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Charged Case Rutherford Scattering

Coulomb Scattering
We assumed r

2
V(r)�!

r!1
0, which excludes Coulomb VC(r) = ZaZbe

2

4⇡✏0r

Coulomb requires special treatment, but similar results are obtained
Defining the Sommerfeld parameter ⌘ = ZaZbe

2

4⇡✏0~v
,

Schrödinger equation for a and b scattered by Coulomb reads
 
� � 2⌘k

r
+ k

2

!
 C(r) = 0,

which can be solved exactly and
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e
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with fC(✓) = � ⌘

2k sin
2
(✓/2)

e
2i[�0�⌘ ln sin(✓/2)]

⇥
�0 = arg�(1 + i⌘)

⇤

the Coulomb scattering amplitude
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or : relative a - b velocity



Charged Case Rutherford Scattering

Rutherford cross section

The same analysis can be done defining j
i
and j

s

to define the Coulomb elastic scattering cross section
or Rutherford cross section :

d�R

d⌦
= | fC(✓)|2

=

 
ZaZbe

2

4⇡✏0

!2

1

16E2 sin
4
(✓/2)

Note that it diverges at ✓ = 0
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Charged Case Coulomb + Nuclear Scattering

Partial-wave analysis
We can again separate the angular from the radial part solution of

 
d

2

dr2
� l(l + 1)

r2
� 2⌘k

r
� 2µ

~2
VN(r) + k

2

!
ukl(r) = 0

If additional (nuclear) term r
2
VN(r)�!

r!1
0, ukl(r)�!

r!1
u

as

kl
(r) :

u
as

kl
(r) = A Fl(⌘, kr) + B Gl(⌘, kr)

�!
r!1

A sin(kr � l⇡/2 � ⌘ ln kr + �l)

+B cos(kr � l⇡/2 � ⌘ ln kr + �l)

where Fl and Gl are regular and irregular Coulomb functions
and �l = arg�(l + 1 + i⌘) is the Coulomb phaseshift

) u
as

kl
(r) �!

r!1
C sin(kr � l⇡/2 � ⌘ ln kr + �l + �l)

�l is an additional phaseshift,
which contains all information about the nuclear interaction VN

6 / 44

pose A = C cos Se B = c since



Charged Case Coulomb + Nuclear Scattering

(Additional) scattering amplitude
The stationary scattering states have now the asymptotic behaviour

 (r) �!
r!1

 C(r) + (2⇡)�3/2
fadd(✓)

e
i(kr�⌘ ln kr)

r

with fadd(✓) =
1

2ik

1X

l=0

(2l + 1)e
2i�l(e

2i�l � 1)Pl(cos ✓)

the additional scattering amplitude
The total scattering amplitude f (✓) = fC(✓) + fadd(✓)
gives the elastic-scattering cross section

d�

d⌦
= | fC(✓) + fadd(✓)|2

At forward angles (✓ ⌧ 1), fC � fadd, and d�/d⌦ ⇡ d�R/d⌦
) usually (d�/d⌦)/(d�R/d⌦) is plotted
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Charged Case Coulomb + Nuclear Scattering

Example : 6
He + 64

Zn @ 14MeV

[Rodrı̀guez-Gallardo et al. PRC 77, 064609 (2008)]
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Optical Model Reaction Cross Section

Reaction cross section
So far we have described only elastic scattering
Other channels can be open, like transfer : a + b! d + e

We can define a differential cross section for these other channels

d�

d⌦
(a + b! d + e) = lim

r!1
r

2
jd+e

ji

The sum of all channels but elastic scattering
(inelastic, transfer, breakup,. . . ) gives the reaction cross section

�r =
X

channel\a+b

�(a + b! channel)

The interaction cross section corresponds to all channels
but elastic and inelastic scattering

�I =
X

channel\(a+b)[(a+b⇤)[(a⇤+b)[(a⇤+b⇤)

�(a + b! channel)
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Optical Model Optical Potential

Optical Model
Using real scattering potential V implies that r j = 0

, flux stays in elastic channel
To simulate other channels, use complex potential
Uopt(r) = V(r) + iW(r) ) � ~2

2µ� + Uopt = E 
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Optical Model Optical Potential
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Optical Model Optical Potential

Partial-wave expansion
The optical potential Uopt leads to a complex phaseshift :

�l = <(�l) + i=(�l)

with =(�l) � 0 (because W  0)

) S l = ⌘l e
2i<(�l)

where ⌘l = e
�2=(�l) < 1

simulates the absorption from the elastic channel in

ukl(r) �!
r!1

/
h
e
�i(kr�l⇡/2) � ⌘l e

2i<(�l) e
i(kr�l⇡/2)

i

outgoing amplitude is reduced compared to incoming wave
there is a loss of flux simulating the other (open) channels

The name optical model comes from optics, where a complex
refraction index simulates the absorption of light by the medium
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Optical Model Optical Potential

Absorption cross section

The absorption cross section �a

corresponds to all other channels simulated by Uopt :

�a =
�

R
r j d

3r
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/
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=
� limr!1

H
j · r̂ r

2
d⌦

ji

=
⇡

k2

1X

l=0

(2l + 1)

⇣
1 � ⌘2
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It can be compared to the reaction cross section �r
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Optical Model Optical Potential

Induced Fission (n,f)

At low neutron energy (En < 0.1 eV),
the fission cross section of 235U exhibits a simple behaviour

What is the mathematical expression of that behaviour?
Assuming that, in addition to elastic scattering,
only the induced fission channel (n,f) is open,
explain that behaviour on theoretical grounds
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Optical Model Optical Potential
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Optical Model Optical Potential

Shape of Optical Potentials
Most optical potentials are expressed in a Woods-Saxon form

U(r) = V f (r,RR, aR) + iW f (r,RI , aI)

+iWD aD

�����
@

@r
f (r,RD, aD)

����� + VC(r,RC)

with f (r,R, a) =

1 + exp

✓
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◆��1
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8>>><
>>>:
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e
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◆
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ZaZb

r

e
2

4⇡✏0
r � RC

Often radii are parametrised as Ri = ri A
1/3 or Ri = ri (A

1/3
a + A

1/3
b

)

V, W, and WD < 0 (nuclear interaction is attractive and absorptive)
Usually parameters (depths, radii and diffusenesses) fitted to data
) accurate reproduction of experiment

But no predictive power : you need data for the exact collision
and at the exact energy you want
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Optical Model Optical Potential

An Example
Bonin et al. in NPA 445, 381 (1985) have fitted optical potentials
to reproduce ↵ scattering on various data (Ni, Sn and Pb)

388 B. Bonin et al. / Alpha-nucleus scatteting 

Fig. 3. Comparison of the fits for ‘*Ni at 340 MeV obtained with the parameter set 
(dashed line), and 3 (full line) of table 2. 

1 (dotted line), 2 

The cross section for the excitation of the first excited levels is also well reproduced. 
An example is shown in fig. 7. The deformation parameters, which were determined 
only for potential set 3, are reasonably constant for the four incident energies studied 
and are in good agreement with previous determinations at lower energies (see table 
2 [refs. 20-25)]). _ 

3.1. AMBIGUITIES IN THE DETERMINATION OF THE POTENTIALS 

As at lower energy, the existence of ambiguities is evident from the fact that 
equally good fits are obtained from potentials 1,2,3 with different sets of parameters. 
Discrete and continuous ambiguities are possible a priori. Let us consider first the 
discrete ones. Goldberg 15S26,27) has given criteria for resolving discrete ambiguities: 
(i) the incident energy should be larger than Tcrit, which is defined as the energy 
above which the maximum classical deflection angle is less than 180”; and (ii) the 
data should extend into the angular range beyond the nuclear rainbow angle 8,. In 
the case of the present experiment, both requirements are clearly fulfilled, and no 
discrete ambiguity should remain. This is in agreement with previous 
results ‘5S26,28-30), where no discrete ambiguities were found for T, 3 100 MeV. 

B. Bonin et al. / Alpha-nucleus scattering 

TABLE 2 

Optical potentials 

387 

1 
2 

3 
1 
2 

3 
1 
2 
3 
1 
2 

3 

1 
2 
3 
1 
2 

3 
1 
2 

3 

1 
2 
3 
1 
2 
3 
1 
2 
3 
1 
2 
3 

288 

340 

480 

699 

288 

340 

480 

288 

340 

480 

699 

55.9 19.0 
71.0 31.0 
71.8 24.2 

51.2 22.3 

67.7 34.4 

65.6 26.8 
43.0 34.5 
59.0 46.0 
50.9 43.4 
44.2 28.9 
53.6 49.4 
44.8 42.3 

65.6 30.8 

71.0 31.0 
75.6 22.5 

63.0 31.7 
67.7 34.4 
74.7 24.5 
53.1 40.9 
59.0 46.0 
57.0 32.7 

79.5 36.5 
71.0 31.0 
80.8 23.7 
74.3 37.8 
67.7 34.4 
78.7 24.9 
71.5 57.6 
59.0 46.0 

65.9 48.2 
70.0 58.9 
53.6 49.4 
42.3 54.1 

(a) a +58Ni system 
1.000 1.010 
0.887 0.883 
0.935 1.000 
1.000 1.010 

0.900 0.932 
0.935 1.000 

0.980 0.960 
0.894 0.927 
0.935 0.929 
0.920 0.890 
0.844 0.783 
0.935 0.898 

(b) (I + “aSn system 
1.000 1.010 
0.980 1.011 
0.980 1.082 
1.000 1.101 
0.987 1.013 
0.980 1.082 
0.980 0.960 
0.962 0.964 
0.980 1.018 

(c) a +2o8Pb system 
1 .ooo 1.010 
1.031 1.050 
1.000 1.090 
1 .ooo 1.010 
1.026 1.032 
1.000 1.090 
0.980 0.960 
1.023 1.004 
1.000 1.030 
0.920 0.890 
0.977 0.952 
1 .ooo 0.966 

0.799 
0.983 
0.875 
0.828 

0.875 
0.872 

0.893 
0.875 
0.861 
0.946 
0.875 

0.865 0.789 

0.874 0.787 
0.866 0.820 
0.911 0.784 
0.906 0.784 
0.866 0.820 
0.935 0.851 
0.903 0.850 
0.866 0.820 

0.893 0.846 
0.824 0.807 
0.852 0.820 
0.883 0.823 
0.846 0.813 
0.852 0.820 
0.930 0.934 
0.895 0.878 
0.852 0.820 
1.040 1.000 
0.954 0.887 
0.852 0.820 

0.789 
0.756 
0.820 
0.808 
0.793 
0.820 
0.783 
0.803 
0.820 
0.819 
0.879 
0.820 

0.213 

0.204 

0.205 

0.191 

0.128 0.153 

0.129 0.153 

0.134 0.167 

0.113 

0.113 

0.119 

0.125 

The radii are given as reduced radii with the heavy ion definition R = r(Ak!3+ A:‘3). The deformation 
parameters /3* and & for the lowest 2+ and 3- states have only been determined for potential set 3. 

The deflection functions calculated from potentials 1, 2, and 3 give different 
nuclear rainbow angles 8,. The average dispersion in 8, for the three sets of 
parameters is about *2’. This value gives an idea of the uncertainty in the determina- 
tion of 8,. 

All three sets reproduce the data well, but with different values
Showing these potentials are by no means unique

(potentials are not observables)
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Optical Model Optical Potential

Where to find optical potentials?
Somewhere in the literature. . .

In the past, there were compilations, e.g.
Perey and Perey, At. Data Nucl. Data Tables 17, 1 (1976)

For some projectiles (p, n, d, ↵. . . ) global optical potentials exist :
parameters are expressed as functions of energy, N and Z of target

p,n :
I Becchetti and Greenlees Phys. Rev. 182, 1190 (1969)
I Chapel Hill : Varner et al. Phys. Rep. 201, 57 (1991)
I Koning, Delaroche, NPA 713, 231 (2003)

↵
I Nolte et al. PRC 36, 1312 (1987)

Collection of optical potentials that computes the parameters :
https://sites.google.com/view/opticalpotentials/

Before using them, check their range of validity (target, energy etc.)

Know the sensitivity of your calculations to that choice
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Optical Model Optical Potential

Modern Optical Potentials

Recently : efficient optical potentials derived from first principles

For nucleon-nucleus, starting from �EFT NN interactions :
Rotureau et al. PRC 98, 044625 (2018)
Vorabbi et al. PRC 98, 064602 (2018)
Idini et al. PRL 123, 092501 (2019)

For nucleus-nucleus, using a double-folding technique :
Chamon et al. PRC 66, 014610 (2002)
Furutomo et al. PRC 85, 044607 (2012)
Khoa et al. PRC 94, 034612 (2016)
Durant et al. PLB 782, 668 (2018)

They are produced in a numerical form
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Optical Model Optical Potential

An Example of Double-Folding Optical Potential
Victoria Durant et al. in PRC 105, 014606 (2022) have developed
↵-nucleus optical potentials from double folding of N2LO �EFT VNN

α-NUCLEUS OPTICAL POTENTIALS FROM … PHYSICAL REVIEW C 105, 014606 (2022)

Eα=240 MeV

0 5 10 15 20 25 30
θc.m. [deg]

10
-2

10
-1

10
0

dσ
el

/d
σ R

ut
h SGch+SGch

SGch+RMF
SGp+SGp

SGp+RMF

QMC+SGch
QMC+SGp

QMC+RMF

FIG. 4. Elastic-scattering cross sections (normalized to Ruther-
ford) for 4He - 40Ca at Eα = 240 MeV. The potentials are calculated
with R0 = 1.2 fm, and the imaginary part is obtained through
Kramers-Kronig relations. Results obtained with ρ40Ca SGch, SGp or
RMF are shown, respectively, with dashed, dashed-dotted, and solid
lines. For each case, results obtained with ρ4He described as SGch,
SGp, or QMC are shown as red (lower lines), blue (upper lines),
and green (middle lines), respectively. Experimental data taken from
Ref. [32].

first minimum, while results with QMC are shifted towards
larger angles, starting from the second minimum. SGp gives
cross sections that are in phase and show the best agreement
with experimental data [32]. Nevertheless, it is important to
note that using this NN interaction no density choice enables
us to correctly reproduce the second minimum in the data.
In our calculations, we found that using NW to describe the
imaginary part also leads to results that are dominated by ρ4He
and show the same kind of behavior seen in Fig. 4.

As it was the case in 4He - 4He scattering, we find that
Kramers-Kronig relations reproduce data at large angles. We
want to remind the reader that in the calculation of these cross
sections there is no parameter fitting. Using Kramers-Kronig
relations with SGp for 4He overestimates the magnitude of
the data between 8 ◦ and 16 ◦, but gives the right magnitude
at large angles and lead to the right oscillatory pattern when
compared to data.

Note that we have explored a fourth density profile for 40Ca
obtained through Coupled Cluster calculations using N2LOsat
potentials [49]. These calculations give a similar density pro-
file to the RMF density around the surface area, and lead to
practically indistinguishable elastic-scattering cross sections.
This shows that such an observable is not sensitive enough to
distinguish the differences between precise nuclear-structure
calculations of the density.

12
C
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)

(×10
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(a) Eα=104 MeV
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FIG. 5. Elastic scattering cross sections (normalized to Rutherford) as a function of the momentum transfer q for 4He - 12C, 4He - 16O,
4He - 40Ca, and 4He - 48Ca at (a) Eα = 104 and (b) 240 MeV. The bands show the R0 dependence. The imaginary part was obtained through
Kramers-Kronig relations (solid lines) or considered to be W = 0.6 VF (dashed lines). The chosen densities correspond to the combination that
best reproduces experimental data taken from [28,29], and [30–33]. For comparison, results with POP [28,32] are shown as black dotted lines.
Cross sections obtained with the GOP of Ref. [50] are shown as red dash-dotted lines.

014606-5

Very good agreement with data (no parameter fitting)
Sensitivity to cutoff R0 mostly at large angle and on light targets
) stronger predictive power than phenomenological potentials
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Optical Model Optical Potential

Bibliography
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Model of Breakup of Halo Nuclei Halo nuclei

(One of the) First Experiments with Unstable Nuclei. . .
In the mid-80s, Isao Tanihata used RIBs to measure interaction
cross sections of light exotic nuclei.
[I. Tanihata et al. PRL 55, 2676 (1985)]
In a simple geometrical model

�I(P,T ) = ⇡[RI(P) + RI(T )]
2

B

Be

Li

He

1.18
⇥ A

1/3

A

R
I
(
fm

)

16141210864

4

3.5

3

2.5

2

1.5

1

Some nuclei appear larger : 6He, 11Be, 11Li,. . .
) large collective deformation or exotic structure?
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Model of Breakup of Halo Nuclei Halo nuclei

Role of valence neutrons

The large �I is due to valence neutrons :

Nucleus core �I � �I(c) ��n or ��2n

11Be 10Be 129 ± 18 mb 169 ± 4 mb
11Li 9Li 251 ± 46 mb 213 ± 21 mb

[I. Tanihata, J. Phys. G, 22, 157 (1996)]
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Model of Breakup of Halo Nuclei Halo nuclei

Parallel-momentum distributions
These nuclei exhibit also a narrow parallel-momentum distribution in
one-neutron removal reaction

[E. Sauvan et al. PLB, 491, 1 (2000)]
Sign of an extended spacial core-neutron distribution
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Model of Breakup of Halo Nuclei Halo nuclei

Halo nuclei

Light, neutron-rich nuclei
small S n or S 2n

low-` orbital

One-neutron halo
11Be ⌘ 10Be + n
15C ⌘ 14C + n

Two-neutron halo
6He ⌘ 4He + n + n
11Li ⌘ 9Li + n + n

Noyau stable

Noyau riche en neutrons

Noyau riche en protons

Noyau halo d’un neutron

Noyau halo de deux neutrons

Noyau halo d’un proton-N

6Z

n

1H 2H 3H

3He 4He 6He 8He

6Li 7Li 8Li 9Li 11Li

7Be 9Be 10Be 11Be 12Be 14Be

8B 10B 11B 12B 13B 14B 15B 17B 19B

9C 10C 11C 12C 13C 14C 15C 16C 17C 18C 19C 20C 22C

12N 13N 14N 15N 16N 17N 18N 19N 20N 21N 22N 23N

13O 14O 15O 16O 17O 18O 19O 20O 21O 22O 23O 24O

Proton halœs are possible but less probable : 8B, 17F
Two-neutron halo nuclei are Borromean. . .
c+n+n is bound but not two-body subsystems
e.g. 6He bound but not 5He or 2n

27 / 44



Model of Breakup of Halo Nuclei Halo nuclei

Borromean nuclei
Named after the Borromean rings. . .

[M. V. Zhukov et al. Phys. Rep. 231, 151 (1993)]
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Model of Breakup of Halo Nuclei Reactions with Halo Nuclei

Reactions with Halo Nuclei
Halo nuclei exhibit a very exotic structure
However difficult to study because of short lifetime : ⌧1/2(

11
Be) = 13 s

) often studied through reactions :
elastic scattering

11
Be + Zn! 11

Be + Zn

knockout, e.g., one-neutron removal :
11

Be + C! 10
Be + X

transfer, e.g. (d,p) :
10

Be + d! 11
Be + p

(elastic) breakup :
11

Be + Pb! 10
Be + n + Pb
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Model of Breakup of Halo Nuclei Reactions with Halo Nuclei

Elastic Scattering
Di Pietro et al. PRL 105, 022701 (2010) have measured
the scattering (elastic and inelastic) @ Ecm ⇡ 24.5 MeV

9,10,11
Be + 64

Zn! 9,10,11
Be + 64

Zn

the barrier, the extracted TR cross section was found to be
similar to the one of 9Beþ 209Bi. In [18] 11Beþ 120Sn,
quasi-elastic-scattering [the 11Beð12#Þ inelastic excitation

was included] AD was measured, but in a very limited
angular range.

This Letter reports, for the first time, clear experimental
evidence of strong effects of the 11Be halo structure on
elastic-scattering and reaction mechanisms in collisions
close to the Coulomb barrier. We measured high quality
elastic-scattering AD of 9;10;11Be on a 64Zn target, in a wide
angular range and with small angular step, at Ec:m: %
24:5 MeV, corresponding to about 1.4 the Coulomb bar-
rier. Moreover, in the case of the 11Be halo nucleus, the
breakup or transfer AD was extracted. The three beryllium
isotopes have different structures, namely, 9Be is a
Borromean weakly bound nucleus (Sn ¼ 1:67 MeV),
with a well-developed !-!-n cluster structure (see, e.g.,
[19]). With an additional nucleon and due to pairing, 10Be
in its ground state is equally deformed but much more
bound (Sn ¼ 6:81 MeV) than 9Be. Finally, 11Be is a one
neutron halo nucleus whose core is 10Be and its binding
energy is only Sn ¼ 503 keV [20]. By comparing the
elastic-scattering AD for these three systems, the separate
effect of the weak binding and halo structure can be
investigated.

The data with the radioactive beams were obtained, in
the same experiment, using the new postaccelerated 10;11Be
beams of REX-ISOLDE at CERN. The detection system
used consisted of an array of Si-detector telescopes each
formed by a 40 "m, 50' 50 mm2, !E DSSSD detector
(16' 16 pixels) and a 1500 "m single pad E detector. The
detectors were placed very close to the target in order to
have a large angular (10( ) # ) 150() and solid angle
coverage. Because of the high granularity, the AD could be
obtained with a 1( step. The beam energy resolution was
insufficient to separate 11Be elastic from inelastic scatter-
ing of the 11Be 1st excited state at Ex ¼ 320 keV, but as we
will see in the following, the inelastic channel contributes
very little to the measured AD. A 550 and 1000 "g=cm2

64Zn target was used with 10Be and 11Be beams, respec-
tively. The target was tilted at 45( to facilitate the mea-
surement in the angular region around 90(. The average
beam intensity was 106 and 104 pps for 10Be and 11Be,
respectively. Because of the very compact geometry of the
detection system, small variations of the beam position
onto the target resulted in a non-negligible variation of
the detector angles. Therefore, particular care was taken
in the off-line analysis, to reconstruct the correct detector
angles. This was done by looking at the small angle
Rutherford scattering in the two front detectors placed
symmetrically with respect to the beam axis. In order to
check the adopted procedure, 12C, 10Beþ 197Au elastic-
scattering at energies Ec:m: ¼ 25:7 and 27.9 MeV, respec-
tively, was also measured and the expected Rutherford
cross sections were obtained. The experiment with the

stable 9Be beam was performed at Laboratori Nazionali
del Sud (LNS) in Catania. The 9Be beam was delivered by
the 14 MV SMP Tandem of LNS and was impinging on a
550 "g=cm2 64Zn target. Five Si-detector telescopes
(10 "m!E and 200 "m E detectors), placed on a rotating
arm, allowed the measurement of the elastic-scattering AD
up to 110(.
In Fig. 1 the AD for the scattering of 9;10;11Beþ 64Zn are

shown in linear scale. As one can see, in spite of the very
different binding energies of 9Be and 10Be, their elastic-
scattering AD are similar. 11Be scattering shows a very
different pattern; the main feature that one can observe in
Fig. 1 is a dramatic reduction of the elastic cross section at
forward angles. A similar reduction of the elastic cross
section is observed in collisions involving deformed nuclei
[21] where it arises from coupling with the strong Coulomb
excitation of the 2þ state in the target. In [4] the effect of
coupling with a large Coulomb dipole excitation due to the
presence of the continuum low-lying E1 strength is inves-
tigated for 6He projectile on different target charges and
beam energies. It is concluded that close to the Coulomb
barrier, coupling to Coulomb dipole breakup should be
evident only in scattering with targets having high charge
(ZT % 80) and that measurements with lighter targets
(ZT % 28) are not sensitive to this coupling. 11Be has
strong low-lying continuum dipole strength, as 6He. The
observation of a strong reduction of the Coulomb-nuclear
interference peak (CNIP) in the scattering of 11Be with a
light charge target must be due to other mechanisms be-
sides coupling to Coulomb breakup. These mechanisms
could be associated with the halo structure. In 6He-induced
collisions, a clear reduction of the elastic scattering in the
CNIP region is observed, although not as large as in the
present case only for heavy targets [22]. The 6He elastic-

FIG. 1 (color online). Elastic-scattering angular distributions
on 64Zn: 9Be (triangles), 10Be (diamonds), and 11Be (squares).
The lines represent the OM calculations for 9Be (dot-dashed
line), 10Be (dashed line), and 11Be (full line). The inset shows the
measured AD (symbols) and OM fit (full line) for the 11Beþ
64Zn system together with the result of the calculation for the
inelastic excitation of (12

#, Ex ¼ 0:32 MeV, dashed line). The

error bars are statistical for 10;11Be and statisticalþ systematic
for 9Be on 64Zn. See text for details.

PRL 105, 022701 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
9 JULY 2010

022701-2

9,10Be scattering cross sections exhibit usual behaviours
can be reproduced by usual optical potentials
11Be scattering cross section seems depleted @ maximum
optical potential needs long-ranged imaginary term to fit data
) effect of halo? 31 / 44



Model of Breakup of Halo Nuclei Reactions with Halo Nuclei

Knockout
Aumann et al. PRL 85, 35 (2000) have measured
the one-neutron KO @ E = 60A MeV

11
Be + 9

Be! 10
Be + � + X

VOLUME 84, NUMBER 1 P H Y S I C A L R E V I E W L E T T E R S 3 JANUARY 2000

The nature of the 10Be states is well understood. It is
seen from Table I that only 78% of the inclusive fragment
spectrum corresponds to neutron removal to the ground
state. About one-third of the intensity of the strongest
g ray (3.37 MeV) corresponds to direct feeding of the
21 level. It is this part that carries information about
the 0d5!2 ≠ 21 admixture in the 11Be ground state. The
two excited states with negative parity have the dominant
structure 1s1!2 ≠ 9Be" 3

2
2#, and are excited by the removal

of a neutron from a p3!2 core state, while the halo s-wave
neutron acts as a spectator. We now compare these four
cross sections with the theoretical expectations.

The theoretical cross section for a given 10Be core fi-
nal state, and removed nucleon j value, is assumed to
be a product of a spectroscopic factor S and a single-
particle cross section [6,25]. The latter is the sum of terms
corresponding to knockout (often referred to as stripping)
and diffraction dissociation. These were calculated within
a spectator-core eikonal three-body model [25] similar to
that used in [26] with the same parameters.

The results of the calculations are given in Table I.
These show an expected reduction in the single-particle
cross sections for higher l values and higher binding ener-
gies, since the reactions take place at the nuclear surface
and depend sensitively on the tail of the neutron wave func-
tion. This surface dominance justifies our use of the op-
tical limit in the 50–100 MeV!nucleon region. Although
the potential is highly attractive and absorptive in the nu-
clear interior, comparison with calculations using Sn de-
rived from the microscopic nucleon optical potential of
Jeukenne et al. [27] confirms that the optical limit Sn per-
forms well in the critical surface region. The same conclu-
sions pertain for analogous experiments and analyses with
phosphorus and carbon isotopes [6,28]. Details of these
theoretical model comparisons, and also those using phe-
nomenological potentials, will be presented elsewhere.

Table I shows that the agreement is good in the present
case. The most important conclusion is that the cross sec-
tions to the two lowest levels support the Warburton-Brown
[11] spectroscopic factors, thus corroborating a dominant
s-wave single-particle configuration for the ground state.

Table I includes an estimate of the effect of excitation
of an assumed deformed 10Be core by the target. Within
the eikonal framework [29], using the same interaction
and density parameters and an assumed 10Be quadrupole
deformation b2 ! 0.67 [9], the calculated cross section
for excitation to the 21 core state is 11 mb, which has to
be multiplied with the 01 state spectroscopic factor. In
addition, a small contribution of 7 mb was estimated for
the Coulomb breakup, which was added to the ground state
cross section (see Table I).

We now turn to the momentum distributions of the
10Be fragments, from which the angular-momentum
assignments are deduced. Since the normalization of the
distribution is contained in the absolute cross section, we
present the distributions scaled in an arbitrary way to the
data. From the coincidences with g rays it is possible to

obtain the distribution corresponding to the ground state
by subtracting the components to excited states from the
singles spectrum. The result is shown in Fig. 2. The full
width at half maximum is 47.5"6# MeV!c [45.7(6) after
subtracting quadratically the resolution]. The ability to
cleanly see the contribution of nucleon removal from the
1s state allows us to make a precise comparison of the mea-
sured 10Be fragment distribution with calculations. Past
experiments [3,30] had significant contributions from parts
of the wave function that do not reflect the halo, including
the 22 and 12 core neutron removal hole states. We com-
pare our result with theoretical momentum distributions
calculated in an eikonal model for the knockout process.
The distribution for diffractive dissociation is expected to
have a similar shape [26]. We follow [5] and calculate
the distribution for a given impact parameter as the one-
dimensional Wigner transform of the wave function after
the reaction. For this we use a black-disk approximation.
The cutoff radii were adjusted to reproduce the core-target
and neutron-target reaction cross sections for free particles
and are 5.28 and 3.12 fm, respectively. The calculated
result for a neutron separation energy of 0.5 MeV and
for three values of the angular momentum is shown in
Fig. 2. The comparison points to an unambiguous l ! 0
assignment.

The second calculation, by Bonaccorso and Brink [31],
used time-dependent perturbation theory with the interac-
tion represented by optical potentials. The two reaction
channels were treated separately, but turned out to give es-
sentially identical shapes and absolute cross sections. The
close agreement between the two theoretical differential
cross sections suggests that both approaches reflect the
same basic physics input: the momentum content of the
external part of the single-particle neutron wave function.
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FIG. 2. pjj distribution of the 10Be fragments in the rest frame
of the projectile. Only the contribution leading to the ground
state of 10Be is shown. The curves are calculations assuming a
knockout reaction from s, p, and d states.

37

Measurement well described by eikonal calculation
Indicates that 11

Be ⌘ 10
Be(0

+
) ⌦ n(s1/2)) confirms halo

l = 1, 2 would give broader distributions Why?
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Model of Breakup of Halo Nuclei Reactions with Halo Nuclei

Transfer
Schmitt et al. PRL 108, 192701 (2012) have measured
the transfer @ Ed = (a) 12, (b) 15, (c) 18, (d) 21.4 MeV

10
Be + d! 11

Be + p

18MeV), with approximately 5! 106 particles per second.
The 10Be ions were accelerated from a cesium sputter ion
source using the 25MV tandem accelerator. Contamination
from 10Bewas reduced to less than 1%by fully stripping the
beam ions and tuning the energy-analyzing magnet for Z ¼
4. Deuterated polyethylene targets with areal densities of
94, 162, and 185 !g=cm2 were used.

The angles and energies of light-ion ejectiles were
measured using the Silicon Detector Array (SIDAR [26])
(covering 138# < "lab < 165#), and the first full implemen-
tation of the Oak Ridge Rutgers University Barrel Array
(ORRUBA [27]) (45# < "lab < 135#). The ORRUBA
position-sensitive silicon strip detectors (1000 !m thick)
were mounted at a radius of 76 mm at laboratory angles
forward of 95# and at a radius of 87 mm at more backward
angles.

Light ions emitted at forward laboratory angles were
identified on the basis of their differential stopping power.
An angular resolution of better than 2# in polar angle was
achieved. For the purpose of normalization, the product of
target areal density and integrated beam exposure was
determined for the transfer data using the elastically scat-
tered deuterons measured in the forward-angle ORRUBA
detectors, with reference to a low-intensity run where the
beam particles were counted directly. Protons from the
(d;p) reaction were detected in the SIDAR array with an
energy resolution of $ 70 keV at all beam energies. The
energies of protons emitted from the (d;p) reaction at the
lowest three beam energies were too small to be measured
in ORRUBA. However, proton angular distributions for
both bound states were measured in ORRUBA at Ed ¼
21:4 MeV with an energy resolution of $ 200 keV. In the
first run, beam particles were counted using the new Dual
Micro-Channel Plate detector for heavy recoil detection. A
new fast ionization chamber, similar to that described in
Ref. [28], was used in the later runs for beam particle
counting and identification.

Ground-state angular distributions of protons emitted
from the 10Beðd;pÞ11Be reaction are compared to
ADWA-FR predictions normalized to the data in Fig. 2.
Optical potentials from Varner et al. (CH89) [29] and
Koning and Delaroche (K-D) [30] were used for both the
entrance and exit channels. No significant differences are
found in the shapes of the calculated angular distributions.
Good agreement with experimental data is seen for both of
the bound states, for all four energies. Additionally, the
data were compared with DWBA calculations (not shown
here), which described the shape of the angular distribu-
tions well. All transfer calculations in this work were
performed with FRESCO [31], and adiabatic potentials
were obtained with a modified version of TWOFNR [32].
A fixed standard radius and diffuseness r ¼ 1:25 fm and
a ¼ 0:65 fm were used for the bound state. The Reid
interaction [33] was used to obtain the deuteron wave
function and in the transfer operator.

Spectroscopic factors were extracted for each state at
each beam energy using both the DWBA and ADWA-FR
formalisms. The results are shown in Fig. 3. Panel
(a) shows the sensitivity to the deuteron optical potential
[Satchler (Sa) [34] versus Perey and Perey (P-P) [35],
keeping the proton potential fixed (K-D) [30]]. Panel
(b) shows the sensitivity to the proton potential in the
exit channel (CH89 [29] versus K-D with the deuteron
potential P-P). Spectroscopic factors for the ground
(excited) state are shown on the left (right).
The DWBA analysis is sensitive to the choice of optical

potential, and there is variation in the value of S extracted
at each of the four energies using the same optical poten-
tial. This is most apparent at the highest beam energy for
the first excited state. These problems indicate shortcom-
ings in the DWBA prescription (as discussed below). In the
case of the ADWA-FR analysis, only nucleon potentials are
necessary; panel (c) of Fig. 3 shows the results obtained
with CH89 versus K-D. In this case, the sensitivity to the
chosen optical potential is reduced, and the S extracted for
the first excited state at the highest beam energy is brought
into agreement with the results at lower energies. The
average S extracted from our data are 0.71(5) for the
ground state and 0.62(4) for the first excited state.
The inconsistencies arising in the DWBA analysis come

in part from the deuteron optical potentials, as seen from
elastic scattering. Figure 4 shows the current elastic-
scattering data compared to those from Auton [8]. It should
be noted that Auton normalized the data to optical model
calculations of the deuteron elastic scattering using the Sa
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FIG. 2 (color online). Differential cross sections for transfer to
the ground state of 11Be for equivalent deuteron energies of
12.0 (a), 15.0 (b), 18.0 (c), and 21.4 (d) MeV. Cross sections were
calculated using the ADWA-FR of Johnson and Tandy [20,24],
using the CH89 [29] and K-D [30] optical potentials. Calculated
cross sections are scaled using the indicated spectroscopic
factors.
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Measurement well described by DWBA calculation
Confirms that 11

Be ⌘ 10
Be(0

+
) ⌦ n(s1/2)) halo
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Model of Breakup of Halo Nuclei Reactions with Halo Nuclei

Breakup
Fukuda et al. PRC 70, 054606 (2004) have measured
the breakup @ E = (a) 69A MeV and (b) 67A MeV

neutron was obtained by taking the mean value of the two
timings of the fired detector of NEUT. The horizontal posi-
tion was obtained by taking the difference of the two tim-
ings. The vertical position was determined by the position of
the fired rod. The momentum vector P!n" was thus recon-
structed from the position and TOF information of these de-
tectors. The momentum resolution !1!" of the neutron in the
projectile rest frame was 1.7% and 2.0% for the Pb and C
targets, respectively. The intrinsic neutron detection effi-
ciency of 13.4% for the threshold energy 6 MeV ee (electron
equivalent) was obtained from a separate experiment using
the 7Li!p ,n"7Be reaction at 66.7 MeV. This energy threshold
was used to reject all the "-ray-related events.

The 10Be fragment emitted in the reaction was bent by a
large-gap dipole magnet, was traced by the multiwire drift
chamber (FDC) located downstream of the magnet, and pen-
etrated the hodoscope (HOD) which consists of seven plastic
scintillator slats of 1 cm thickness. Particle identification was
performed by combining #E and TOF information from the
hodoscope with the magnetic rigidity information from the
tracking. The momentum vector of 10Be #P!10Be"$ was de-
duced by the combination of TOF between the target and
HOD (about 4 m) and tracking analysis. The momentum
resolutions !1!" of 10Be for the reaction with the Pb target
were 0.80%, 0.77%, and 0.32%, respectively, for the Px, Py,
and Pz, which represent the horizontal, vertical, and parallel
momenta. Those for the C target were 0.47%, 0.47%, and
0.32%, respectively. This difference in the energy resolution
for the transverse directions according to the target is due to
the different multiple scattering between the heavy and light
targets.

The relative energy resolution was determined by a Monte
Carlo simulation incorporating the momentum resolutions of
10Be and the neutron. The relative energy resolution [full
width at half maximum (FWHM)] was thus estimated to be
0.44%Erel MeV and 0.45%Erel MeV, respectively, for the Pb
and C targets. The angular resolution of $ in 1! was 0.41°
and 0.48°, respectively, for the Pb and C targets.

The geometrical acceptance for the 10Be and neutron was
estimated by a Monte Carlo simulation. Here, events were
generated as a function of Erel and $, and the corresponding
acceptance functions for the Pb and C targets were deduced
for these observables. The net geometrical acceptance was
obtained as a ratio of the breakup events of interest with and
without acceptance correction. The acceptance thus esti-
mated turned out to be 52% for the Pb target with the energy-
angular ranges of 0%Erel%5 MeV and 0° %$%6°. The
same quantity was 31% for the C target, with the ranges of
0%Erel%8 MeV and 0° %$%12°.

IV. RESULTS AND DISCUSSIONS

A. Overview of Erel spectra for Pb and C targets

The relative energy spectra for the Pb target and C target
data are shown in Figs. 2(a) and 2(b), respectively. There, the
cross sections for the breakup channel into 10Be+n are plot-
ted for the angular range 0° %$%6° !0° %$%12° " corre-
sponding to the current whole acceptance and for the se-

lected forward angular ranges 0° %$%1.3° !0° %$
%0.5° " for the Pb(C) targets. The angular ranges for the
whole acceptance are different depending on the target used
because the angle $ in the projectile-target center-of-mass
frame is about twice as much as that in the laboratory frame
for the C target, while they are about the same for the Pb
target.

The spectra for the whole acceptance show conspicuously
different characteristics depending on the target. A huge
asymmetric peak is seen for the Pb target, while two peaks,
corresponding to the known states at Ex=1.78 MeV and
3.41 MeV, are seen on top of the decreasing continuum for
the C target. The breakup cross sections for the whole accep-
tance with Erel integrated up to 5 MeV are
1790±20!stat"±110!syst" mb for the Pb target and
93.3±0.8!stat" +5.6

−10.3 !syst" mb for the C target (see the first
column of Table I). Here, the systematic uncertainty comes
mainly from that in the neutron detection efficiency, which
affects solely the absolute normalization of the spectrum. A
minor contribution to the uncertainty is due to the target
excitation and due to the events decaying to the 10Be excited
states, which can be significant for the carbon target data.

FIG. 2. Relative energy spectra for 11Be+Pb at
69 MeV/nucleon (a) and for 11Be+C at 67 MeV/nucleon (b).
These are plotted for the whole acceptance region (open circles) and
for the selected forward angles (open diamonds). The data points
are compared to the E1 direct breakup model calculation. The solid
curves are obtained with the ECIS code with &2 (spectroscopic factor
for the halo configuration) of 0.72, while the dotted curves are
obtained with the equivalent photon method with &2=0.69. For the
carbon data, two discrete peaks corresponding to Ex=1.78 MeV
and 3.41 MeV marked by the arrows are observed.

FUKUDA et al. PHYSICAL REVIEW C 70, 054606 (2004)

054606-4

Large cross sections well described by 1st-order calculations
) confirms the halo structure in 11

Be

Some bumps on C target corresponding to resonances?
Goal : learn more on few-body model of breakup 34 / 44



Model of Breakup of Halo Nuclei Breakup reaction

Breakup reaction
Breakup ⌘ dissociation of projectile in constituent clusters

by interaction with target
11

Be + 12
C ! 10

Be + n + 12
C

8
B + 208

Pb ! 7
Be + p + 208

Pb

The target T acts differently on projectile P contituents
) tidal force! breakup
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[Figure by A. Moro]

Used to
study cluster structure in nuclei e.g. halo nuclei
infer reaction rates of astrophysical interest

Need a good understanding of the reaction mechanism
i.e. an accurate theoretical description of reaction
coupled to a realistic model of projectile

Elastic breakup ⌘ all clusters measured in coincidence
(exclusive measurement)
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Model of Breakup of Halo Nuclei Breakup reaction

Framework

Projectile (P) modelled as a two-body system :
core (c)+loosely bound fragment ( f ) described by

H0 = Tr + Vc f (r)

Vc f adjusted to reproduce
P spectrum

Target T seen as
structureless particle

R

r

T

P

c

f

P-T interaction simulated by optical potentials

)breakup reduces to three-body scattering problem :
h
TR + H0 + VcT + Vf T

i
 (r, R) = ET (r, R)
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Model of Breakup of Halo Nuclei Breakup reaction

Projectile Hamiltonian H0

H0 = �
~2�r

2µc f

+ Vc f (r)

Vc f has usually a Woods-Saxon form factor

Vc f (r) =
V0

1 + e(r�R0)/a

Halo-EFT is a more efficient alternative. . . (see Daniel Phillips’ classes)

c- f relative motion described by H0 eigenstates
Enl < 0 : discrete set of bound states H0 �nlm(r) = Enl �nlm(r)

E > 0 : c- f continuum ⌘ broken up projectile
H0 �klm(r) = E �klm(r) where E = ~2

k
2/2µc f

Breakup ⌘ transition from bound state to continuum
through interaction with target (Coulomb and nuclear)

Breakup can take place in one or more steps
will be sensitive to both bound and continuum states
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Model of Breakup of Halo Nuclei Breakup reaction

Example : 11
Be

1/2+ -0.504 1s1/2
1/2� -0.184 0p1/2

10
Be + n

5/2+ 1.274 d5/2

11
Be spectrum

11
Be ⌘ 10

Be(0
+
) + n

10
Be cluster assumed in 0

+ ground state
(extreme shell model) (see Daniel’s classes)

) spin and parity of 11
Be states

fixed by angular momenta l and j of n :
1/2+ ground state in s1/2

1/2� excited state in p1/2

5/2+ resonance in d5/2

) fit Vc f in s1/2, p1/2 and d5/2 waves
(but not in p3/2. . . )
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Model of Breakup of Halo Nuclei Breakup reaction

Projectile-target interaction : VcT and Vf T

The breakup channel is now included in the collision description

However other channels not included :
absorption of the fragment by the target
breakup of the core
. . .

c-T and f -T interactions described by optical potentials VcT and Vf T

Their imaginary parts simulate the other channels

Usually chosen in the literature
VcT : problematic if c-T scattering not measured
) extrapolate what exists or use folding technique
Vf T : many N-T global potentials exist
[Becchetti and Greenlees, Phys. Rev. 182, 1190 (1969)]
Chapel Hill : [Varner et al. Phys. Rep. 201, 57 (1991)]
[Koning and Delaroche NPA 713, 231 (2003) ]
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Model of Breakup of Halo Nuclei Breakup reaction

Three-body Scattering Problem
Within this framework breakup reduces to three-body problem

h
TR + H0 + VcT + Vf T

i
 (r, R) = ET (r, R)

with the initial condition

 (r, R) �!
Z!�1

e
iKZ+···�n0l0m0

(r)

, P in its ground state �n0l0m0
impinging on T

R

r

T

P

c

f

Various methods developed to solve that equation
[Review : Baye, P.C., Lecture Notes in Physics 848, 121 (2012) ; on Indico]

Coupled-channel method with discretised continuum (CDCC)
Time-dependent approach (TD)
(semiclassical)
Eikonal approximation
. . .
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Reaction Project

Reaction Project
During the exercise sessions, you’ll be computing and analysing
breakup cross sections of halo nuclei

You’ll be using the Fortran code Chaconne.f (see Indico)
That code implements the Coulomb Corrected Eikonal (CCE)

I runs fast (a few minutes at most)
I accounts for the P-T interaction at all orders
I includes a 1st order correction of the Coulomb interaction

You pick one (or two, or all. . . ) of the reactions
I 11Be + Pb! 10Be + n + Pb @69A MeV

[Fukuda et al. PRC 70, 054606 (2004)]
I 11Be + C! 10Be + n + C @67A MeV

[Fukuda et al. PRC 70, 054606 (2004)]
I 15C + Pb! 15C + n + Pb @68A MeV

[Nakamura et al. PRC 79, 035805 (2009)]
I 19C + Pb! 19C + n + Pb @67A MeV

[Nakamura et al. PRL 83, 1112 (1999)]
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Reaction Project

Reaction Project

Study the reaction :
I develop a Vc f interaction (within Halo EFT)

(use the code Boscos.f to fit the interaction, see Indico)
I find suitable optical potentials VcT and Vf T

I check the convergence
I compare to existing data (available on Indico)

There are energy and angular distributions
Don’t forget to account for the experimental resolution

I analyse the agreement/differences with experiment
Work in groups of 4
(make sure that one of you has a computer to run the code)
Friday morning, present the results of your study to the others
This afternoon session is to decide on the system and set Vc f
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Reaction Project

Resources on Indico

Codes Boscos.f (structure) and Chaconne.f (reaction)
with short user’s manuals
and examples of input files (*.dat files)
and output files (*.dep and *.sdE files)
Experimental data (*.dat and *.rtf files)

I projectile and target are self-explanatory
I erel *.* are energy distributions (d�bu/dE) obtained after

integration over angular range
I angle *.* are angular distributions (d�bu/d⌦) obtained

after integration over a definite energy range
Details about the beam energy, experimental resolution etc.
can be found in the original articles,
which are provided in that same folder.
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