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Why inflation triggered 
phase transition?



The excursion of the inflaton
Δϕ ∼ Nefold ϵMPlanck

Large excursion of the inflaton field plausible, even if we restrict 
ourselves to the case where #$ < MPlanck  

This is the case even for a small part of inflation with Nefold ≈ O(1)

Any physics/observable effect? 



Example: Inflaton + spectator

Spectator, less energy,  
not driving spacetime evolution

Inflaton sector 
Single field slow roll 

Approx. shift symmetry…

$ σ

Suppose the coupling is weak, suppressed by some high 
scale M, such as M≈MPlanck

For example: f ( ϕ
M ) m2

σσ2, g ( ϕ
M ) λσ4,  etc.

Field excursion of inflaton, #$ ӗM,  can change the mass and couplings 
in the spectator sector, leading to interesting dynamics.



For example: 1st order PT
V(ϕ, σ) = − 1

2 μ2
effσ2 + λ

4 σ4 + 1
8Λ2 σ6 + Vinf(ϕ), μ2

eff = − (m2
σ − c2ϕ2)

c2 ∼ m2
σ

M2 ≪ 1

Rolling inflaton → (1st order) phase transition in the spectator sector



1st order phase transition

Bubble nucleation rate: 
Γ
V

≃ m4
σe−S4

Efficient phase transition: 

∫
t

−∞
dt′ 

Γ
V

1
H3 ≃ O(1) → S4 ∼ log ( ϕH

·ϕ
m4

σ

H4 ) ∼ log ( ϕ
ϵ1/2MPl

m4
σ

H4 )
Phase transition is 1st order (S4 ≫1). 
Also, assume spectator sector does not dominate energy density. 

H4 ≪ m4
σ ≪ 3M2

PlH2

: typical scale in the spectator sectormσ



1st order phase transition
Phase transition completed with O(1) of Hubble volume in 
new phase (so that they will collide and produce GW)

S4(t) ≃ S(t*) + β(t* − t) + … β4 ≪ m4
σ ≪ 3M2

PlH2

Guth and Weinberg, 83’

r−1
bubble ≃ β = dS4

dt
β ∼ (10 − 100) × H

7

FIG. 7: Evolution of the fraction of the space occupied by the
true vacuum.

Typical values of �/H

In a first order phase transition, the typical radius of
the bubbles at the end of the phase transition can be
estimated as ��1 = |dS4/dt|

�1. We have
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where

I1 =
1

S4

����
dS4

d logµ2

e↵

���� , (32)

can be calculated numerically with CosmoTransition [52],
and the results show that the value of I1 can vary from
0.2 to 5.

Therefore, we get
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H
= I1S4(2✏)
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Mpl
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|
. (33)

In slow-roll single field models, we have the simple rela-
tion that [36]

Z
�PT

�end

d�
p
2✏Mpl

= Ne , (34)

where Ne is defined as the number of e-folds before the
end of inflation. Therefore, if we use the range of � to
estimate the value of � at the moment of the phase tran-
sition and assume epsilon does not evolve much after the
phase transition, we have

�

H
⇡

dS4

d logµ2

e↵
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Ne|1�
µ2

c2�2 |
. (35)

In the phase transition region, since it usually requires
a small bounce, there is usually a cancelation between
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FIG. 8: Numerical simulation of the occupation fraction of
the new vacuum for �/H = 30 (blue) and �/H = 15 (green).

FIG. 9: Distributions of the physical radius of bubbles when
the occupation faction of the new vacuum is about 90% for
�/H = 30 (left) and �/H = 15 (right). The vertical axis
show the number of bubbles in a comoving volume of 8H�3

in each radius bin.

the two terms in µ
2

e↵
. For example, in the case of V1

and V2, during the phase transition, the ratio µ
2

e↵
/⇤2

changes from order one to about 10%. Therefore, it is
very probable that in the framework of slow-roll phase
transition, the value of �/H is about O(10) to O(100).

β
H

= 30 β
H

= 15

For GW signal in the opposite limit: J. Barir, M. Geller, C. Sun, T. Volansky, 2203.00693 



In our toy model:

r−1
bubble ≃ β = dS4

dt

β
H

= dS4
d log μ2

eff
(2ϵ)1/2 × MPl

ϕ (1 − m2σ /(c2ϕ2))

First order phase transition during 
inflation
•
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∼ 102

β
H

∼ 10

CosmoTransitions

dS4
d log μ2

eff
∼ O(1)



1st order phase transition

H−1

rbubble

tbubble collision ∼ rbubble ≪ H−1

β−1 ∼ rbubble ≪ H−1

An instantaneous source of GW.  

Phase transition is 1st order, and spectator sector does 
not dominate energy density: 

S4(t) ≃ S(t*) + β(t* − t) + … β4 ≪ m4
σ ≪ 3M2

PlH2



Properties of GW signal



1
Ha

co-moving scale

log a

rbubble ∼ Δτ −

τ*

← Δτ →

k > Δ−1
τ

(τ*)−1 < k < Δ−1
τ

|τ* | = (H*a)−1 −

k < (τ*)−1

Time of phase transition

GW modes

GW in three regimes

Intermediate

IR

UV



GW from instantaneous source
h′ ′ + 2a′ 

a
h′ + k2h = 16πGNa3Tij

Instantaneous source: Tij ≃ Ta−3(τ*)δ(τ − τ*)

h = 16πGN(−Hτ)[ sin k(τ − τ*)
k

+ ( 1
k2τ

− 1
k2τ* ) cos k(τ − τ*) + 1

k3ττ*
sin k(τ − τ*)]

Before the end of inflation: 

Assume radiation domination after reheating (for now):

h ∝ sin kτ
kτ



GW signal

τ−1
* < k < Δ−1

τ

bound, ⌧f . a(⌧) ! 1 as ⌧ ! ⌧f . The GW perturbation (in the following of the paper, we use hij to
describe only its transverse and traceless part) satisfies the di↵erential equation
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where 0 indicates derivatives with respect to the conformal time ⌧ , GN is the Newton’s gravity constant,
and �ij is the transverse, traceless part of the energy-momentum tensor. For the convenience of the
discuss, we also define

hij(⌧,x) = a(⌧)hij(⌧,x) . (2.4)

Then hij satisfies
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We can solve Eq. (2.5) using the Green’s function method, and the solution can be written as
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For the convenience of later discussions, we define the dimensionless conformal time variable,

⌘ = k⌧ , (2.9)

and redefine the Green’s function,
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For the convenience of the later discussion, we also introduce another solution of Eq. (2.11), F̃(⌘, ⌘0),
satisfying initial condition

F̃(⌘0, ⌘0) = 1 ,
dF̃(⌘, ⌘0)

d⌘

�����
⌘=⌘0
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– 4 –

During inflation: 

Mode starts inside horizon, oscillates till horizon exit.  
➡ Amplitude depends on k.  
➡ Leads to oscillatory pattern in frequency.  

Horizon exit Re-entry

Intermediate

h ∝ cos(kτ*)
k2



Oscillations
τ−1

* < k < Δ−1
τ
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k > Δ−1
τ

Time scale of bubble collision ≈  .Δτ

Oscillation pattern in frequency smeared out in this regime.

Δτ

UV:

Spectrum depends on details of the source. 
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k < τ*

Mode outside horizon at the time of phase transition

No oscillation. Can treat the GW as if it is from a 
point source. 

IR:





depend on its details. Therefore, with the knowledge of Ẽ
i

0(k) and G̃
f

0 (k) from the measurement
of the the IR and the oscillatory parts of the signal, the UV part can be used to determine the
detailed mechanism of the GW production.

Figure 3. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

Perhaps the simplest picture of the early universe is a single period of quasi-de Sitter inflation. At
the end of the inflation, there is a a quick reheating followed by radiation dominated (RD) expansion.
However, the actual evolution can be much more complicated. The inflation does not have to be
quasi-de Sitter. In addition, the inflationary epoch can have di↵erent stages, some of them could be
close to quasi-de Sitter but others not. During the reheating, if the conversion from the energy in
the inflaton to the radiation is not very e�cient, the universe will be matter dominated (MD) for a
significant period of time. In the RD period, if there are some long lived matter, it is possible that
they will come dominate the energy density, leading stages of MD. As the universe is cooling down,
there can also be phase transitions which can produce other topologically defects (such as cosmic
strings) which could dominate the energy density for a period of time and alter the evolution. If some
of these new dynamics happen when the CMB modes (or modes which can be probed by other large
scale structure measurements) exit or re-enter the horizon, or during some later epoch such as the big
bang nucleosynthesis (BBN), there could be corresponding observational signals. Otherwise, if these
would happen in a “cosmic dark age” in between, we would have few probes. For example, even in
the simplest scenario with inflation is driven by a slow rolling scalar field which is also responsible for
reheating, we have very little handle on the shape of the inflaton potential for the last ten(s) e-foldings
before reheating.

From the discussion above, it is obvious that the gravitation wave signal discussed in this paper
o↵ers a window in probing the cosmic dark age. As we will demonstrate in detail in this paper, the
shape of the gravitational wave signal, encapsulated in factors G̃

f

0 (k) and Ẽ
i

0(k), depend sensitively on
the evolution of the universe. If gravitational wave with the oscillatory feature described in this paper
is observed, it would o↵er an unmistakable signal for an approximate instantaneous source in the early
universe. At the same time, it would be of great interest to measure its shape in detail which would
give a lot of power in distinguishing di↵erent scenario of the history of the early universe [26].
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dρGW
d log k

∝ k3⟨(h′ )2⟩
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they will come dominate the energy density, leading stages of MD. As the universe is cooling down,
there can also be phase transitions which can produce other topologically defects (such as cosmic
strings) which could dominate the energy density for a period of time and alter the evolution. If some
of these new dynamics happen when the CMB modes (or modes which can be probed by other large
scale structure measurements) exit or re-enter the horizon, or during some later epoch such as the big
bang nucleosynthesis (BBN), there could be corresponding observational signals. Otherwise, if these
would happen in a “cosmic dark age” in between, we would have few probes. For example, even in
the simplest scenario with inflation is driven by a slow rolling scalar field which is also responsible for
reheating, we have very little handle on the shape of the inflaton potential for the last ten(s) e-foldings
before reheating.

From the discussion above, it is obvious that the gravitation wave signal discussed in this paper
o↵ers a window in probing the cosmic dark age. As we will demonstrate in detail in this paper, the
shape of the gravitational wave signal, encapsulated in factors G̃

f

0 (k) and Ẽ
i

0(k), depend sensitively on
the evolution of the universe. If gravitational wave with the oscillatory feature described in this paper
is observed, it would o↵er an unmistakable signal for an approximate instantaneous source in the early
universe. At the same time, it would be of great interest to measure its shape in detail which would
give a lot of power in distinguishing di↵erent scenario of the history of the early universe [26].
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More generally

Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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⌧c integral. Moreover, for k < ��1
⌧

, there can still be a smearing e↵ect. For example, if the shape of
the source as a function of time is Gaussian like, then the smearing factor is e�k

2�2
⌧/2. If it is square

like, the smearing factor becomes sin(k�⌧ )/(k�⌧ ). For a realistic model, the smearing factor can be
determined from numerical simulation (see [73] for results using envelop approximation and [74, 75]
for results away from envelop approximation).

As a result, the smeared oscillatory part of the spectrum can be generally estimated as
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2GN |T̃ij(0, 0)|2
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�
, (2.39)

where S is the smearing factor.

2.4 The UV behavior of the GW spectrum

To get the UV behavior, let’s study the case that kp�p � 1. In this case, the discussions in the
Sec. 2.3 still applies. Therefore, the contribution from the oscillating term in Eq. (2.35) is suppressed.
Therefore, in this region, we have
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k
3

�
. (2.40)

The UV spectrum depends on both the detailed models of inflation, later evolution after inflation, and
the information of the GW source.

2.5 The IR behavior of GW spectrum

We have already shown that in the case of ⌘0 < ⌘A, the Green’s function has an oscillatory feature.
Now, let’s discuss its behavior in the region of ⌘0 > ⌘B . In this case, the Green’s function (2.11) can
be simplified as
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with the initial condition
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The solution to G̃ at ⌘ ! 0 can be written as
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where in the last step the integral variable is changed back to ⌧ and we can see that the factor in [· · · ]
is independent of k. Then compared to the steps in Sec. 2.2, the infrared spectrum can be written as
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One can see that the infrared spectrum is fixed up to the model dependence of the evolution of the
universe after inflation.
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Therefore, when the mode evolves back into the horizon (k � ȧ = a
0
/a)

E(⌘) = Ẽ i

0a
�1 sin(⌘ + �) . (2.25)

Here the coe�cient of proportionality Ẽ i

0 also depends on k, just like G̃f

0 , and from now on we will
write its dependence on k explicitly.

For example, depending on the state of the universe right after the inflation phase, we have

E(⌘) =
(

sin ⌘

⌘
radiation dominated

3
⌘3 (sin ⌘ � ⌘ cos ⌘) matter dominated

. (2.26)

The observed energy density at conformal time ⌧ can be written as

⇢GW =
1

16⇡GNa2
hh02

ij
(⌧,x)i , (2.27)

where h· · · i means the the spatial average and the average over ⌧ for at least several periods to measure
the GW. Therefore we have
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where V is the total spatial comoving volume. Then, we can get the general formula
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(2.29)

where the average over ⌧ is treated as sin2 k⌧ ! 1/2.
Let’s further assume that the source of the GW happened within �⌧ around ⌧?. We can expand

the cosine factor around ⌧
0 = ⌧?,

cos k(⌧ 0 � ⌧
0
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0) + k�⌧ ) = cos k(⌧? � ⌧

0
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0
0) sin k�⌧ . (2.30)

Now, let’s consider first the case that k�⌧ ⌧ 1. In the case of first order phase transition, �⌧ can be
estimated as the typical radius of the bubbles at the end of the phase transition. In this case, we can
approximate

cos k�⌧ ! 1 , sin k�⌧ ! 0 . (2.31)

Carrying out the ⌧
0
1 and ⌧

0
2 integrals, we have
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where

T̂ij(0,k) = a(⌧?)

Z
d⌧ T̃ij(⌧,k) (2.33)

is the zero mode of the temporal Fourier transformation of T̃ij(⌧,k). As shown in Ref. [72], and also
numerically in Ref. [73] for a large class of models including first order phase transition, in the case
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is the zero mode of the temporal Fourier transformation of T̃ij(⌧,k). As shown in Ref. [72], and also
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⌧c integral. Moreover, for k < ��1
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, there can still be a smearing e↵ect. For example, if the shape of
the source as a function of time is Gaussian like, then the smearing factor is e�k
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⌧/2. If it is square

like, the smearing factor becomes sin(k�⌧ )/(k�⌧ ). For a realistic model, the smearing factor can be
determined from numerical simulation (see [73] for results using envelop approximation and [74, 75]
for results away from envelop approximation).

As a result, the smeared oscillatory part of the spectrum can be generally estimated as
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where S is the smearing factor.

2.4 The UV behavior of the GW spectrum

To get the UV behavior, let’s study the case that kp�p � 1. In this case, the discussions in the
Sec. 2.3 still applies. Therefore, the contribution from the oscillating term in Eq. (2.35) is suppressed.
Therefore, in this region, we have
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The UV spectrum depends on both the detailed models of inflation, later evolution after inflation, and
the information of the GW source.

2.5 The IR behavior of GW spectrum

We have already shown that in the case of ⌘0 < ⌘A, the Green’s function has an oscillatory feature.
Now, let’s discuss its behavior in the region of ⌘0 > ⌘B . In this case, the Green’s function (2.11) can
be simplified as
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The solution to G̃ at ⌘ ! 0 can be written as
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where in the last step the integral variable is changed back to ⌧ and we can see that the factor in [· · · ]
is independent of k. Then compared to the steps in Sec. 2.2, the infrared spectrum can be written as

d⇢
IR
GW

d log k
=

4GN |T̂ij(0, 0)|2

⇡2V a4(⌧)

⇢h
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One can see that the infrared spectrum is fixed up to the model dependence of the evolution of the
universe after inflation.
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Scenarios of inflation and its 
aftermath

w ⇢(a) p̃ ↵̃

MD 0 a
�3 2/3 -3/2

RD 1/3 a
�4 1/2 -1/2

⇤ -1 a
0 1 3/2

Cosmic string -1/3 a
�2 1 1

Domain wall -2/3 a
�1 2 5/2

kination 1 a
�6 1/3 0

Table 1. Examples of post-inflationary scenarios, the corresponding equation of state w, the evolution of

the energy density ⇢(a) and the power parameter p̃ and ↵̃.

When ⌧ � ⌧1, we have

H(a) =
⇣
a1
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⌘ 1
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= k⌧
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2

1� 2↵̃
(4.4)

The solution to the Greens function (2.11) with the initial condition (2.21) is then

E(⌘) = (⌘ �G1⌘1)
↵̃


L1J↵̃(⌘ �G1⌘1) + L2Y↵̃(⌘ �G1⌘1)

�
. (4.5)

Requiring that when ⌘ ! ⌘1 ⌧ 1, E ! 1 and also E 0 ! 0 fixes
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In the limit |⌘1| ⌧ 1, we have
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When the modes evolves back into the horizon ⌘ � 1, we have
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From here, we can read
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2
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. (4.10)

In the following subsections, we discuss three special cases, radiation domination in Sec. 4.2, matter
domination in Sec. 4.3 and a short inflationary phase in Sec. 4.4 inside radiation domination. We
discuss more complicated cases such as a matter domination era before radiation in Appendix A.1 and
a phase of general equation of state inside radiation domination in Appendix A.2.
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Scenarios after inflation: 

Scenarios of inflation3.2 Power Law Inflation

The early period of inflation can also be parametrized by

a(t) = a0(t/t0)
p
. (3.5)

It was shown that in power law inflation, a scalar field with an exponential potential of the form [80]

V (�) = V0e
���/Mpl (3.6)

can give rise to the desired background (3.5). When p ! 1, the background evolution approaches a de
Sitter spacetime that we discussed in Sec. 3.1. This parameterization can be also applied to alternative
to inflation scenarios and model independent ways to distinguish inflation from alternatives has been
proposed [81, 82]. However, here we focus on the inflation case where p > 1. The Hubble parameter
is thus

H =
ȧ

a
=

p

t
. (3.7)

The corresponding slow-roll parameter in this case is

✏ = � Ḣ

H2
=

1

p
. (3.8)

The conformal time ⌧ and the time in Poincare coordinate t are related by

a⌧ =
t

(1� p)
. (3.9)

The scale factor can then be expressed in terms of the conformal time as

a = a0

✓
⌧

⌧0

◆ p
1�p

, ⌧ =
1

1� p

t
p

0

a0
t
1�p

, H(⌧) =
p

(1� p)a0

⌧
1

p�1

⌧

p
p�1

0

. (3.10)

The Hubble value can be written as

H(⌧) =
p

(1� p)a0

⌧
1

p�1

⌧

p
p�1

0

, H(a) = � p

(p� 1)

1

a0⌧0

✓
a

a0

◆� 1
p

. (3.11)

The solution to the Greens function (2.11) with the initial condition (2.21) is then

G̃(1)(⌘, ⌘0) =
⇡

2

p
⌘⌘0

✓
J↵(�⌘)Y↵(�⌘

0)� J↵(�⌘
0)Y↵(�⌘)

◆
. (3.12)

where J↵(x) is the Bessel function of the first kind while Y↵(x) is the Bessel function of the second
kind. ↵ is defined to be

↵ ⌘ 3

2
+

1

p� 1
. (3.13)

when p ! 1, ↵ = 3/2. Inflation means p > 1, in this case, we have ↵ > 3/2.

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

= a
�1
0 (�k⌧0)

p
1�p 2

1
2+

1
p�1 (�⌘

0)1/2J↵(�⌘
0)�

�
↵
�
. (3.14)
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2.6 Summary of generic features

In general as shown in Eqs. (2.39), if there is an approximate instantaneous GW production process
happened during inflation, an oscillatory feature will show up in the spectrum. The number of periods
gives the information of roughly when the phase transition happened. The slope of the profile of the
peaks is sensitive to both the details of the behavior of the scale factor when the mode evolves out of
the horizon and the evolution of the universe when the mode reenters the horizon. Whereas the IR
slope as shown in Eq. (2.44) is sensitive only to the evolution of the universe when the mode reenters
the horizon. Moreover, the slope of the UV part of the spectrum as shown in Eq. (2.40) is sensitive to
both the evolutions of the universe when the modes exit and reenter the horizon. It is also sensitive
to the detailed models of the GW source. The k-dependence of a typical GW spectrum is shown in
Fig. 1. Therefore, if such a process happened, from the GW spectrum we can break the degeneracy of
model dependence and get information of both the inflation era and the later evolution of the universe,
and the model of the GW source.

Although similar oscillations can also show up in models where gravitational wave is generated by
primordial magnetic fields, those are due to coherent superposition [76–78]. Incoherent superposition
of post inflationary sources cannot generate oscillating feature on the gravitational wave spectrum.

3 GW oscillation pattern in di↵erent inflation models

As shown in Eqs. (2.39) and (2.40), the slope of the oscillation profile and the UV part of the GW
spectrum are sensitive to the detailed models of the evolution of the scale factor a when the modes
exit the horizon. This e↵ect is parameterized by the factor G̃f

0 (k) in Eqs. (2.39) and (2.40).

3.1 dS Space

Inflation is the most popular scenario to describe the very early universe. It can solve the horizon
problem, flatness problem and the magnetic monopole problem of the standard hot big bang cosmol-
ogy [1–3, 79]. Most inflation models assume a quasi-de Sitter expansion. In the general slow roll
scenario, the vacuum energy is dominated by the potential energy of the inflaton field. This leads to
an almost constant Hubble parameter and the universe undergoes exponentially expansion. During
inflation, the background is described by the de Sitter spacetime.

a(⌧) = � 1

H⌧
. (3.1)

In this case, (2.11) with the initial condition (2.21) can be solved exactly. The solution is

G̃(1)(⌘, ⌘0) =

✓
1

⌘
� 1

⌘0

◆
cos(⌘ � ⌘

0) +

✓
1 +

1

⌘⌘0

◆
sin(⌘ � ⌘

0) . (3.2)

Since bubble collision happens at sub-horizon (|⌘0| � 1) and the modes went super-horizon (⌘ ! 0).
Taking these two limits yields

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

=

✓
� H

k

◆
cos(⌘0) (3.3)

Comparing with (2.17), we can obtain

G̃f

0 =

✓
� H

k

◆
, ⌘

0
0 = 0 . (3.4)
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Quasi de Sitter:

Power law:  
Lucchin and Matarrese, 1985 p→∞,quasi de Sitter 

We can replace the constant parameters a�1
0 (�⌧0)

p
1�p with the Hubble parameter

(�⌧0)
p

1�p a
�1
0 =

✓
p

p� 1

◆� p
p�1 a

1
p�1

H(a)�
p

p�1

. (3.15)

Hence (3.14) can be converted into

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

=

✓
p

p� 1

◆� p
p�1 a

1
p�1

H(a)�
p

p�1

k
p

1�p�(↵)2
1
2+

1
p�1 (�⌘

0)1/2J↵(�⌘
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=

✓
p

p� 1

◆� p
p�1

a
�1

✓
k

aH

◆� p
p�1

2
1
2+

1
p�1�(↵)(�⌘

0)1/2J↵(�⌘
0)

(3.16)

in which a and H can be chosen at ⌧ = ⌧
0 or ⌧ = ⌧end which would be useful for the post-inflationary

connection condition. The only ⌧
0 dependence are encoded in the last two terms. Since we consider

phase transition happening at sub-horizon scale, k/(aH) ⌘ (p � 1)|⌘0|/p � 1. Taking |⌘0| � 1, we
have the following asymptotic formula

G̃(1)(⌘, ⌘0)

a(⌘)

����
⌘!0

=

✓
p

p� 1

◆� p
p�1

a
�1

✓
k

aH

◆� p
p�1 2

p
p�1

p
⇡

cos


⇡

2� 2p
� ⌘

0
�
�

✓
3

2
+

1

�1 + p

◆
. (3.17)

Comparing with (2.17), we can obtain

G̃f

0 =

✓
p

p� 1

◆� p
p�1

a
�1

✓
k

aH

◆� p
p�1 2

p
p�1

p
⇡

�

✓
3

2
+

1

�1 + p

◆
, ⌘

0
0 =

⇡

2� 2p
. (3.18)

4 GW oscillation pattern influenced by later evolution

In this section we focus on the evolution after the completion of inflation. The key issue is to compute
the E(k⌧) factor. The simplest case is directly enter into the RD stage after instantaneous reheating
with E(⌘) = sin ⌘/⌘.

4.1 General Equation of State

We connect inflation to a post inflationary scenario parameterized by a(t) ⇠ t
p̃. There are various

possibilities, such as radiation domination, matter domination, cosmic string domination [83, 84],
domain wall domination [85–87] and kination [88, 89]. In the case of cosmic strings and domain walls,
we have to assume they are unstable and annihilated before they overclose the universe. We list
several examples in Table 1 The following discussion is independent of the inflationary scenarios. We
parametrize the scale factor at ⌧1 to be a1 and the Hubble parameter at ⌧1 to be H1. We define a
convenient parameter ↵̃ to be

↵̃ ⌘ �1 + 3p̃

2(�1 + p̃)
. (4.1)

Then the general evolution of the scale factor after inflation is

a(⌧) = F1(⌧ �G1⌧1)
1
2�↵̃

. (4.2)

Requiring a and a
0 are continuous at the transition time ⌧1, we can fix F1 and G1

G1 = 1 +
�1 + 2↵̃

2a1H1⌧1
, F1 = 2

1
2�↵̃

a1

✓
1� 2↵̃

a1H1

◆� 1
2+↵̃

. (4.3)
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Impact on spectrum

Figure 4. The left figure shows the slope in the UV regime of the GW spectrum for di↵erent p values with

⌧r = |⌧⇤| and �/H⇤ = 20. The right figure shows the slope in the IR regime with ⌧r = 20|⌧⇤| and �/H⇤ = 10.

Both figures are plotted using H⇤ = 108GeV and a⇤/a1 = exp(�15) under the t
p ⇥MD-RD scenario.

density would become smaller which seems to raise the final ⌦GW value. However this enhancement
would be cancelled by the suppression of GW power spectrum. The lower Hubble value, the later
for certain mode exiting the horizon and it would experience more damping thus eventually leave a
weaker power spectrum. In the limit p ! 1 and setting ar = a1, Hr = H1, ⌧r = ⌧1 we recover the
dS⇥RD result

h
Ẽ i

0(k)G̃
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(5.11)

It should be emphasized that the absolute value of the Hubble parameter when phase transition
take place is not important. Only the relative ratio kp/H⇤ matters which divided the spectrum profile
into three regions, IR, oscillatory and UV part. In the following we focus on the slope of the GW
signal in di↵erent region. The source k

3
p
Tij(kp,kp)T ⇤

ij
(kp,kp) can provide two distinct region. For

modes k < kpeak, the IR part is approximately proportional to k
3 while for modes k > kpeak the signal

goes like k
�1. The signals are given as in the following tables. We summarize the tilt of the UV part

of the gravitational wave spectrum in Table 2, the tilt of the intermediate part of the gravitational
wave spectrum in Table 3 and the tilt of the IR part of the gravitational wave spectrum in Table 4.

RD MD t
p̃

dS k
�5

k
�7

k
�3+2 p̃

p̃�1

t
p

k
�3+2 p

1�p k
�5+2 p

1�p k
�1+2( p

1�p+
p̃

p̃�1 )

Table 2. The slope of the gravitational wave spectrum in the UV regime which scales as
h
Ẽi
0(k)G̃f

0 (k)
i2

k
�1.

Here
h
Ẽi
0(k)G̃f

0 (k)
i2

encodes the UV e↵ect from the propagation of the gravitational wave. k�1 is contributed

by the UV part of the source.

In the tables, the rows show di↵erent inflationary scenarios while the columns refer to the di↵erent
stages when the modes re-enter the horizon. The slope here is in the near small region of the k mode.
The k mode re-enters the horizon and starts to oscillate at certain era like matter dominated or
radiation dominated stage. Afterwards it would never exit the horizon under the assumption that
there is no extra inflationary stage as the universe continues to expand. In the ”deep” IR part, the low
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Impact on spectrum

Figure 4. The left figure shows the slope in the UV regime of the GW spectrum for di↵erent p values with

⌧r = |⌧⇤| and �/H⇤ = 20. The right figure shows the slope in the IR regime with ⌧r = 20|⌧⇤| and �/H⇤ = 10.

Both figures are plotted using H⇤ = 108GeV and a⇤/a1 = exp(�15) under the t
p ⇥MD-RD scenario.

density would become smaller which seems to raise the final ⌦GW value. However this enhancement
would be cancelled by the suppression of GW power spectrum. The lower Hubble value, the later
for certain mode exiting the horizon and it would experience more damping thus eventually leave a
weaker power spectrum. In the limit p ! 1 and setting ar = a1, Hr = H1, ⌧r = ⌧1 we recover the
dS⇥RD result
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It should be emphasized that the absolute value of the Hubble parameter when phase transition
take place is not important. Only the relative ratio kp/H⇤ matters which divided the spectrum profile
into three regions, IR, oscillatory and UV part. In the following we focus on the slope of the GW
signal in di↵erent region. The source k

3
p
Tij(kp,kp)T ⇤

ij
(kp,kp) can provide two distinct region. For

modes k < kpeak, the IR part is approximately proportional to k
3 while for modes k > kpeak the signal

goes like k
�1. The signals are given as in the following tables. We summarize the tilt of the UV part

of the gravitational wave spectrum in Table 2, the tilt of the intermediate part of the gravitational
wave spectrum in Table 3 and the tilt of the IR part of the gravitational wave spectrum in Table 4.
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Table 2. The slope of the gravitational wave spectrum in the UV regime which scales as
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0(k)G̃f
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�1.

Here
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Ẽi
0(k)G̃f

0 (k)
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encodes the UV e↵ect from the propagation of the gravitational wave. k�1 is contributed

by the UV part of the source.

In the tables, the rows show di↵erent inflationary scenarios while the columns refer to the di↵erent
stages when the modes re-enter the horizon. The slope here is in the near small region of the k mode.
The k mode re-enters the horizon and starts to oscillate at certain era like matter dominated or
radiation dominated stage. Afterwards it would never exit the horizon under the assumption that
there is no extra inflationary stage as the universe continues to expand. In the ”deep” IR part, the low
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Table 3. The slope of the gravitational wave spectrum in the intermediate regime which scales

as
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encodes the UV e↵ect from the propagation of the gravitational

wave. k3 is contributed by the IR part of the source.
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Table 4. The slope of the gravitational wave spectrum in the IR regime which scales as
h
Ẽi
0(k)

i2
k
5. Here

h
Ẽi
0(k)

i2
k
2 is the contribution from the Green’s function which encodes the IR e↵ect from the propagation of

the gravitational wave. k3 is contributed by the IR part of the source.

enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
In Fig 4, we emphasize the slopes in the UV and IR regime of the GW spectrum under the t

p⇥
MD-RD scenario. Apart form the k

3 behaviour in deep IR, the other slope values are p-dependent
as expected. In Fig 5 we show the explicit current observed GW spectrum from the phase transition
happened during the t

p inflation and followed by later MD-RD evolution. Cases with two p values
and four di↵erent ⌧r values are displayed. The solid line is for p = 10 while the dashed line is with
p = 3. ⌧r = ⌧1 refers to the instantaneous reheating which could serve as the limiting case for very
short reheating process. For the other three settings we vary the ratio ⌧2/|⌧⇤| to be 0.1, 1 and 10. As
we have seen from Eq (5.10), when we vary the value of a⇤/a1 and H⇤, the signal strength would be
una↵ected. This means the spectrum profile is just moved left or right horizontally in this plot when
phase transition happens at di↵erent moments or with di↵erent Hubble values. Hence it is likely some
parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
like SKA, BBO1 and BBO2 which can probe weaker GW signal strength.

5.2 dS ⇥ RD-dS-RD

We consider this combination evolution as an interesting extension. The factor Ẽ i

0(k) has been calcu-
lated in Sec. 2.2. Inserting these expressions we get

h
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(5.12)

In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are

– 19 –

Intermediate

Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Figure 4. The left figure shows the slope in the UV regime of the GW spectrum for di↵erent p values with

⌧r = |⌧⇤| and �/H⇤ = 20. The right figure shows the slope in the IR regime with ⌧r = 20|⌧⇤| and �/H⇤ = 10.

Both figures are plotted using H⇤ = 108GeV and a⇤/a1 = exp(�15) under the t
p ⇥MD-RD scenario.

density would become smaller which seems to raise the final ⌦GW value. However this enhancement
would be cancelled by the suppression of GW power spectrum. The lower Hubble value, the later
for certain mode exiting the horizon and it would experience more damping thus eventually leave a
weaker power spectrum. In the limit p ! 1 and setting ar = a1, Hr = H1, ⌧r = ⌧1 we recover the
dS⇥RD result
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It should be emphasized that the absolute value of the Hubble parameter when phase transition
take place is not important. Only the relative ratio kp/H⇤ matters which divided the spectrum profile
into three regions, IR, oscillatory and UV part. In the following we focus on the slope of the GW
signal in di↵erent region. The source k

3
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Tij(kp,kp)T ⇤
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(kp,kp) can provide two distinct region. For

modes k < kpeak, the IR part is approximately proportional to k
3 while for modes k > kpeak the signal

goes like k
�1. The signals are given as in the following tables. We summarize the tilt of the UV part

of the gravitational wave spectrum in Table 2, the tilt of the intermediate part of the gravitational
wave spectrum in Table 3 and the tilt of the IR part of the gravitational wave spectrum in Table 4.
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Table 2. The slope of the gravitational wave spectrum in the UV regime which scales as
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In the tables, the rows show di↵erent inflationary scenarios while the columns refer to the di↵erent
stages when the modes re-enter the horizon. The slope here is in the near small region of the k mode.
The k mode re-enters the horizon and starts to oscillate at certain era like matter dominated or
radiation dominated stage. Afterwards it would never exit the horizon under the assumption that
there is no extra inflationary stage as the universe continues to expand. In the ”deep” IR part, the low
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enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
In Fig 4, we emphasize the slopes in the UV and IR regime of the GW spectrum under the t

p⇥
MD-RD scenario. Apart form the k

3 behaviour in deep IR, the other slope values are p-dependent
as expected. In Fig 5 we show the explicit current observed GW spectrum from the phase transition
happened during the t

p inflation and followed by later MD-RD evolution. Cases with two p values
and four di↵erent ⌧r values are displayed. The solid line is for p = 10 while the dashed line is with
p = 3. ⌧r = ⌧1 refers to the instantaneous reheating which could serve as the limiting case for very
short reheating process. For the other three settings we vary the ratio ⌧2/|⌧⇤| to be 0.1, 1 and 10. As
we have seen from Eq (5.10), when we vary the value of a⇤/a1 and H⇤, the signal strength would be
una↵ected. This means the spectrum profile is just moved left or right horizontally in this plot when
phase transition happens at di↵erent moments or with di↵erent Hubble values. Hence it is likely some
parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
like SKA, BBO1 and BBO2 which can probe weaker GW signal strength.

5.2 dS ⇥ RD-dS-RD

We consider this combination evolution as an interesting extension. The factor Ẽ i

0(k) has been calcu-
lated in Sec. 2.2. Inserting these expressions we get
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Ẽ i

0(k)
2

✓
a⇤
a1

◆4 ✓
a2

ar

◆4

=

✓
a⇤H1

k

◆4

R

✓
k

a⇤H1
,
⌧2

⌧⇤
,
⌧r

⌧2

◆
(5.12)

In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are
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Ẽi
0(k)

i2
k
2 is the contribution from the Green’s function which encodes the IR e↵ect from the propagation of

the gravitational wave. k3 is contributed by the IR part of the source.

enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
In Fig 4, we emphasize the slopes in the UV and IR regime of the GW spectrum under the t

p⇥
MD-RD scenario. Apart form the k

3 behaviour in deep IR, the other slope values are p-dependent
as expected. In Fig 5 we show the explicit current observed GW spectrum from the phase transition
happened during the t

p inflation and followed by later MD-RD evolution. Cases with two p values
and four di↵erent ⌧r values are displayed. The solid line is for p = 10 while the dashed line is with
p = 3. ⌧r = ⌧1 refers to the instantaneous reheating which could serve as the limiting case for very
short reheating process. For the other three settings we vary the ratio ⌧2/|⌧⇤| to be 0.1, 1 and 10. As
we have seen from Eq (5.10), when we vary the value of a⇤/a1 and H⇤, the signal strength would be
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parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
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In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Figure 4. The left figure shows the slope in the UV regime of the GW spectrum for di↵erent p values with

⌧r = |⌧⇤| and �/H⇤ = 20. The right figure shows the slope in the IR regime with ⌧r = 20|⌧⇤| and �/H⇤ = 10.

Both figures are plotted using H⇤ = 108GeV and a⇤/a1 = exp(�15) under the t
p ⇥MD-RD scenario.

density would become smaller which seems to raise the final ⌦GW value. However this enhancement
would be cancelled by the suppression of GW power spectrum. The lower Hubble value, the later
for certain mode exiting the horizon and it would experience more damping thus eventually leave a
weaker power spectrum. In the limit p ! 1 and setting ar = a1, Hr = H1, ⌧r = ⌧1 we recover the
dS⇥RD result
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It should be emphasized that the absolute value of the Hubble parameter when phase transition
take place is not important. Only the relative ratio kp/H⇤ matters which divided the spectrum profile
into three regions, IR, oscillatory and UV part. In the following we focus on the slope of the GW
signal in di↵erent region. The source k

3
p
Tij(kp,kp)T ⇤

ij
(kp,kp) can provide two distinct region. For

modes k < kpeak, the IR part is approximately proportional to k
3 while for modes k > kpeak the signal

goes like k
�1. The signals are given as in the following tables. We summarize the tilt of the UV part

of the gravitational wave spectrum in Table 2, the tilt of the intermediate part of the gravitational
wave spectrum in Table 3 and the tilt of the IR part of the gravitational wave spectrum in Table 4.
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by the UV part of the source.

In the tables, the rows show di↵erent inflationary scenarios while the columns refer to the di↵erent
stages when the modes re-enter the horizon. The slope here is in the near small region of the k mode.
The k mode re-enters the horizon and starts to oscillate at certain era like matter dominated or
radiation dominated stage. Afterwards it would never exit the horizon under the assumption that
there is no extra inflationary stage as the universe continues to expand. In the ”deep” IR part, the low
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Ẽi
0(k)G̃f

0 (k)
i2

k
3. Here

h
Ẽi
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enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
In Fig 4, we emphasize the slopes in the UV and IR regime of the GW spectrum under the t

p⇥
MD-RD scenario. Apart form the k

3 behaviour in deep IR, the other slope values are p-dependent
as expected. In Fig 5 we show the explicit current observed GW spectrum from the phase transition
happened during the t

p inflation and followed by later MD-RD evolution. Cases with two p values
and four di↵erent ⌧r values are displayed. The solid line is for p = 10 while the dashed line is with
p = 3. ⌧r = ⌧1 refers to the instantaneous reheating which could serve as the limiting case for very
short reheating process. For the other three settings we vary the ratio ⌧2/|⌧⇤| to be 0.1, 1 and 10. As
we have seen from Eq (5.10), when we vary the value of a⇤/a1 and H⇤, the signal strength would be
una↵ected. This means the spectrum profile is just moved left or right horizontally in this plot when
phase transition happens at di↵erent moments or with di↵erent Hubble values. Hence it is likely some
parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
like SKA, BBO1 and BBO2 which can probe weaker GW signal strength.

5.2 dS ⇥ RD-dS-RD

We consider this combination evolution as an interesting extension. The factor Ẽ i
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Ẽ i

0(k)G̃
f

0 (k)
i2 H

2
⇤

H2
r

✓
a⇤
ar

◆4

=

✓
H1

k

◆2
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In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are
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enough k-modes do not becomes subhorizon until the universe enters the final radiation-dominated
stage where SM particles have been thermalized and its signal still behave like k

3 as expected.
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parts of such signal profile enter into the sensitivity regime of di↵erent GW observatories especially
like SKA, BBO1 and BBO2 which can probe weaker GW signal strength.

5.2 dS ⇥ RD-dS-RD

We consider this combination evolution as an interesting extension. The factor Ẽ i
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In the last equation we have inserted the explicit expressions and write down the final result in terms
of the dS-RD result and the ratio which is only dependent on k/(a⇤H1) or k⌧⇤, the ratios of ⌧2, ⌧r to
⌧⇤ but no ⌧1. Of course while ⌧r ! ⌧2, the ratio R ! 1 and we recover the simple dS-RD result. In
Fig 6 we show the observed GW spectrum under two di↵erent ⌧r/⌧2 settings and the corresponding
four ⌧2 values. Compared to the single RD signal profile, the larger ⌧2/⌧⇤ leads to the modification
to deeper IR modes which may hardly be detected even in the future BBO2. For ⌧r = 1.9⌧2, the UV
part is considerably altered which may serve as the characteristic to distinguish. If the parameters are
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Figure 1. Illustration of the k dependence of di↵erent parts of a typical GW spectrum.

none of these scenarios can produce features in the GW spectrum similar to first order phase transition
during inflation.

In the appendix of Ref. [20], we provide simple models that first order phase transition can happen
and finish during inflation. Possible scenarios are also studied in Ref. [69], where first order phase
transition in the thermal plasma is assumed to present at the beginning of inflation, and in Ref. [70],
where the inflation starts from a first order phase transition. Some results about the features of the
GW spectrum from first order phase transition are also studied in Ref. [71].

The rest of the paper is organized as the following. In Sec. 2, we show that the oscillation feature
is generic for instantaneous sources happen during the accelerating expansion era of the universe. In
Sec. 3, we discuss how to use the oscillation pattern to distinguish di↵erent inflation models. In Sec. 4,
we discuss the influence on the oscillation pattern from later evolutions of the universe after inflation.
In Sec. 5, we present examples of inflation models that first order phase transition can happen and
generate GW signals large enough to be observed by future detectors. We summarize our results in
Sec. 6.

2 Generic features

The metric of our expanding universe can be written as

ds
2 = �dt

2 + a
2(t)(�ij + hij)dx

i
dx

j
, (2.1)

where a is the scale factor, and the transverse traceless part of hij parameterizes the GW degrees of
freedom. If the expansion of the universe is accelerating we have ä > 0. Here the dot is defined as
derivatives with respect to t. The conformal time is defined as d⌧ = a

�1(t)dt, then the metric can be
written as

ds
2 = a

2(⌧)
⇥
�d⌧

2 + (�ij + hij)dx
i
dx

j
⇤
. (2.2)

It is well-known that if the expansion of the universe accelerates, there will be a future event horizon,
which means in the comoving coordinate system, the range of the conformal time, ⌧ , has an upper
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Figure 6. On the left panel, we can compare a few more complicated scenarios. MD-RD with di↵erent

transition time. RD-DS-RD. On the right panel, we plot the conformal horizon as a function of conformal

time in this scenario.

at the end of the inflation of the universe is converted into the form of non-relativistic matter first.
Then, the total energy density decays as a

�3. And then, after reheating, this amount of energy is
converted into the form of radiation. Therefore, compared to the immediate RD scenario, the redshift
of the total energy density of the universe is less severe. As the result, the relative strength of the GW
signal ⌦GW becomes smaller.

3.3.4 RD-t
p̃
-RD transition in post-inflationary evolution

The post inflationary evolution of the universe can be more complicated. For example, during the
radiation domination era, if the particle content contains a long lived particle (with lifetime much
longer than Hubble scale at the temperature roughly equal to the mass of this particle), the universe
will undergo a temporary matter domination era between two radiation domination era. During the
cooling, the universe may also undergo a second order phase transition. As a result, the universe may
dominated by topological defects, such as cosmic strings or domain walls. Both of these cases can be
generically described by a RD-tp̃-RD scenario. For example, p̃ = 2/3 describes the existence of a heavy
long lived particle and p̃ = 1 describes the case of long lived cosmic string domination. The values of
p̃ for di↵erent models is shown in Table 1. Therefore, In this subsection, we discuss the case where
the post inflationary scenario is composed of three periods, the radiation domination, followed by a
t
p̃ evolution, and then back to radiation domination. [Maybe we cite Anson’s paper somewhere else.]

Here we consider the phase transition happening during inflation and discuss the gravitational wave
signals with this type of generalized post inflationary stage. Here we summarize the result, the details
of the derivation can be found in Appendix A.2.2. The conformal time ⌧R1 , ⌧R2 denotes the starting
and ending conformal time of the intermediate t

p̃ stage and we define a new parameter !̃ = p̃/(1 � p̃)
for simplicity.

The GW modes may reenter horizon either during the second radiation domination, (see for
example the left panel of Figure 7), the first radiation domination (see for example the right panel of
Figure 7), or the period where modes reenter horizon at the epoch which is dominated by matter with
general equation of state.

In the left panel of Figure 8, we show the case where the gravitational wave signal with character-
istic size 1/|⌧⇤| re-enters horizon at the second radiation dominated epoch (see the red lines in the left
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Different inflationary scenarios. 
→ different slope in UV part.

The UV part of the spectrum also depends on the details of the phase transition. In scenario studied
in this work, we assume that the phase transition is driven by the evolution of the inflaton field.
During inflation, the energy density of quantum fluctuations can be estimated by H

4. As discussed
in Sec. 1, for the phase transition to complete during inflation, we require the energy density of the
phase transition sector to be much larger than H

4. Therefore, during the bubble expansion, the energy
density of the plasma is suppressed compared to the vacuum energy. As a result, the GWs are mainly
induced by the collision of bubble walls. In this case, from numerical simulations, it is shown that in
the UV region, the GW in flat space-time behaves as k

�1. Then the slope in the UV region of the
GW spectrum can be written as

k
�1

h
Ẽ

i

0(k)G̃f

0 (k)
i2

⇠ k
�1� 2p

p�1+ p̃
2p̃�1 . (3.26)

The slopes of the UV, intermediate and IR regions of the GW spectrum for typical evolution models
are listed in Table 2.

3.3.1 t
p
vs quasi-de Sitter
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Figure 4. The left panel shows the comparison of GW signal from quasi-de Sitter inflation and t
p inflation.

Both the UV and the oscillatory part of the spectrum are distinct. The right panel shows the conformal

horizon as a function of conformal time ⌧ .

Substitute the Ẽ
i

0 in G̃
f

0 into the the GW spectrum (2.47) we can get the spectrum for general
choices of p and p̃. For comparison of the e↵ect from di↵erent values of p, we fix the evolution right
after the inflation to be RD (p̃ = 1/2). The GW spectra for di↵erent values of p are shown in Figure 4,
where the brown and red curves are for p = 2 and 3, and one can see that both the slopes oscillatory
part and the UV part are changed compared to the case de Sitter case (shown as the blue curve with
p ! 1).

3.3.2 de Sitter � t
p

� de Sitter transition

We consider here a scenario in which the inflationary evolution can go through a couple of stages.
We assume the first stage (⌧ < ⌧dS1) is the usual quasi-de Sitter inflation, with H = HdS1 . In
the second stage, the vacuum energy decrease due to some sudden changes of the environment. For
example, this sudden change can be induced by phase transitions in the spectating sector as discussed
in this work. As a result, the Hubble parameter starts to decrease. After the new form of energy
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Figure 10. The GW spectrums from the phase transition for t
p inflation and (MD-)RD post-inflationary

evolution with H⇤ = 108GeV. The solid line is plotted using p ! 1 or dS inflation and aend/a⇤ = exp(�19)

while the dashed line is for p = 3 and aend/a⇤ = exp(�23). Four di↵erent colors corresponding to di↵erent ⌧r
settings. The upper one is for �/H⇤ = 10 and the lower one is for �/H⇤ = 3.

discussion of this feature and the spectrum. In addition to a first order phase transition, this feature
can also arise in any other instantaneous source. Its discovery can be an unmistakable signal of such
a dramatic event during the inflation.

The cosmological background the gravitational waves have propagated through will also imprint
on the final gravitational wave spectrum we see today. As such, the shape of the GW signal will
also o↵er a new window on the cosmological evolution in the early universe which can be invisible to
CMB, large scale structure, and other observables. In particular, we have demonstrated that if there
are no second inflationary stage during the radiation domination, the IR part of the gravitational
wave spectrum is only sensitive to post inflationary history. The UV part of the gravitational wave
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4.1 Strength of the peak signal

The peak of the GW signal and its corresponding frequency depend on the spectral shape.

From Eq. (2.43) and Eq. (2.45),the signal strength is proportional to
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The dependence on the wave number k of each part of the GW spectrum for di↵erent scenarios

are shown in Table 2. In general, we can parameterize the scale factor a during inflation as tp

with p > 1, and after inflation as tp̃. The spectrum in the UV region can be parameterized as

kiUV , with iUV ⌘ �b � 2[(p � 1)�1 + (1 � p̃)�1], which is always negative. In the intermediate

region, the spectrum is kiOSC , with iOSC ⌘ 3 � 2[(p � 1)�1 + (1 � p̃)�1]. iOSC can be either

positive or negative. In the case of quasi-de Sitter inflation, we have p ! 1. Therefore,

iOSC < 0 if p̃ > 1/3. For example, this would be the case for both MD and RD, as shown in

Table 1. At the same time, we have iOSC = 0 for kination domination. For the IR part of the

spectrum, parameterized as kiIR , we have iIR = 7 � 2(1 � p̃)�1. Therefore, iIR > 0 if p̃ < 5/7.

As we can see from Table 1, this condition is always satisfied in the standard cases discussed

in the literature. Thus, the position of the global maximum of the observed GW spectrum is

determined by iOSC. More specifically,

• If iOSC < 0, the global maximum is at the transition between the IR part and the

oscillatory part, where we have kp ⇡ H?. This is the case shown in Figs. 5,6,8 and 9.

Hence, the height of the global maximum can be estimated by substituting kp = H? to

Eq. (2.43). Then we have
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. (4.2)

Therefore, in this case, the GW signal strength at the global maximal can be estimated

as
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where the dimensionless function F depends on the details of the evolution of the

Universe from the phase transition to reheating. For the simplest case, quasi-de Sitter

inflation followed by instantaneous reheating, detailed calculation shows that F = 1.

Therefore, one can use the value
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as a benchmark value for the strength of the GW signal.
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Conclusions
Cosmological observations can reveal new 
dynamics in the inflationary era.


Potentially large inflaton excursion can trigger new 
dynamics in a spectator sector.


Can trigger 1st order phase transition → GW.


GW Can probe an era invisible from other 
observables, such as CMB/LSS or BBN. 


