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The electromagnetic coupling
An interesting quantity...
▸ α(m2

Z ) enters the electroweak global fits of the Standard Model [1]

mH = 91+18
−16 GeV

▸ Using the parametrisation
α(Q2) = α

1 − (∆α)lep(Q2) − (∆α)had(Q2) . . .

aHVP
µ and (∆α)had can be related in the space-like region → changes to aHVP

µ may affect mH through
α(m2

Z )
... to compute on the lattice
▸ The hadronic contribution dominates the uncertainty:

(∆α)lep(m2
Z ) = 314.979(2) × 10−4 [2, 3]

(∆α)(5)had(m
2
Z ) = 276.09(112) × 10−4 [4]

(∆α)(t)had(m
2
Z ) = −0.7201(37) × 10−4 [4]
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Compute (∆α)(5)had(m
2
Z )

Method 1: Dispersion relation (DR)

(∆α)(5)had(Q
2) = −αQ

2

3π
P ∫

∞

m
2
π

ds
R(s)

s(s −Q2)
← for Q2 = m2

Z

where for the R-ratio one uses the experimental data

R(Q2) ≡
σtotal (e+e− → hadrons)
σ (e+e− → µ+µ−)

up to certain energy, and then switches to perturbation theory.

Method 2: Adler function approach, aka "Euclidean split technique" [5, 6, 7, 8]

(∆α)(5)had(m
2
Z ) = (∆α)(5)had(−Q

2
0) ← LQCD or DR for Q2 = −Q2

0

+ ((∆α)(5)had(−m
2
Z ) − (∆α)(5)had(−Q

2
0))) ← pQCD or DR

+ ((∆α)(5)had(m
2
Z ) − (∆α)(5)had(−m

2
Z )) ← pQCD

Slide taken from Hartmut Wittig’s Lattice 2022 talk
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Inputs to the Adler function approach

First term: Lattice result for (∆α)(5)had(−Q
2
0) for Q2

0 = 3 to 7GeV2

Second term: The Adler function

D(−Q2) = 3π
α

Q2 d(∆α)(5)had(Q
2)

dQ2

It is known to three loops in pQCD → Jegerlehner’s pQCDAdler package

[(∆α)(5)had(−m
2
Z ) − (∆α)(5)had(−Q

2
0)]

pQCD/Adler
= α

3π ∫
m

2
Z

Q
2
0

dQ2

Q2 D(Q2)

The result depends on Q2
0

Third term: Perturbation theory [9]

[(∆α)(5)had(m
2
Z ) − (∆α)(5)had(−m

2
Z )]

pQCD
= 0.000045(2)

Slide taken from Hartmut Wittig’s Lattice 2022 talk
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Time-momentum representation
As a function of the momentum exchanged Q2 > 0,

α(−Q2) = α

1 − (∆α)lep(−Q2) − (∆α)had(−Q2) . . .

The leading hadronic contribution is written in terms of the vacuum polarisation tensor

Π
γγ
µν (Q) = ∫ d4x e iQx ⟨V γ

µ (x)V γ
ν (0)⟩QCD Hγ γ

Then, the time-momentum representation [10, 11] of the coupling reads

(∆α)had(−Q2) = 4πα Π̄γγ (−Q2) Π̄γγ (−Q2) = ∫
∞

0
dt Gγγ (t)K(t,Q2)

where Π̄(−Q2) = Π(−Q2) −Π(0).
The piece that we compute on the lattice is

Gγγ (t) = −a
3

3

3

∑
k=1
∑
x⃗

⟨V γ
k (x)V

γ
k (0)⟩QCD
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The vector current V γ

k

∎ The electromagnetic current is

V
γ
k = 2/3uγku − 1/3d γkd + 2/3c γkc − 1/3s γks ,

∎ The isospin decomposition is very convenient,

V
γ
k = V

3
k + 1/

√
3V 8

k + 2/3V c
k

∎ In terms of the quark flavours computed on the lattice,

Iso-vector, V 3
k = 1/2(uγku − d γkd )

Iso-scalar, V 8
k = 1/(2

√
3)(uγku + d γkd − 2s γks)

∎ We use two Vk discretisations: local and conserved

(V a
k )L = ψ̄(x)γkλa/2ψ(x)

(V a
k )C = 1/2 (ψ̄(x + ak̂)(1 + γk)U†

k (x)λ
a/2ψ(x) − ψ̄(x)(1 − γk)Uk(x)λa/2ψ(x + ak̂))
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Coordinated lattice simulations (CLS)

▸ Nf = 2 + 1 O(a)-improved Wilson action
▸ Tree-level improved Lüscher-Weisz action
▸ Periodic/open temporal boundary conditions
▸ Chiral trajectory m2

π /2 +m2
K ≈ const

▸ Pion masses 130MeV < mπ < 420MeV

▸ a = (50, 64, 76 and 86)×10−3fm
▸ Volumes mπL > 4
▸ Local and conserved discretisations
▸ Use the scale

√
8t0 [12] or afπ [13]

−⟨
f2f2

γµγµ

f1f1
γνγν ⟩ , ⟨ γµγµ

f1f1

γνγν

f2f2

⟩

[14, 12]
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Sources of uncertainty

To produce highly accurate results, our analysis needs to study the following topics:

∎ Signal-to-noise ratio

∎ Finite box size

∎ Finite lattice spacing

∎ Unphysical quark masses

∎ Scale setting

∎ Isospin breaking effects (quark-connected component estimated in subset of ensembles)

∎ Missing sea charm and bottom quarks (insignificant [15, 16])
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Signal-to-noise ratio

∎ Bounding method: The isovector G 33 and isoscalar G 88 components fulfil

0 ≤ G(tcut)e−meff (t)(t−tcut) ≤ G(t) ≤ G(tcut)e−E0(t−tcut), t ≥ tcut [16]

Example at physical mπ :
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Finite box size
Correct the isovector correlator for finite-size effects

G 33(t,∞) = G 33(t,L) +∆G 33(t,L) ∆G 33(t,L) = G 33
model(t,∞) −G 33

model(t,L)
At small distances, where many-pion inter-
actions are important, we apply the Hansen-
Patella (HP) method [17, 18]

▸ It expands ∆G 33(t,L) in the pion
winding number

▸ We use the space-like pion form-factor

At large distances, where the ππ state dom-
inates, we can also use the Meyer-Lellouch-
Lüscher (MLL) method [19, 11, 20, 21]

▸ Models G 33
model(t,L) and G 33

model(t,∞)
separately

▸ We use the time-like pion form-factor
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−
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Finite lattice spacing and unphysical quark masses
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(∆α)had(−1GeV2) × 106 = 3864 (17) (8) (22) (4) (12) [32, 0.8%]
Statistical Extrapolation

Scale setting charm-quark loops

Isospin breaking

Total

Percentage
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Π̄ vs Q2
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Use Padé Ansätze for Q2 ≤ 7GeV Π̄ = (
N

∑
n=1

anQ
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M

∑
m=1

bmQ
2m)
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(∆α)had at low momentum, comparison

this work

BMWc17

BMWc20

∆αhad(−Q2)×105
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Jegerl.
alphaQED19

KNT18 data
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∆α(5)
had(−Q2)×105
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1.0GeV2 3.0GeV2 5.0GeV2
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(∆α)had at the Z pole, comparison

Mainz/CLS (∆α)had(m2
Z ) = 0.02773(15)

(lattice input + pQCD/Adler)

Jegerlehner 19 (∆α)had(m2
Z ) = 0.02753(12)

(R-ratio input + pQCD/Adler)
▸ The indirect determination of the Higgs mass is

affected [22]:

mH = 91+18
−16 GeV → mH = 78+?−? GeV

▸ The agreement within errors at the Z -pole doesn’t
erase the tension for low Q2

▽ Leaving (∆α)had(m2
Z ) as a free parameter

△ Leaving (∆α)had(m2
Z ) and mH as free parameters

▼ ⧫ As ▽, but using priors for (∆α)had(m2
Z ) centred around the R-ratio/BMWc estimate

Slide taken from Hartmut Wittig’s Lattice 2022 talk
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Relative contributions to (∆α)(5)had(m
2
Z )

Slide taken from Hartmut Wittig’s Lattice 2022 talk
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Implications for other quantities

The R-ratio uses experimental data

R(Q2) ≡
σtotal (e+e− → hadrons)
σ (e+e− → µ+µ−)

It gives access to the process

Hγ γ

With this diagram, we can compute the QCD contribu-
tion to several quantities:

aµ α(Q2) sin2 θW (Q2)

5 52. Plots of Cross Sections and Related Quantities

52.3 σ and R in e+e− Collisions
σ and R in e+e− Collisions
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Figure 52.2: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− →
hadrons, s)/σ(e+e− → µ+µ−, s). σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, σ(e+e− → µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/ψ, ψ(2S), and Υ (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))

21st May, 2020 7:49pm

[22]
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The hadronic vacuum polarisation contribution to the muon g − 2

← aHVP
µ status [23]

∎ BMW20 prediction [24] has similar precision to
phenomenology, but it deviates from data-driven
results

∎ We need more precise lattice determinations.
Challenging systematics:
▸ At short distances, cut-off effects
▸ At long distances, noise

∎ For a clear comparison between lattice
determinations → Use time windows in the TMR
as benchmarks [25]

Slide taken from Simon Kuberski’s Lattice 2022 talk
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Time-momentum representation

Intermediate Euclidean time window of aHVP
µ :

awin
µ ≡ (α

π
)

2

∫
∞

0
dt K̃(t)Gγγ (t) [Θ(t, t0,∆) −Θ(t, t1,∆)]

H

γ

µ

Gγγ (t) = −a
3

3

3

∑
k=1
∑
x⃗

⟨V γ
k (x)V

γ
k (0)⟩QCD

Θ(t, t ′,∆) ≡ 1
2
(1 + tanh[(t − t ′)/∆])

t0 = 0.4 fm, t1 = 1.0 fm, ∆ = 0.15 fm

Intermediate window:
▸ Cut-off effects are suppressed
▸ No noise problem
▸ Per-mil uncertainty

Slide taken from Simon Kuberski’s Lattice 2022 talk
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Comparing awin
µ with the R-ratio

∎ 3.9σ tension with data-driven estimate [26]

∎ Need to look at the other windows

Teseo San José 18 / 23



The electroweak mixing sin2 θW

The electroweak mixing angle is defined as

sin2 θW =
α

α2

where 4πα = e2, 4πα2 = g2, g the SU(2)L
coupling

The standard theory approach separates the quark
flavour components of the R-ratio → the lattice
avoids this systematic

10 4 10 3 10 2 10 1 1 101 102 103 104

 [GeV]

0.225

0.230

0.235

0.240

0.245

sin
2

(
) APV

Qweak

SLAC E158

eDIS

LEP I
SLCTevatron LHC

RGE Running
Particle Threshold
Measurements

Experiments MOLLER [27] and SoLID [28] at JLAB, and P2 [29] in Mainz University → Precision in the range
0.15% to 1% at low energy µ
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Time-momentum representation
As a function of the momentum exchanged Q2 > 0,

α(−Q2) = α

1 −∆α(−Q2)
, sin2 θW (−Q2) = sin2 θW (1 +∆sin2 θW (−Q2))

where (∆sin2 θW )had(−Q2) ≡ (∆α)had(−Q2) − (∆α2)had (−Q
2)

The leading hadronic contributions are related to two subtracted vacuum polarisation functions:

(∆α)had(−Q2) = 4πα Π̄γγ (−Q2), (∆sin2 θW )had(−Q2) = − 4πα
sin2 θW

Π̄Z γ (−Q2)

Hγ γ
Hγ Z

Use the time-momentum representation [10, 11] to express the subtracted vacuum polarisation function

Π̄γγ (−Q2) = ∫
∞

0
dt Gγγ (t)K(t,Q2), Π̄Z γ (−Q2) = ∫

∞

0
dt GZ γ (t)K(t,Q2),

GZ γ (t) = −a
3

3

3

∑
k=1
∑
x⃗

⟨V Z
k (x)V

γ
k (0)⟩QCD
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The vector currents V γ

k , V Z
k

∎ The two basic currents are

V
γ
k =

2
3
uγku −

1
3
d γkd +

2
3
c γkc −

1
3
s γks , V

T3
k = 1

4
uγku −

1
4
d γkd +

1
4
c γkc −

1
4
s γks

∎ An isospin decomposition is very convenient,

V
γ
k = V

3
k + 1/

√
3V 8

k + 2/3V c
k

V
Z
k = V

T3
k − sin

2 θWV
γ
k = (1/2 − sin

2 θW )V γ
k − 1/6V 0

k − 1/12V c
k

∎ In terms of the quark flavours,

Iso-vector, V 3
k = 1/2(uγku − d γkd )

Iso-scalar, V 8
k = 1/(2

√
3)(uγku + d γkd − 2s γks)

Iso-singlet, V 0
k = 1/2(uγku + d γkd + s γks)

∎ We use two Vk discretisations: local and conserved

(V a
k )L = ψ̄(x)γkλa/2ψ(x)

(V a
k )C = 1/2 (ψ̄(x + ak̂)(1 + γk)U†

k (x)λ
a/2ψ(x) − ψ̄(x)(1 − γk)Uk(x)λa/2ψ(x + ak̂))
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(∆α2)had at low momentum, comparison
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Summary and Outlook

▸ Lattice+pQCD/Adler estimate for (∆α)had(m2
Z ) broadly agrees with global electroweak fits → no

contradiction with the Standard Model here
▸ Standard Model can accommodate a larger value for aµ without contradicting electroweak precision data
▸ Our result for awin

µ , (∆α)had(−Q2) and (∆sin2 θW )had(−Q2) are in tension with the R-ratio → 3σ to 5σ

An update of the 2019 determination of aHVP
µ is ongoing:

▸ Investigate other time windows
▸ Reduce statistical errors
▸ Improve the scale setting
▸ Extend isospin breaking (IB) calculations to more ensembles

For a detailed explanation, see
▸ arXiv:2203.08676
▸ arXiv:2206.06582
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O(a) improved and renormalised vector currents

▸ Use the tensor current Σa
µν for O(a) improvement [30, 31],

(V a
k )

α
I (x) = (V

a
k )

α (x) + acαV (g0)∂̃νΣa
µν(x), with α = L,C

▸ Renormalisation and mass-dependent improvement of local currents via [30, 31]

(V 3
k )

L

R
= ZV (1 + 3b̄V am

av
q + bV amq,l) (V 3

k )
L

I
,

(V
8
k

V 0
k
)

L

R

= ZV

⎛
⎜⎜
⎝

1 + 3b̄V am
av
q +

bV
3
(amq,l + 2amq,s ) (bV

3
+ fV )

2√
3
(amq,l − amq,s )

rV dV
3
(amq,l −mq,s ) rV + rV (3d̄V + dV )amav

q

⎞
⎟⎟
⎠
(V

8
k

V 0
k
)

L

I

▸ Two independent non-perturbative determinations of ZV , cL
V , cC

V , bV , b̄V
Set 1 Large-volume CLS ensembles [30]

Set 2 Small-volume Schrödinger functional [32, 33] They differ by higher order cut-off effects. fV is of O(g6
0 ) and

unknown
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The Γ method vs jackknife binning [34, 14]

Measurements are taken every 4MDU.
Runs with the same trajectory length should show Langevin scaling, ¯̄τΠ̄,int ∝ a−2. OBC are taking to alleviate the
increase in autocorrelations towards the The error estimate using the Γ method includes autocorrelations
explicitly,

(∆¯̄F)
2
= 2¯̄τF ,int (∆0

¯̄F)
2
, (∆jackF̄)

2 = NB − 1
NB

NB

∑
k=1
(f (ckα) − F̄)

2
.

Both methods minimize the total error of the error to find the correct uncertainty,

∆total (∆¯̄F)

∆¯̄F
≈ 1

2
min
w
(e−w/τF,D + 2

√
w

N
),

∆total (∆jackF̄)
∆jackF̄

≈ 1
2
min
B
(
τF ,D
B
+
√

2B
N
).

The systematic error of the error is different,

∆sys (∆¯̄F)

∆sta (∆¯̄F)
≈ 1
log (N/τF ,D)

,
∆sys (∆jackF̄)
∆sta (∆jackF̄)

= 1
2
.

The systematic error of the error for the Γ method vanishes with increasing statistics.
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The Γ method vs jackknife binning [34]

Ensemble S400, with Mπ = 351MeV Ensemble J303, with Mπ = 257MeV

The vertical line shows the estimated optimal bin size B, and the horizontal band shows

∆Π̄(B)/∆Π̄(1) =
√

2τΠ̄,int = const,

which is the expected uncertainty increase when taking into account autocorrelations.
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The Γ method vs jackknife binning
CLS aMπ Bin size τΠ̄,int

H101 0.1830 (5) 25 1.70 (26)
H102 0.1546 (5) 25 1.73 (27)
H105 0.1234 (13) 20 1.32 (27)
N101 0.1222 (5) 15 0.79 (11)
C101 0.0960 (6) 20 0.79 (10)

B450 0.1605 (4) 25 1.45 (24)
S400 0.1358 (4) 20 2.17 (32)
N451 0.1108 (3) 10 0.73 (10)
D450 0.0836 (4) 5 0.55 (7)

H200 0.1363 (5) 30 1.20 (19)
N202 0.1342 (3) 35 1.86 (45)
N203 0.1124 (2) 20 1.15 (17)
N200 0.0922 (3) 15 0.77 (10)
D200 0.0655 (3) 10 0.58 (6)
E250 0.0422 (2) 5 0.47 (4)

N300 0.1067 (3) 40 3.36 (67)
N302 0.0875 (3) 30 2.07 (33)
J303 0.0649 (2) 20 1.41 (26)
E300 0.0442 (1) 20 1.07 (22)

The pion masses were obtained by the Mainz group using an implementation of the PhD thesis [35]. B and τΠ̄,int are
computed using the Python code [36].
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Time-momentum representation [10, 11]

K(t,Q2) = t2 − 4
Q2 sin2 (Qt

2
)
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2 )
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Extrapolation to the physical point

Extrapolate to the isospin-symmetric physical point on the dimensionless variables [12, 22, 37]

a2/8tsym
0 → 0

ϕ2 = 8t0M
2
π → ϕphy

2 = 0.0806(17)

ϕ4 = 8t0(M2
π/2 +M2

k ) → ϕphy
4 = 1.124(24)

Fit models

Π̄charm(a2/8tsym
0 , ϕ2) = Π̄cc,sym + δd2 (a2/8tsym0 ) + γcc

1 (ϕ2 − ϕsym
2 )

Π̄08(ϕ2, ϕ4) = λ1 (ϕ4 − 3/2ϕ2)

Π̄i=33,88(a2/8tsym
0 , ϕ2, ϕ4) = Π̄sym + γ i

1 (ϕ2 − ϕsym
2 ) + η1 (ϕ4 − ϕsym

4 )

+ γ i
2

⎧⎪⎪⎨⎪⎪⎩

log (ϕ2/ϕsym
2 )

(ϕ2 − ϕsym
2 )2

+
⎧⎪⎪⎨⎪⎪⎩

δd2 (a2/8tsym0 )
δd2 (a2/8tsym0 ) + δd3 (a2/8tsym0 )3/2
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Total least-squares minimisation

We use the Levenberg-Marquardt algorithm [38] as implemented in the SciPy package [39] least_squares routine.
Different ensembles are uncorrelated,

χ2 = ∑
e

χ2
e ≡ ∑

e

⎧⎪⎪⎨⎪⎪⎩

χ2
e,−, if Mπ,e ≠MK ,e ,

1/2 (χ2
e,33 + χ2

e,88) , if Mπ,e =MK ,e .

The index e runs over the ensembles.
χ2
e,−, χ

2
e,33 and χ2

e,88 can be written with the same generic structure rTCov−1r , where

r = model − data is the vector of residues.

Cov is the covariance matrix, whose entries can be computed using

Cove,.[x , y] =
1

Nb − 1

Nb

∑
s=1
(xs − E[x]) (ys − E[y]) ,

where s runs over the bootstrap samples, of which there are Nb in total.
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r and Cov for non-SU(3)f-symmetric ensembles
The residue vector is defined as

re,− =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ϕ2

ϕ4

Π̄(a, ϕ2, ϕ4;d = l, i = 33)
Π̄(a, ϕ2, ϕ4;d = s, i = 33)
Π̄(a, ϕ2, ϕ4;d = l, i = 88)
Π̄(a, ϕ2, ϕ4;d = s, i = 88)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠

−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ϕ2

ϕ4

Π̄l
33

Π̄s
33

Π̄l
88

Π̄s
88

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
e

,

where e runs over the ensembles data. The index structure of the covariance matrix is

Cove,− =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

ϕ2, ϕ2 ϕ2, ϕ4 ϕ2, Π̄
l
33 ϕ2, Π̄

s
33 ϕ2, Π̄

l
88 ϕ2, Π̄

s
88

⋮ ϕ4, ϕ4 ϕ4, Π̄
l
33 ϕ4, Π̄

s
33 ϕ4, Π̄

l
88 ϕ4, Π̄

s
88

⋮ ⋮ Π̄l
33, Π̄

l
33 Π̄l

33, Π̄
s
33 Π̄l

33, Π̄
l
88 Π̄l

33, Π̄
s
88

⋮ ⋮ ⋮ Π̄s
33, Π̄

s
33 Π̄s

33, Π̄
l
88 Π̄s

33, Π̄
s
88

⋮ ⋮ ⋮ ⋮ Π̄l
88, Π̄

l
88 Π̄l

88, Π̄
s
88

. . . . . . . . . . . . . . . Π̄s
88, Π̄

s
88

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
e
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r and Cov for SU(3)f-symmetric ensembles

The residue vector is defined as

re,i =
⎛
⎜
⎝

ϕ2

Π̄(a, ϕ2,3ϕ2/2;d = l, i)
Π̄(a, ϕ2,3ϕ2/2;d = s, i)

⎞
⎟
⎠
−
⎛
⎜⎜
⎝

ϕ2

Π̄l
i

Π̄s
i

⎞
⎟⎟
⎠
e

,

where e runs over the ensembles data. The index structure of the covariance matrix is

Cove,i =
⎛
⎜⎜
⎝

ϕ2, ϕ2 ϕ2, Π̄
l
i ϕ2, Π̄

s
i

⋮ Π̄l
i , Π̄

l
i Π̄l

i , Π̄
s
i

. . . . . . Π̄s
i , Π̄

s
i

⎞
⎟⎟
⎠
e
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Jacobian
We define a vector y of length m × 1 containing all the fit parameters,

y ≡ (Π̄sym, α2,s, α3,s, β1,33, etc.)

The vector y includes ϕ2 for the SU(3)f-symmetric ensembles, and ϕ2 and ϕ4 for the rest.
Then, we apply the Cholesky decomposition on χ2

e,−, χ
2
e,33, χ

2
88,

χe,. = L−1e,.re,.,

such that χe,. is a n × 1 vector, with n the number of dependent (Π̄) plus independent (ϕ2, ϕ4) variables for a
given ensemble.
Then, we compute the m × n matrix of derivatives

(
∂χe,.

∂y
)
T

= L−1e,. (
∂re,.
∂y
)
T

,

For SU(3)f-symmetric ensembles, m = 10 and n = 3, while m = 11 and n = 6 for the rest. Then, the Jacobian for
every ensemble is [40]

∂χe

∂y
χe =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂χe,−

∂y
χe,−, if Mπ,e ≠MK ,e

1
2
( ∂χe,33

∂y
χe,33 +

∂χe,88
∂y

χe,88) , if Mπ,e =MK ,e .
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Lattice spacing dependence

0.0 0.1 0.2 0.3
a2/tsym

0

0.026

0.028

0.030

0.032

0.034

0.036

Π̄
33

(−
Q

2 )

135MeV
200MeV
280MeV
350MeV
412MeV

0.0 0.035 0.05 0.064 0.076 0.086
a [fm]

Smooth step function between a2 and a2 + a3

Θ(Q2) = 0.5 (1 + tanh((Q2 − 2.5GeV2)/1.0GeV2))

Logarithmic corrections to the a2 behaviour [41]

c̃Π̄(Q
2) ⋅ (a2/tsym0 ) log(tsym0 /a2)/2 ∼ 0

0.0 0.1 0.2 0.3
a2/tsym

0

0.044

0.046

0.048

0.050

0.052

0.054

0.056

Π̄
88

(−
Q

2 )

135MeV
200MeV
280MeV
350MeV
412MeV

0.0 0.035 0.05 0.064 0.076 0.086
a [fm]
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Scale-setting uncertainty

Dominant uncertainty for 0 < Q2 ≲ 3GeV2

Although Π̄ is dimensionsless, the scale enters indirectly through
The virtuality 8t0Q

2 in the kernel K(t,Q2
) of the TMR

The physical point definition ϕphy
2 , ϕphy

4

Using linear error propagation, the relative error of Π̄ is

∆Π̄

Π̄
≈ ∣ 2l20Q

2

Π̄

∂Π̄

∂l20Q
2 +

2ϕphy
2

Π̄

∂Π̄

∂ϕphy
2

+
2ϕphy

4

Π̄

∂Π̄

∂ϕphy
4

∣∆l0
l0

The first term is positive, and varies with Q2

The second and third terms are negative
∆Π̄/Π̄ ∼ 0 in some cases

⎫⎪⎪⎪⎬⎪⎪⎪⎭
→ We use bootstrap sampling instead

Scale setting: l0 ≡
√

8t0 = 0.415 (4) (2) fm [12]

Improved determination in progress
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Isospin breaking effects [45, 35, 46]

Evaluate quark-connected Π̄ in QCD +QED at Mπ ∼ 220MeV → Estimate relative size of isospin breaking effects
→ Add to error budget

→ Non-compact QEDL-action for IR regularisation, Coulomb gauge [42]

→ Same boundary conditions for the photon and gluon fields

→ Reweighting and leading perturbative expansion in ∆ϵ = ϵ − ϵ(0) around ϵ(0), where
QCD +QED parametrised by ϵ = (Mu ,Md ,Ms , β, e

2
)

QCDiso parametrised by ϵ(0) = (M
(0)
ud ,M

(0)
ud ,M

(0)
s , β(0),0)

[43, 44]

→ Neglect IB effects in the scale

→ Renormalisation scheme: Match QCD +QED and QCDiso using

M2
π
0 ∝Mu +Md

M2
K+ −M

2
K0 −M2

π
+ +M2

π
0 ∝Mu −Md

M2
K+ +M

2
K0 −M2

π
+ ∝Ms
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Missing quark contributions

The charm-quark contribution is determined from the quark-connected component alone. Therefore, there are
two missing effects:

➔ Valence charm-quark loops
[16] reports this contribution to be < 1% of the u , d , s quark-disconnected contribution to aHVP

µ → 0.1h effect
we neglect

➔ Sea charm-quark loops
To estimate the effect of quenching, we employ a phenomenological estimate,

Split Π̄ into two parts,
Π̄(−Q2

0) = [Π̄(−Q
2
0) − Π̄(−1GeV2

)]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

①

+ Π̄(−1GeV2
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

②

① Charm sea-quark effects appear at O(α2
s ) in perturbation theory → negligible

② D+D−, D0D0 , D+s D−s contribute to the (u ,d , s) vector correlators.
Using scalar-QED → 3h effect added to error budget

The bottom-quark contribution is determined by [15] → maximum 3h effect added to error budget to compare
with phenomenology
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Relating Π̄ and the Stieltjes function
The integral representation of a Stieltjes function Φ(z) is [47, 48],

Φ(z) = ∫
1/R

0

dν(τ)
1 + τz

,

where ν(z) is real, bounded, non-decreasing on the interval [0,1/R], and takes infinitely many values on that
said interval. Φ(z) is analytic in the entire complex plane except on the cut z ∈ (−∞,−R], and decreases
monotonically in the range z ∈ (−R,∞).Choosing [48]

τ = 1
s
, dν(τ) = dτ ρ(1/τ),

R = 4M2
π , ρ(1/τ) = 1

π
ImΠ(1/τ),

we see that Π̄ is a Stieltjes function [48],

Π̄(−Q2) = Q2Φ(Q2), Φ(Q2) = ∫
∞

4M2
π

ds
ρ(s)

s(s +Q2)
.

The spectral function ρ(s) is non-negative in the integration range.
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Relating the Stieltjes function and the Padé approximants (PAs)
A Padé approximant RN

M(Q2) is the ratio of two polynomials of degrees N and M [49],

RN
M(Q2) = ∑N

n=0 anQ
2n

1 +∑M
m=1 bmQ

2m

To build Padé approximants (PAs) to describe Φ(Q2), we employ the following theorem [49, 50]: Given P points
(Q2

i ,Φ(Q2
i )), i ∈ {1, . . . ,P}, a sequence of Padé approximants can be constructed converging to Φ(Q2) in the

limit P→∞ on any closed, bounded region of the complex plane, excluding the cut Q2 ∈ (−∞,−4M2
π ]. Then,

the Stieltjes function Φ(Q2) can be built as a continued fraction [49],

Φ(Q2) = ψ1(Q2
1)

1 + (Q2 −Q2
1) ψ2(Q2

2)

1 + (Q2 −Q2
2) ψ3(Q2

3)
⋱1 + (Q2 −Q2

P−1) ψP(Q2
P)

.

The functions ψi can be constructed recursively using [51]

ψ1 = Φ(Q2
1), ψi(Q2) = ψi−1(Q2

i−1) − ψi−1(Q2
i )

(Q2 −Q2
i−1)ψi−1(Q2)

, i > 1.
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