwith previousglobal analyses

As examplesof how the CR89 parametrizationimprovesover other phenomenologicalpotentials
and to showits applicationas a testof the microscopicpotentials,we compareit with previousglobal
parametrizations[1,8, 23] andwith the microscopiccalculationof Jeukenneetal. [3]. We do not try to
make a comparisonwith the microscopic model of Brieva and Rook [47], since their effective
interacti9n is not availablein a form usableat theseenergies.The basesfor our comparisonsare the
volume integralper nucleonandthe RMS radii of the potentials,definedanddiscussedin section2.2,
and evaluatedfor CH89 in eq. (6.3).

The microscopic calculationswe make follow ref. [3], incorporating the energy- and density-
dependentpotentialsin the local-densityapproximation,and including finite-range corrections.The
matterdensitiesusedwere calculatedfrom the 2pF (sections2.1 and 6.1.3) chargedistributions [14].

The uncertaintybars are shownon eachof the CH89 curvesin figs. 15 to 19. These uncertainties
werecalculatedfrom the samebootstrapdatasetas the volume integralsin eq. (6.3). As can be seen,
none of the othermodelsareconsistentlywithin our uncertaintiesover all target massesor energies.
Clearly, the RMS radii arethe bestdetermined,andthe isovectorvolume integralsare the least well
determined.We now follow with detailedcomparisons.

6.3.1. Real centralpotential
The comparisonsof our real central-potentialvolume integralswith thoseof otherphenomenological

andmicroscopicpotentialsare shownin figs. 15 and 16, and the RMS radii are shownin fig. 19. Our
isoscalarpotential agreesrelatively well with the othersat low A, but we disagreeat high A, where
thosefrom CH89 havemore strength,especiallycomparedwith the Becchetti—Greenleesresult. The
energydependencefrom CH89 is comparableto that from the otherpotentials.

In the comparisonof the isovectorvolume integralsthe discrepanciesare more striking. It is clear
that the Becchetti—Greenlees[1] value for the isovectorvolume integral is much too large at most
energies.The Rapaportpotential[8] agreesbestat the highestenergies,andthe model of Jeukenneet
al. [3] agreesbestat the lowest energies.Certainly,one seesthat lower isovectorstrengthsthanare
typically usedin optical-modelcalculationsare preferredby our analysis.

To test the consistencyof CH89 with optical-modelanalysesat higher energies,wecalculatedJ,. for90Zr at E = 65 MeV from the (p, p) resultsof Nadasenet al. [18], the “fixed spin—orbit result”, for
which Jr/A = 329 ±10 MeV fm3. For CH89 at this energy we obtain very good agreement,J,i
A 323±2 MeV fm3, with the calculationsusingthe Coulomb-correctedprotonenergy.

6.3.2. Spin—orbitpotential
BecauseV~is independentof energy in CH89, comparisonof spin—orbit volume integralsof

empirical optical-model potentialsshould be straightforward.However, the only microscopiccalcula-
tion of the spin—orbit potentialwith which to compareis that of Brieva andRook[14],which calculates
the integral,

KR = 8irV,
0R,0A”

3. (6.7)

Their modelresult is KR = 102 MeV fm3, independentof A. However,for the CH89 potential,valuesof
KR rangefrom 146±2MeV fm3 (A = 40)to 171 ±3 MeV fm3 (A = 208),consistentwith the Becchetti—
GreenleespotentialKR = 157MeV fm3.

The discrepanciesbetweenthe empirical and the Brieva—Rook model resultsare large. However,
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folding-modelcalculationsof the spin—orbit potential [36] usingM3Y effective interactions[40] obtain
KR = 150MeV fm3, which is in good agreementwith our results.The folding-modelcalculationsalso
agreewith our result that the E- andA-dependencesof the spin—orbit potentialare small. The CH89
depthsandgeometricparametersareconsisentwith previousanalysesof spin—orbit coupling in bound
and scatteringstates[31,32], which show

= (6.0 ±0.5)— (0.023±0.012)EMeV fm2, ç, 1.1fm, a,
0 ‘=0.62 fm,

for —20~ E s200 MeV, with no A or isospindependence.
We also investigatedimaginarycomponentsof the spin—orbit potential. The value found for this

termwas lessthan1 MeV, with an estimateduncertaintymuchlargerthan1 MeV. Thus,from the CH89
analysisof our extensivedatabase,thereis no evidencefor an imaginarycomponentof the spin—orbit
potential in a global optical-modelpotential.

6.3.3. Absorptivecentralpotential
The volume integralsof the imaginarypotentialareshown in figs. 17 and18, and the RMS radii are

shown in fig. 19. The uncertaintiesshown with the CH89 calculationswere calculatedin the same
manneras for the real potential.At most E- andA-valuesthe potentialscalculatedfrom the other
modelsareoutsidethe uncertaintyof our potential.At 25 MeV the empiricalpotentialsarerelatively
closetogether,but by 65 MeV the modelof ref. [8] is outsideits reasonablelimits of application,andso
hastoo muchabsorptionbecauseof the linear-energydependence.A similar problemwould occurfor
the Becchetti—Greenleespotential [1] at any energyabove65 MeV.

The isovector volume integral, fig. 18, is somewhatmisleading at 65 MeV, since the surface
absorptioncut-off (section1) for the potentialsof refs. [1] and[8] is slightly below this energy.In these
potentials,the isovectorcomponentof the absorptionis only in the surfaceterm andis zerowhenthe
surfaceabsorptionis zero. However, the isovectorcontribution is independentof energyup to this
cut-off, and so is shown as such in fig. 18.

Figure1 displaysthe (p,p) absorptionvolume integralsforA = 125, Z = 50, andshowsthat CH89 is
consistentwith the phenomenologicalobservationof ref. [17],J~IA= 115MeV fm

3 for (p,p) scattering
for 10 � E ~ 200MeV. CH89 typically hasa3% uncertaintyfor the absorptivevolumeintegral. Overa
limited energyrange,the potentialsof refs. [1] and [8] are consistentwith the phenomenologyof ref.
[17]. Above E = 55 MeV, however,only CH89 maintainsthis consistency.

We comparedour parametrizationof the imaginarypotentialwith the (p,p) analysisof Nadasenet
al. [18], again for 90Zr at E~= 65 MeV, which found a constantvalue of the volume integral of

J~IA= 98 ±10 MeV fm3, consistentwith our estimateof J~IA 110±2 MeV fm3.

6.4. Outlook

We discussherethe directionsthat furtherresearchutilizing andimprovingoptical-modelpotentials,
such as CH89, maytake. First, we summarizethe unique featuresof this potential.

6.4.1. Featuresof CH89
The notablefeaturesof the CH89 potentialaredescribedin section 1.2. They include:
(i) derivationfrom a muchmore extensivedatabaseof elasticscatteringthanpreviouslyused;
(ii) a muchweakerreal central isovectorpotentialthan reportedin previousglobal analyses;
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(iii) radiusparametersthat areA-dependentfor all the potentialparameters;
(iv) a smoothvariationin the absorptivepotentialwith incidentenergy,allowing smoothextrapola-

tion of the potential to higher energiesandwithout discontinuitiesin the slopeof the potential;
(v) a spin—orbit potentialdepth independentof A andE, basedon the inclusion of many more

analyzing-powerdata thanin anypreviousglobal analysis;
(vi) parameteruncertaintiesand correlations,a featuremissing from all previousglobal analyses.
In anysuchglobal analysis,major compromisesmust be madeto summarizethe result in a usable

form. The compromiseis in the quality of the fit, which, while good for so few parameters(20
parametersfor 9000 data),could probably be improvedby removingsomeconstraintson the form of
the potential.We describebelowsomeof the possibledirectionsfor suchresearch.

6.4.2. Local fits comparedwith globalfits
The relatively poor fits to somedata setssuggestsa fruitful direction for future research,that of

comparingthe parametersof detailedfits to individual nuclei with the global parameters,in order to
studynuclear-structureeffects. If coupled-channelcalculationswereperformedon the samescaleasthis
research,abouttwo ordersof magnitudegreatercomputationpower thanavailablefor thiswork would
be required.

6.4.3. Data resourcesrequired
Complementary(p,n) data required for a complete descriptionof the isovector potential are

desirable,as well as elastic (n,n) dataat energiesabove30MeV. Suchdata would haveto be precise
andrelatively extensiveto influencethe largedatabaseof elastic scatteringwehavealreadyassembled.
The parametrizationof the energy dependenceof the imaginary potential and of the spin—orbit
potentialwould be,helpedby theinclusionof new datain the energyregion of 30 to 60 MeV. Thesenew
measurementsshould include analyzingpowersas well as crosssections.

6.4.4. Other descriptionsof the opticalpotential
We have constrainedthe CH89 optical-model potential to resemblethe optical model used in

previousglobal analysessuch as thosegiven in refs. [1] and[8]. While sucha representationhasbeen
successfulin fitting data, and is not inconsistentwith theoreticalexpectations(section2), it would be
worthwhile to extendthe form of the opticalpotentialin order to try for moreuniformly good fits to the
elastic scatteringdata. Such extensionsmight include more general form factors, for example,
three-parameterFermi or Fourier—Besselexpansions,and a more general representationof the
isovector interaction in terms of the difference between the neutron and proton densities in a
folding-modelapproach.

It should also be possible to take this analysis one level deeper in the optical potential, to
parametrizethe effective interaction,as was attemptedearlier [26,39]. With muchfaster computation,
a more completedatabase,and improved understandingof the effective nucleon—nucleoninteraction
now available, such a project becomesfeasible. Use of exact densitieswould help to removeone
significant uncertainty of the optical potential, that of geometric parameters,which tend to be
correlatedwith depthparameters.Such analysesmaychallengethe brave (and tempt the foolhardy)
amongnuclearphenomenologists.
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