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Spoiler Slide
[Graham, Rajendran,’13]

Bmax = 10, 20 T

γ̄Xe = 2.436 × 107 s−1T−1

γHe = 2.037 × 108 s−1T−1

ωXe
max = γ̄XeBmax

≈ 1.60 × 10−7 eV
ωHe

max = γ̄HeBmax

≈ 2.68 × 10−6 eV
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Axion DM & Couplings

> Consider an axion arising as a pseudo Nambu-Goldstone boson from spontaneous
symmetry breaking or from dimensional reduction of a p-form

> Assume axion constitutes 100% of dark matter
> Shift symmetry implies anomalous or derivative couplings to the Standard Model.
> If axion couples to nucleons N ,

L ⊃ gN (∂µa)N̄γµγ5N
gN = CaN

fa

> If nucleon is non-relativistic,

Hint = −2gN
~S · ∇a Hint = −g~S · ~B

Axion field acts as a pseudo-magnetic field
DM can be detected by NMR experiments

[Graham, Rajendran,’13]

[Budker,Graham, Ledbetter,Rajendran,Sushkov,’14]
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Axion-Induced NMR: Basics

[See Hendrik’s talk from yesterday/last week]

M0 + M⊥(t)

B

∇a

M⊥(t) ∼ t cos(mat)
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Axion-Induced NMR: Bloch Equations

> One can start from Schrödinger equation for spins to find magnetization....or use the
Bloch Equations:

dM
dt

= M × γB − Mxx̂ + Myŷ
T2

− (Mz − M0)ẑ
T1

2nd & 3rd terms are phenomenological, T1 & T2 are relaxation times
Magnetic field composed of two pieces

~B = B0ẑ + 2
γ

gN ∇a

> Perturbative expansion in gN & decouple the equations

M̈x + 2
T2

Ṁx + ω2
0Mx = 2gN M0ω0(x̂ · ∇a) − 2gN M0

d

dt
(ŷ · ∇a)
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(ŷ · ∇a)

DESYª | The Sensitivity of Spin-Precession Axion Experiments+ | Jacob M. Leedom | Wavy DM Detection with QN, 19.08.2022 Page 6

http://creativecommons.org/licenses/by/4.0/


Axion-Induced NMR: General Solution

M̈x + 2
T2

Ṁx + ω2
0Mx = 2gN M0ω0(x̂ · ∇a) − 2gN M0

d

dt
(ŷ · ∇a)

Ω2 = ω2
0 − T −2

2

> General Solution via Green’s Function

G(t) = 1
Ωe−t/T2 sin[Ωt]

Mx(t) = C1e−t/T2 cos(ω0t) + C2e−t/T2 sin(ω0t) +
∫ t

0
G(t − s)F (s)ds

> From here, can obtain DFT & PSD of the signal
> However, must model the dark matter source
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Axion-Induced NMR: Resonance & Beats

M̈x + 2
T2

Ṁx + ω2
0Mx = 2gN M0ω0(x̂ · ∇a) − 2gN M0

d
dt(ŷ · ∇a)

M̈x + 2
T2

Ṁx + ω2
0Mx = A cos(ωt)

ω = ω0

ω ≈ ω0

T2 → ∞ T2 < ∞
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Modeling Wavy Dark Matter

> Wavy axion dark matter is not just a cosine

v

f(
v)

fSHM (v) = v√
πv0v�

exp
[

− (v + v�)2

v2
0

](
exp

[4vv�
v2

0

]
− 1

)
fSHM (v) = 1

π3/2v3
0

exp
[

− (v + v�)2/v2
0

]
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Modeling Wavy Dark Matter: Plane Wave Model

a(t) =
√

2ρa

Naω̄

Na∑
i=1

1
√

ωi
cos[ωit + φi] =⇒ ∇a(t) =

√
2ρa

Naω̄

Na∑
i=1

~ki√
ωi

sin[ωit + φi]

ωi ≈ ma(1 + v2
i /2)

~ki ≈ ma~vi

φi ∈ [0, 2π)

τa ∼ 106

ma

Mx(t) = gN A
Na∑
i=1

1
√

ωi

∫ t

0
G(t − t′)

(
kx

i ω0 sin[ωit
′ + φi] − ky

i ωi cos[ωit
′ + φi]

)
dt′
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Modeling Wavy Dark Matter: Jumping Phase Model

a(t) = a0 cos(ωat + φ(t)) =⇒ ∇a(t) = a0~k(t) sin(ωat + φ(t))

> Coherence time put in by hand, set to value τa ≈ 106/ma

> ~k(t) ≈ ma~v(t) & φ(t) are a sequence of step functions taking random values in intervals
of length τa

t

ϕ
(t
) fSHM (~v) → ~vi

> Inside a coherence time patch, Bloch solution is simple. Only nontrivial aspect is stitching
patches together.
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The Original Argument
[Graham, Rajendran,’13]

[Budker,Graham, Ledbetter,Rajendran,Sushkov , ’14]> Axion DM field is not just a cosine:

a(t) = a0 cos(mat) →
∑

i

ai cos(ωit + φi)

one can see the difference after waiting a coherence time τa ∼ v−2
DM /ma ∼ 106/ma

> Experimental sensitivity depends on hierarchy between integration time T and τa. For
τa < T :

Ms ≈
√

Sn(τaT )−1/4 → gn ∝ m5/4
a

> The assumptions going into this are
Assumption #1: The signal grows only until T ∼ τa

Assumption #2: The signal is in multiple bins in this regime

Claim: Both assumptions need to be revisited
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Axion-Induced NMR: Growth of the Signal

The signal grows until t ∼ τa

The signal grows linearly until t ∼ τa and then grows as
√

τaT until T2 (on average)
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Axion-Induced NMR: Back of the Envelope
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t = τa

Mx(t) ∼
Na∑
i=1

∫ t

0
G(ω0|t − t′) cos

(
ωit

′)

> DM distribution is very narrow:
∆ω/ω̄ ∼ 1/Qa ≈ 10−6

> So ∆ωi << ω̄

> If ∆ωit << 1, axion wave is in
resonant regime

> Rough estimate - number of axion
waves contributing resonance to
〈M2〉 is ≈ τa/t√

〈M2〉 ∼
√

τa

t
× t cos(mat)
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Axion-Induced NMR: Master Equation

T = N∆t

> Take Discrete Fourier Transform of Bloch equation:

M (k)
x =

N−1∑
n=0

Mx(n∆t)e−2πik/N

> Define the Power Spectral Density S(k)
x = (∆t)2

T
|M (k)

x |2

Sx(ω) = (∆t)2

T

4g2
N M2

0
(ω2

0 − ω2)2 + 4ω2/T 2
2

(
ω2

0|x̂ · ∇a(ω)|2 + ω2|ŷ · ∇a(ω)|2
)

The Terrestrial Factor is a
Lorentzian with width ∼ T −1

2

The Cosmological Factor encodes
information on dark matter model
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In both regimes, the PSD is sharply peaked and power is primarily in a single bin

DESYª | The Sensitivity of Spin-Precession Axion Experiments+ | Jacob M. Leedom | Wavy DM Detection with QN, 19.08.2022 Page 17

http://creativecommons.org/licenses/by/4.0/


Axion-Induced NMR: Master Equation

T < τa τa < T

Sx(ω) = (∆t)2

T

4g2
N M2

0
(ω2

0 − ω2)2 + 4ω2/T 2
2

(
ω2

0|x̂ · ∇a(ω)|2 + ω2|ŷ · ∇a(ω)|2
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Master Equation & Analytics

> High mass regime → fully resolve the PSD of ∇a(t)

> Adapting analysis of [Foster,Rodd,Safdi,’20] & [Foster,Kahn,Nguyen,Rodd,Safdi,’21]

〈|ŝ · ∇a(ω)|2〉 = πρDM

mavω

∫
d3vf(~v)(ŝ · ~v)δ(|~v| − vω)

= ρDM

π1/2mavωv3
0

∫
d3ve−(~v+~v�)2/v2

0 (ŝ · ~v)2δ(|~v| − vω)

=
√

πρDM

ma
e−v2

ω/v2
0−1[(1 + 2(vω/v0)2) sinh(2vω/v0) − 2(vω/v0) cosh(2vω/v0)]

vω =
√

2ω/ma − 2

ŝ → v̂�
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Axion DM Models & Master Equation

Sx(ω) =


ρDM g2

N M2
0 T 2

2
ma

δk,ks when τa < T2

ρDM g2
N M2

0 v2
DM TT 2

2
12 δk,ks when T2 < τa

T = T2 × max
[
1,

ατa

T2

]

DESYª | The Sensitivity of Spin-Precession Axion Experiments+ | Jacob M. Leedom | Wavy DM Detection with QN, 19.08.2022 Page 20

http://creativecommons.org/licenses/by/4.0/


Noise

> Magnetometer Noise:

λM ∼ 1.6 × 105 eV−1

> Spin Projection Noise

λSP (ω) = γ2n

4πV T2

1
T −2

2 + (ω0 − ω)2

> There is also thermal noise, but we assume the sample is cooled sufficiently that is it
subdominant.

[Braun, König,’06]

[Aybas+,’21]

> These are fed into a likelihood framework & 95% limits are derived via the Asimov dataset
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CASPEr for DM Conclusions

> Effects lead to enhanced
sensitivity at higher
masses

> Applicable to any
experiment utilizing
NMR or related
techniques. In particular,
also true for
CASPEr-electric (will be
in paper)

> Note: If SP noise can be
mitigated, He contour
approaches QCD axion
line
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The CaB, String Theory, & CASPEr

[Dror,Murayama,Rodd, ’21]

> The Cosmic axion Background - relic density of relativistic utlralight axions

> Why? As a probe of Cosmological History & String Theory
> Cosmological History:

CaB could be produced from several mechanisms - cosmic strings, parametric resonance, dark
matter decay, and thermal production
CaB frequency distribution could distinguish production mechanism and serve as signal for
events such as phase transitions

> String Theory
String axiverse - can have as many as 105 axions in a given string compactification. Don’t
have to be dark matter
Ultralight axions are natural:

m2
a ∼

M2
p Λ2e−S

f2
a

[Hui, Ostriker, Tremaine, Witten, ’16]

[Cicoli,Guidetti,Righi,Westphal, ’21]

CASPEr as a probe of cosmology & quantum gravity!
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The CaB, String Theory, & CASPEr
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Thank you!
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