
Universal Bounces and 
Thin Wall prefactors

Miha Nemevšek 

(IJS & FMF)

MITP workshop on Gravitational Waves and New physics

26th July 2022

<latexit sha1_base64="mea+ZNwQglG42Hk+SOgQPT6C4u8=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFqJuSse9d0Y3LCvYBnVIyadoJzUyGJFMoQzf+ihsXirj1M9z5N2baCip6IHA45x5u7nFDzpRG6MNKra1vbG6ltzM7u3v7B9nDo7YSkSS0RQQXsutiRTkLaEszzWk3lBT7Lqcdd3Kd+J0plYqJ4E7PQtr38ThgI0awNtIge+IIYydp6EyxDD2Wd6QnLgbZHCqgsl21ixAVitW6Xa8bglClVixD25AEObBCc5B9d4aCRD4NNOFYqZ6NQt2PsdSMcDrPOJGiISYTPKY9QwPsU9WPFwfM4blRhnAkpHmBhgv1eyLGvlIz3zWTPtae+u0l4l9eL9KjWj9mQRhpGpDlolHEoRYwaQMOmaRE85khmEhm/gqJhyUm2nSWMSV8XQr/J+3Lgl0plG5LucbVqo40OAVnIA9sUAUNcAOaoAUImIMH8ASerXvr0XqxXpejKWuVOQY/YL19AupDlqM=</latexit>

'(⇢)

<latexit sha1_base64="l8cyt7+IAqUEPH5D+RPgoSbDqfk=">AAACAHicdVDNSsNAGNzUv1r/oh48eFksgqeQxrTWW1EPHivYWmhC2Ww37dLNJuxuCiX04qt48aCIVx/Dm2/jpq2gogMLw8z3sfNNkDAqlW1/GIWl5ZXVteJ6aWNza3vH3N1ryzgVmLRwzGLRCZAkjHLSUlQx0kkEQVHAyF0wusz9uzERksb8Vk0S4kdowGlIMVJa6pkHHuUKehFSQ4wYvILeGIlkSHtm2bZsp1p3qtC2HOfcreXEdar2aR1WLHuGMlig2TPfvX6M04hwhRmSsluxE+VnSCiKGZmWvFSSBOERGpCuphxFRPrZ7IApPNZKH4ax0E/HmanfNzIUSTmJAj2ZJ5W/vVz8y+umKqz7GeVJqgjH84/ClEEVw7wN2KeCYMUmmiAsqM4K8RAJhJXurKRL+LoU/k/ajlWpWe6NW25cLOoogkNwBE5ABZyBBrgGTdACGEzBA3gCz8a98Wi8GK/z0YKx2NkHP2C8fQJaepZJ</latexit>Z
D'

with Alessio Maiezza, Victor Guada, 
Aleksandar Ivanov, Lorenzo Ubaldi and Marco Matteini
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Physics
Quantum fluctuations

Thermal fluctuations

SM lifetime vs. 

BSM stability -  
selection of vacuua (landscape)

Gravitational waves, primordial B-fields

Baryogenesis / bubble wall fermion conversion

Inflation, dark energy
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a bit of History
Statistical physics

Langer ’67Theory of condensation point, droplet model, ferromagnets

QFT / Cosmology

Bubbles in Metastable Vacuum Voloshin, Kobzarev, Okun ’74

Fate of the false vacuum: semiclassical theory

Fate of the false vacuum. II. First quantum corrections

Gravitational effects on and of vacuum decay

Coleman ’77

Callan, Coleman ’77

Coleman, de Luccia ’79

also T.D. Lee, G.C. Wick, I. Affleck, A. Linde, S. Hawking, …



Decay rate
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S['] ' S['] +
�S

�'

����
'

+
1

2

�2S

�'2

����
'

+ . . .

bounce extremize fluctuations

⇢2 = t2 +
X

x2
i

<latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit><latexit sha1_base64="r3xoLz3NUP46yJxUt8idPZZ8osY=">AAACAXicbVDLSgMxFM3UV62vUVfiJlgEQSgzRdAuhIIblxUcW+hMh0yaaUOTzJBkxFKKG3/FjQsVt/6FO//GtJ2Fth64l8M595LcE6WMKu0431ZhaXllda24XtrY3NresXf37lSSSUw8nLBEtiKkCKOCeJpqRlqpJIhHjDSjwdXEb94TqWgibvUwJQFHPUFjipE2Umgf+LKfdKrwEmrTT6GvMg4fQtqphnbZqThTwEXi5qQMcjRC+8vvJjjjRGjMkFJt10l1MEJSU8zIuORniqQID1CPtA0ViBMVjKYnjOGxUbowTqQpoeFU/b0xQlypIY/MJEe6r+a9ifif1850fBGMqEgzTQSePRRnDOoETvKAXSoJ1mxoCMKSmr9C3EcSYW1SK5kQ3PmTF4lXrdQq7s1ZuV7L0yiCQ3AEToALzkEdXIMG8AAGj+AZvII368l6sd6tj9lowcp39sEfWJ8/pJ6VMg==</latexit>

O(4)
<latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit><latexit sha1_base64="r2bMF1FFyknUT2vo18bDDM0f0ZQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoL0VvHizgrGFNpTNdtMu3d2E3Y1QQv+CFw8qXv1F3vw3btoctPXBwOO9GWbmhQln2rjut7O2vrG5tV3aKe/u7R8cVo6OH3WcKkJ9EvNYdUOsKWeS+oYZTruJoliEnHbCyU3ud56o0iyWD2aa0EDgkWQRI9jk0l2tcTGoVN26OwdaJV5BqlCgPah89YcxSQWVhnCsdc9zExNkWBlGOJ2V+6mmCSYTPKI9SyUWVAfZ/NYZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcofR0OmKDF8agkmitlbERljhYmx8ZRtCN7yy6vEv6w36959o9pqFmmU4BTOoAYeXEELbqENPhAYwzO8wpsjnBfn3flYtK45xcwJ/IHz+QNNLY1B</latexit>

Coleman, Glaser, Martin ’78

<latexit sha1_base64="OcS1X4VsLw2Or4yIGm4b1OXpO/g=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ8OIxinlAsoTZSW8yZHZ2mZkVwpI/8OJBEa/+kTf/xkmyB00saCiquunuChLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHm7cXrniVt0ZyDLxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezSCTmxSp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPYzLpPUoGTzRWEqiInJ9G3S5wqZEWNLKFPc3krYkCrKjA2nZEPwFl9eJs2zqndRde/PK7XLPI4iHMExnIIHV1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AH4ZIzz</latexit>

= 0

Coleman ’77

Blum, Honda, Sato, 
Takimoto, Tobioka ’16

multi-fields

“...there always exists an O(4)-invariant bounce and it 
always has strictly lower action than any non-O(4) 
invariant bounce. The rigor of our proof is matched 

only by its tedium; I wouldn’t lecture on it to my worst 
enemy.” Coleman, Erice lectures ’77

<latexit sha1_base64="LSOHpahX2AVYVbglaM1JP0ko6ok="></latexit>
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<latexit sha1_base64="nGxWD1ejv4GBRQ7XJy60VGFVOV4="></latexit>

�S = 0 ! '(⇢)

Bounce

Thin wall


Polygonal bounces


FindBounce

Ivanov, Matteini, MN, Ubaldi ’22

Guada, Maiezza, MN ’18

Guada, MN, Pintar ’20
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solution existence
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<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit>

friction

The bounce D dimensional symmetric Euclidean action

<latexit sha1_base64="RvUCrCK6JCQ7rrDUJR2QsMx6gUA="></latexit>
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Z 1

0
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2
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◆
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<latexit sha1_base64="a8Na9ZQX66T0YGPXUoth7ghZvkE="></latexit>

�̈+
D � 1

⇢
�̇ =

dV

d�

<latexit sha1_base64="73GRvk/2lAWtQHuye4CxJKuGXSU=">AAACEXicbVDLSgMxFM34rPVVdekmWIQKpcxI8bEQCm5cVrAP6Awlk2ba0ExmSO4IZegvuPFX3LhQxK07d/6NaTugth4InJxz703u8WPBNdj2l7W0vLK6tp7byG9ube/sFvb2mzpKFGUNGolItX2imeCSNYCDYO1YMRL6grX84fXEb90zpXkk72AUMy8kfckDTgkYqVsoub0IsBsPeMk+wVf45+pyGcBootluGZe7haJdsafAi8TJSBFlqHcLn2YWTUImgQqidcexY/BSooBTwcZ5N9EsJnRI+qxjqCQh01463WiMj43Sw0GkzJGAp+rvjpSEWo9C31SGBAZ63puI/3mdBIILL+UyToBJOnsoSASGCE/iwT2uGAUxMoRQxc1fMR0QRSiYEPMmBGd+5UXSPK04Z5XqbbVYu8ziyKFDdIRKyEHnqIZuUB01EEUP6Am9oFfr0Xq23qz3WemSlfUcoD+wPr4BnMeaUQ==</latexit>

�̇(0) = �̇(1) = 0 ,
<latexit sha1_base64="BPH9rzPskngsVVu+OJE8d4uR1so="></latexit>

�(0) = �in , �(1) = �FV



Thin wall and beyond



Thin Wall
<latexit sha1_base64="9ZIiPoxiYWMkCJ+qm/9//5B4j0s="></latexit>

V =
�
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�
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<latexit sha1_base64="YMlmiv7v7QUlOwqinxaGIKnJRzg="></latexit>

'FV = 1���
3

2
�2 +O(�3)

<latexit sha1_base64="aC5evKNgMsTmcJqFj1LRr6H5OWo="></latexit>

'TV = �1��+
3

2
�2 +O(�3)

<latexit sha1_base64="Vh+l2NpWvrJmrd8xBQs/bmxhX54=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAhRMezGoJZBLeyMYB6QTcLdySQZMvtgZjYQlvyDjb9iY6GIrY2df+Mk2UITDwwczjmXO/e4IWdSWda3sbC4tLyymlpLr29sbm2bO7sVGUSC0DIJeCBqLkjKmU/LiilOa6Gg4LmcVt3+9divDqiQLPAf1DCkDQ+6PuswAkpLLfP4NI8drvNtwINmATs3lCvAJzh2CHB8N8pOlebZUcvMWDlrAjxP7IRkUIJSy/xy2gGJPOorwkHKum2FqhGDUIxwOko7kaQhkD50aV1THzwqG/HkphE+1EobdwKhn6/wRP09EYMn5dBzddID1ZOz3lj8z6tHqnPZiJkfRor6ZLqoE3GsAjwuCLeZoETxoSZABNN/xaQHAojSNaZ1CfbsyfOkks/Z57nCfSFTvErqSKF9dICyyEYXqIhuUQmVEUGP6Bm9ojfjyXgx3o2PaXTBSGb20B8Ynz/Y95uo</latexit>

�2�v4�+O(�3)

<latexit sha1_base64="+BUX03UNOCxhG/KS27UK+9twR7g=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1GVBBJcV7AOaUCbTm3bo5OHMJFBCVm78FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nu8mDOpLOvbKK2srq1vlDcrW9s7u3vm/kFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cbXU7+TgpAsCu/VJAY3IMOQ+YwSpaW+eeykRMQjhh14SFiKHV8QmjlaybM075tVq2bNgJeJXZAqKtDsm1/OIKJJAKGinEjZs61YuRkRilEOecVJJMSEjskQepqGJADpZrM3cnyqlQH2I6ErVHim/p7ISCDlJPB0Z0DUSC56U/E/r5co/8rNWBgnCkI6X+QnHKsITzPBAyaAKj7RhFDB9K2YjogOQunkKjoEe/HlZdI+r9kXtfpdvdq4KeIooyN0gs6QjS5RA92iJmohih7RM3pFb8aT8WK8Gx/z1pJRzByiPzA+fwABtJmA</latexit>

' ⌘ �

v

<latexit sha1_base64="QeizsArBpvDpXMH6UIIsgQrqJ1s=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEirosiOKygk0LTQiT6aQdOpmEmUmhhG7d+CtuXCji1j9w5984bQNq64ELZ865l7n3BAmjUlnWl1FYWV1b3yhulra2d3b3zP0DR8apwKSFYxaLToAkYZSTlqKKkU4iCIoCRtrB8Grqt0dESBrzezVOiBehPqchxUhpyTehU3FHSCQDWoWnPw8/c0UEb5xJ1TfLVs2aAS4TOydlkKPpm59uL8ZpRLjCDEnZta1EeRkSimJGJiU3lSRBeIj6pKspRxGRXja7ZAJPtNKDYSx0cQVn6u+JDEVSjqNAd0ZIDeSiNxX/87qpCi+9jPIkVYTj+UdhyqCK4TQW2KOCYMXGmiAsqN4V4gESCCsdXkmHYC+evEycs5p9Xqvf1cuN6zyOIjgCx6ACbHABGuAWNEELYPAAnsALeDUejWfjzXiftxaMfOYQ/IHx8Q0695jM</latexit>

V (')� V ('FV)

Perturbative

Overall coupling
<latexit sha1_base64="5twixOdnezPj0ZdGma41JXxWYbU=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4sSRSfCyEgi5cVrAPSEOZTCbt0MkkzEyUUvspblwo4tYvceffOG2z0NYDA4dzzuXeOUHKmdKO820tLa+srq0XNoqbW9s7u3Zpr6mSTBLaIAlPZDvAinImaEMzzWk7lRTHAaetYHA98VsPVCqWiHs9TKkf455gESNYG6lrl7wON+kQ++gKVdEJuunaZafiTIEWiZuTMuSod+2vTpiQLKZCE46V8lwn1f4IS80Ip+NiJ1M0xWSAe9QzVOCYKn80PX2MjowSoiiR5gmNpurviRGOlRrGgUnGWPfVvDcR//O8TEcX/oiJNNNUkNmiKONIJ2jSAwqZpETzoSGYSGZuRaSPJSbatFU0JbjzX14kzdOKe1ap3lXLtcu8jgIcwCEcgwvnUINbqEMDCDzCM7zCm/VkvVjv1scsumTlM/vwB9bnD3wzkiw=</latexit>

[�] = 4�D
<latexit sha1_base64="YlwK1wlrWtOgPYsWLeJ0lyLkGtc=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgxpqU4mMhFHThsoJ9QBrKZDpph04mcWZSKKHf4caFIm79GHf+jdM2C209cOFwzr3ce48fc6a0bX9buZXVtfWN/GZha3tnd6+4f9BUUSIJbZCIR7LtY0U5E7Shmea0HUuKQ5/Tlj+8nfqtEZWKReJRj2PqhbgvWMAI1kby3JGHbtDdeQWdIadbLNllewa0TJyMlCBDvVv86vQikoRUaMKxUq5jx9pLsdSMcDopdBJFY0yGuE9dQwUOqfLS2dETdGKUHgoiaUpoNFN/T6Q4VGoc+qYzxHqgFr2p+J/nJjq48lIm4kRTQeaLgoQjHaFpAqjHJCWajw3BRDJzKyIDLDHRJqeCCcFZfHmZNCtl56JcfaiWatdZHHk4gmM4BQcuoQb3UIcGEHiCZ3iFN2tkvVjv1se8NWdlM4fwB9bnD3Hdj+o=</latexit>

[v] = D/2� 1

Scale of the model
<latexit sha1_base64="X32+jxPTxkYb5tiB1GFAb02NZqw=">AAAB83icbVDJSgNBEO2JW4xb1KOXxiB4CjMiLgchoAePEcwCM0Po6dQkTXoWumuEMOQ3vHhQxKs/482/sZPMQRMfFDzeq6KqXpBKodG2v63Syura+kZ5s7K1vbO7V90/aOskUxxaPJGJ6gZMgxQxtFCghG6qgEWBhE4wup36nSdQWiTxI45T8CM2iEUoOEMjea53BxKZT2+o3avW7Lo9A10mTkFqpECzV/3y+gnPIoiRS6a169gp+jlTKLiEScXLNKSMj9gAXENjFoH289nNE3pilD4NE2UqRjpTf0/kLNJ6HAWmM2I41IveVPzPczMMr/xcxGmGEPP5ojCTFBM6DYD2hQKOcmwI40qYWykfMsU4mpgqJgRn8eVl0j6rOxf184fzWuO6iKNMjsgxOSUOuSQNck+apEU4SckzeSVvVma9WO/Wx7y1ZBUzh+QPrM8fbW2QnQ==</latexit>

[�] = 0

TW parameter

Ivanov, Matteini, MN, Ubaldi ’22

<latexit sha1_base64="XRJUwzh0zrxD6c9po/MsBHFn9xc="></latexit>

0 < � ⌧ 1, 0 < � ⌧ 1, �max = 3�3/2 TW = near 
degenerate



<latexit sha1_base64="9ZIiPoxiYWMkCJ+qm/9//5B4j0s="></latexit>

V =
�

8

�
�2 � v2

�2
+ �� v3 (�� v)

Expand the field around the bounce radius

Ivanov, Matteini, MN, Ubaldi ’22
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<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z <latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z <latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="gosckZaR9zTElZzqme2OeV9OYOg=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbinosevFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH7vFJS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfDf32xOqNIvlo5kmNBB4KFnECDZWeupNsEpGrF/tu2Wv4i2A1omfkzLkaPTdr94gJqmg0hCOte76XmKCDCvDCKezUi/VNMFkjIe0a6nEguogWxw8QxdWGaAoVrakQQv190SGhdZTEdpOgc1Ir3pz8T+vm5roJsiYTFJDJVkuilKOTIzm36MBU5QYPrUEE8XsrYiMsMLE2IxKNgR/9eV10qpW/KtK7aFWrt/mcRThDM7hEny4hjrcQwOaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaoYkFQ=</latexit>'2
<latexit sha1_base64="37Hc7rZTALtuhz7jMY2gpjW3kFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9pl5JNs21okg1JtlCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWju5nfGlNtWCIf7UTRUOCBZDEj2DrpqTvGWg1Zz++VK37VnwOtkiAnFchR75W/uv2EpIJKSzg2phP4yoYZ1pYRTqelbmqowmSEB7TjqMSCmjCbHzxFZ07pozjRrqRFc/X3RIaFMRMRuU6B7dAsezPxP6+T2vgmzJhUqaWSLBbFKUc2QbPvUZ9pSiyfOIKJZu5WRIZYY2JdRiUXQrD88ippXlSDq+rlw2WldpvHUYQTOIVzCOAaanAPdWgAAQHP8ApvnvZevHfvY9Fa8PKZY/gD7/MHpxCQUg==</latexit>'0

<latexit sha1_base64="nNBWRKq0ZpcRlVxfk4LUDzFlZw4=">AAACGnicdZDLSgMxFIYzXmu9jbp0EyyCIJSklF52RV24rGAv0I5DJk3b0MyFJFMopc/hxldx40IRd+LGtzHTGyp6IPDz/edwcn4vElxphD6tldW19Y3N1FZ6e2d3b98+OKyrMJaU1WgoQtn0iGKCB6ymuRasGUlGfE+whje4TPzGkEnFw+BWjyLm+KQX8C6nRBvk2rg9JDLqcxfBc9i+YkITuEB4ie5yS5hz7QzKIoQwxjARuFhARpTLpRwuQZxYpjJgXlXXfm93Qhr7LNBUEKVaGEXaGROpORVskm7HikWEDkiPtYwMiM+UM56eNoGnhnRgN5TmBRpO6feJMfGVGvme6fSJ7qvfXgL/8lqx7pacMQ+iWLOAzhZ1YwF1CJOcYIdLRrUYGUGo5OavkPaJJFSbNNMmhMWl8H9Rz2VxIZu/yWcqF/M4UuAYnIAzgEERVMA1qIIaoOAePIJn8GI9WE/Wq/U2a12x5jNH4EdZH1+gTp9o</latexit>

'0 +�'1 +�2'2

<latexit sha1_base64="G4tt2ZhKbi3Tt5zAw72uOYNZCZE=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6bWsd0V3bisYB/SDiWTZtrQJDMkmUIZ+hVuXCji1s9x59+YPgQVPXDhcM693HtPmHCmDUIfzsrq2vrGZm4rv72zu7dfODhs6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBWOrmd+a0yVZrG8M5OEBgIPJIsYwcZK990xVsmQ9VCvUERutYrKng+Re4FQya9ags5LFd+HnovmKIIl6r3Ce7cfk1RQaQjHWnc8lJggw8owwuk03001TTAZ4QHtWCqxoDrI5gdP4alV+jCKlS1p4Fz9PpFhofVEhLZTYDPUv72Z+JfXSU1UCTImk9RQSRaLopRDE8PZ97DPFCWGTyzBRDF7KyRDrDAxNqO8DeHrU/g/aZZcz3fLt+Vi7WoZRw4cgxNwBjxwCWrgBtRBAxAgwAN4As+Och6dF+d10briLGeOwA84b58VKJCe</latexit>'0

<latexit sha1_base64="3owJUyiGyhXU8G18qxYj2iUMARY="></latexit>

'(z) =
X

'n(z)�
n , z =

p
�v ⇢� r , r =

1

�

X
rn �

n

We solve the bounce equation

<latexit sha1_base64="kTZBru+O1XwsNAebrM5IobxQjQc=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksggspSS1edgU3LivYC7QhTKbTduhkEmYmhRIKvoobF4q49Tnc+TZO2wja+sPAx3/O4Zz5g5gzpR3ny8qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8HZab46oVCwSD3ocUy/EfcF6jGBtLN8+6oywjAfML5+jH7xAvl10Ss5MaBncDIqQqebbn51uRJKQCk04VqrtOrH2Uiw1I5xOCp1E0RiTIe7TtkGBQ6q8dHb+BJ0ap4t6kTRPaDRzf0+kOFRqHAamM8R6oBZrU/O/WjvRvWsvZSJONBVkvqiXcKQjNM0CdZmkRPOxAUwkM7ciMsASE20SK5gQ3MUvL0OjXHIvS5X7SrF6k8WRh2M4gTNw4QqqcAc1qAOBFJ7gBV6tR+vZerPe5605K5s5hD+yPr4BANCU2A==</latexit>'2,'3See the paper for           , physical bubble profile

<latexit sha1_base64="HQkq5Co9WAmkwZO2KzTtGpEIbFE="></latexit>

'0 = th
z

2
, '1 = �1 ,

r0 =
D � 1

3
, r1 = 0

<latexit sha1_base64="s28UYukSBye4SiAbYRRhMs1Njy0="></latexit>

r2 =
6⇡2 � 40 +D(26� 4D � 3⇡2)

3(D � 1)



Ivanov, Matteini, MN, Ubaldi ’22Thin Wall Action

D = 4 : FV decay at T = 0 

D = 3 : FV nucleation at finite T

Coleman ’77 

Affleck ’81, Linde ’83

<latexit sha1_base64="WRE82mL91qNVD3pr9MkURhbt+MA="></latexit>

S =
⌦ v4�D

�D/2�1�D�1
⇥ S̃[�2]

Leading order

   and    factor out
<latexit sha1_base64="YLyBr+kXiWlHF5ihT8NKssIfKUo=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQiPnYFNy4r2Ae0oUwmk3boZBJmboQS+hFuXCji1u9x5984bbPQ1gMDh3POZe49QSqFQdf9dkpr6xubW+Xtys7u3v5B9fCobZJMM95iiUx0N6CGS6F4CwVK3k01p3EgeScY3838zhPXRiTqEScp92M6VCISjKKVOn1poyEdVGtu3Z2DrBKvIDUo0BxUv/phwrKYK2SSGtPz3BT9nGoUTPJppZ8ZnlI2pkPes1TRmBs/n687JWdWCUmUaPsUkrn6eyKnsTGTOLDJmOLILHsz8T+vl2F04+dCpRlyxRYfRZkkmJDZ7SQUmjOUE0so08LuStiIasrQNlSxJXjLJ6+S9kXdu6pfPlzWGrdFHWU4gVM4Bw+uoQH30IQWMBjDM7zCm5M6L86787GIlpxi5hj+wPn8ATz+j30=</latexit>

� <latexit sha1_base64="zXGMLRSFiZBoZjrRigu7nmmm0I0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePGYgHlAsoTZSW8yZnZ2mZkNhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/91hiV5rF8NJME/YgOJA85o8ZK9XGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8pGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aV6VvetypV4pVe+yOPJwBudwCR7cQBUeoAYNYIDwDK/w5jw5L86787FszTnZzCn8gfP5A+NqjPo=</latexit>v

<latexit sha1_base64="+o7egrdHMJGXNTmKSYSbpkn/D10="></latexit>

S0 =
⌦ v4�D

�D/2�1�D�1

✓
D � 1

3

◆D�1 2

3D

Higher orders

<latexit sha1_base64="n1qyhVAuaKXMPogMINmsjmdU2ag="></latexit>

S0 =
1

�D�1

(
25⇡v
34
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�
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�
, D = 4

New & relevant Perturbativity

Dimensions

<latexit sha1_base64="GN2duufIOrgYu5edVe0xT1KeU74="></latexit>

S2 = S0

 
1 +�2

 
1 +D

�
25� 8D � 3⇡2

�

2(D � 1)

!
+O(�4)

!wip
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Ivanov, Matteini, MN, Ubaldi ’22Thin Wall Action

How good/useful is TW? Pretty good all the way to          !

preliminary

<latexit sha1_base64="cIAFVppNdGxzHyp9vuKfQ+u4F+c=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgF9OAxgnlAdgmzk9lkyMzsOjMbDEu+w4sHRbz6Md78GyfJHjSxoKGo6qa7K0w408Z1v53Cyura+kZxs7S1vbO7V94/aOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVDm+mfmtElWaxfDDjhAYC9yWLGMHGSoF/S7nB3cwX+GnSLVfcqjsDWiZeTiqQo94tf/m9mKSCSkM41rrjuYkJMqwMI5xOSn6qaYLJEPdpx1KJBdVBNjt6gk6s0kNRrGxJg2bq74kMC63HIrSdApuBXvSm4n9eJzXRVZAxmaSGSjJfFKUcmRhNE0A9pigxfGwJJorZWxEZYIWJsTmVbAje4svLpHlW9S6q5/fnldp1HkcRjuAYTsGDS6jBHdShAQQe4Rle4c0ZOS/Ou/Mxby04+cwh/IHz+QP9nJI7</latexit>

�max



Polygonal bounces
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Duncan, Jensen ’92Linear potentials 
 triangle and box

Exact solution

' = v + a ⇢2 +
b

⇢2
<latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit>

'̈+
3

⇢
'̇ = dV = 8 a

<latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit>

a1
<latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit>

a2 =
1

8

Ṽ3 � Ṽ2

'̃3 � '̃2
<latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit>
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Initial conditions @ R0 
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 b)

'1(0) = '0, '̇1(0) = 0
<latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit>

v1 = '0, b1 = 0
<latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit>
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<latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit>
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<latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit>
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<latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit>
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Matching conditions @ R1

Final conditions @ R2

'2(R2) = '̃3, '̇2(R2) = 0
<latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit>
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<latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit>

'1(R1) = '2(R1) = '̃2, '̇1(R1) = '̇2(R1)
<latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit>
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 a)

 b)

Triangle



Triangle summary

Complete exact analytic solution
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Solved in terms of Euclidean radius

Stable in thin wall, goes over to TW

Limited validity outside the TW
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Extend to more segments and D dimensions

Approximates any V when                , controlled precisionN ! 1
<latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit>

Semi-analytic solution for algebraic manipulation/deformation

Geometric insight of segmentation, cover non-trivial features/unstable Vs

Polygonal bounces



Polygonal construction
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RN-1...

Matching conditions @ Ri

Initial/final conditions remain the same

3 parameters and 3 unknowns/segment

'i(R1) = 'i+1(Ri) = '̃i+1, '̇i(Ri) = '̇i+1(Ri)
<latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit>
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<latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit>
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<latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit>
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<latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit>
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<latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit>

 a)


 b)

The bounce defined recursively

R0 = 0
<latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit>
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<latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit>
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simple cubic

quadratic

D = 2, 6, 8
<latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit>

in the paper, other Ds possible numerically

Radii computed at each segment from matching the fields
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<latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit>
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- improves convergence


- important @ extrema
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 CosmoTransitions

 AnyBubble

Wainwright ’11

Masoumi, Olum, Shlaer ’16

bounce and path deformation separate, 
oscillations, Runge-Kutta PDE solver

multiple shooting, damping approximations

 Other recent approaches

tunnelling potential

machine learning

Espinosa, Konstandin ’18

Piscopo, Spannowsky,  Waite ’19
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path in field space

gradient flow
Sato ’19

Multi-fields
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Crucial idea #1

 perturbation up to linear term in V,  keeps the PB
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Polygonal approach with many fields

 Initial ansatz straight line, via saddle, 
custom segmentation

 Initial solution longitudinal single field PB



Crucial idea #2

 simultaneous solution for the 

bounce and path deformation
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 linear system for      (as in the 

single field expansion) and 

 iterate until
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D = 4

Case A

Action

Number of Iterations: 3

Multi-Field PBN=15 : 101.726
Multi-Field PBN=100: 100.996
Shooting: 100.939
CosmoTransition: 101.267
AnyBubble: 100.375

 converges in a few iterations

 works for thin wall

 no oscillations

 works for D=3 and 4

 tested for up to 20 fields



FindBounce



Guada, MN, Pintar ’20

https://github.com/vguada/FindBounce/releases

https://github.com/vguada/FindBounce/releases


Load the package as usual

Define a metastable potential

Compute the bounce - obtain bf = the bounce function

Retrieve the 
bounce properties

Run on single points

And multifields



Time demand
Scales linearly by construction

CT - CosmoTransitions

Thick: � � {.6,.75}
Thin: � � {.9,.99}
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t(s
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Field Points

Package

Works in thin and thick regimes

Tested up to 20 fields

Wainwright ’11

Masoumi et al. ’16

Sato ’20

BP - BubbleProfiler

AB - AnyBubble

SB - SimpleBounce

Athron et al. ’19



<latexit sha1_base64="IARglGN9f3DCHHauWpSmjw2VUNM="></latexit>Z
D' !

Y
�i

Prefactor

Thin wall


Polygonal bounce


Quartic-quartic

Ivanov, Matteini, MN, Ubaldi ’22

Guada, Maiezza, MN ’18

Guada, MN ’20
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a) Renormalized bounce action and counter-terms

b) Functional determinant

c) Zero removal <latexit sha1_base64="jbXU+TjuzyL4GSZTzh8tjLOlQDA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFdlUSKj13BjTsr2Ac0oUwmN+3QyYOZiVhCfsWNC0Xc+iPu/BsnbRbaemDgcM693DPHSziTyrK+jZXVtfWNzcpWdXtnd2/fPKh1ZZwKCh0a81j0PSKBswg6iikO/UQACT0OPW9yU/i9RxCSxdGDmibghmQUsYBRorQ0NGuZ44PKT7ETEjWmhOO7oVm3GtYMeJnYJamjEu2h+eX4MU1DiBTlRMqBbSXKzYhQjHLIq04qISF0QkYw0DQiIUg3m2XP8YlWfBzEQr9I4Zn6eyMjoZTT0NOTRUK56BXif94gVcGVm7EoSRVEdH4oSDlWMS6KwD4TQBWfakKoYDorpmMiCFW6rqouwV788jLpnjfsi0bzvllvXZd1VNAROkZnyEaXqIVuURt1EEVP6Bm9ojcjN16Md+NjPrpilDuH6A+Mzx8su5Pc</latexit>

det0O

<latexit sha1_base64="e35FpKk97y/7pSW56GJFKsvXbns=">AAACGnicbVDLSgMxFM3UV62vUZdugkWoiGWmFB8LoeDGnRXsAzrTIZNm2tBMZkgyQhn6HW78FTcuFHEnbvwbM20FrR4InHvuvUnO8WNGpbKsTyO3sLi0vJJfLaytb2xumds7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5w8us37ojQtKI36pRTNwQ9TkNKEZKS55pOyFSA4wYvIYX8NiJkVAUMc8JE/hddLPiCDa7aalyOPbMolW2JoB/iT0jRTBD3TPfnV6Ek5BwhRmSsmNbsXLT7G7MyLjgJJLECA9Rn3Q05Sgk0k0n1sbwQCs9GERCH67gRP25kaJQylHo68nMiJzvZeJ/vU6igjM3pTxOFOF4+lCQMKgimOUEe1QQrNhIE4QF1X+FeIAEwkqnWdAh2POW/5JmpWyflKs31WLtfBZHHuyBfVACNjgFNXAF6qABMLgHj+AZvBgPxpPxarxNR3PGbGcX/ILx8QW/WJ9p</latexit>

O = �@µ@
µ + V (2) fluctuations around the bounce

Dunne ’07Pedagogical notes on functional determinants

Bubble deformation, zeroes for symmetries, single negative

Coleman ’88TW rate at one loop - introduction



a) Renormalized bounce action

Peskin & Schröder

Guada, Ivanov, MN, Ubaldi ’21

At one loop, the action needs counter-terms

set by the 4-p function

cancels the 3-p if

<latexit sha1_base64="wJL21jscyiqlgytQ1py5WLHDSnQ="></latexit>

Vct =
�m2

2
�2 +

��
4
�4, h�i = µp

�
, V (n) ⌘ dnV

d�n
(h�i)

automatic if 3-p interactions 
comes from a single quartic



Remove the tadpoles…

…and the 2-p mass divergence cancels out

<latexit sha1_base64="2JW6wOQWcLWyaROjzOMqpqdPcxg="></latexit>

�m2 =
1

(4⇡)2 "
V (4)

✓
V (2) � 1

2
V (4)h�i2

◆

the vev shifts

independent of

counter-term is zero, and does not run (2 loops?)

<latexit sha1_base64="l/kDp96Puky57eM5KSmaPG7bC8g="></latexit>

�� =
9�2

(4⇡)2 2"
, �m2 = � 3�2v2

(4⇡)2 2"

<latexit sha1_base64="3HhFoiApOqREuwlXvLq+E5HivrU="></latexit>

h�i ' v (1��+ . . .)



Counter-term for the Euclidean action

Running of the Euclidean action

<latexit sha1_base64="nt+RBXS6rbsUe5530CKmrB1Gl9w="></latexit>

Sct =

Z

D
(Vct � VctFV) =

3�2

8 (4⇡)2 "

Z

D

�
3
�
�4 � �4

FV

�
� 2v2

�
�2 � �2

FV

��
' � 3

16"�3
.

Non-trival check: the     pole and        cancel with the determinant
<latexit sha1_base64="ggBwspCjYjo7o2CC08Lq5YaJeyc=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSKX7cCl48VrC10ISy2W7apZtN2N0USszBv+LFgyJe/Rve/Ddu2xy09cHA470ZZuYFCWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2ilNJaIvEPJadACvKmaAtzTSnnURSHAWcPgSjm6n/MKZSsVjc60lC/QgPBAsZwdpIPfvICyUmmZtn3hhLmijGY5Gjnl11as4MaJm4BalCgWbP/vL6MUkjKjThWKmu6yTaz7DUjHCaV7xU0QSTER7QrqECR1T52ez+HJ0apY/CWJoSGs3U3xMZjpSaRIHpjLAeqkVvKv7ndVMdXvkZE0mqqSDzRWHKkY7RNAzUZ5ISzSeGYCKZuRWRITaBaBNZxYTgLr68TNrnNfeiVr+rVxvXRRxlOIYTOAMXLqEBt9CEFhB4hGd4hTfryXqx3q2PeWvJKmYO4Q+szx93VZZf</latexit>

1

"

<latexit sha1_base64="RE/DCwTDkO47+RDJGLsNAbRUQpI=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjMSXG4BLx4jmAUyQ+jp9CRtehm6e4QQ8g9ePCji1f/x5t/YSeagiQ8KHu9VUVUvTjkz1ve/vcLa+sbmVnG7tLO7t39QPjxqGZVpQptEcaU7MTaUM0mblllOO6mmWMSctuPR7cxvP1FtmJIPdpzSSOCBZAkj2DqpFXIZiqxXrvhVfw60SoKcVCBHo1f+CvuKZIJKSzg2phv4qY0mWFtGOJ2WwszQFJMRHtCuoxILaqLJ/NopOnNKHyVKu5IWzdXfExMsjBmL2HUKbIdm2ZuJ/3ndzCbX0YTJNLNUksWiJOPIKjR7HfWZpsTysSOYaOZuRWSINSbWBVRyIQTLL6+S1kU1uKzW7muV+k0eRxFO4BTOIYArqMMdNKAJBB7hGV7hzVPei/fufSxaC14+cwx/4H3+AKcRjyo=</latexit>

lnµ

a) Renormalized bounce action and counter-terms

<latexit sha1_base64="OPt4RCgRJNdEncNozBP0Y7U8fEo="></latexit>

SR + Sct = S

 
1� 9�0

(4⇡)2

✓
1

"
+ ln

µ

µ0

◆!



We wish to get the eigenvalues of     and multiply them

b) Functional determinant

<latexit sha1_base64="9zUw7HLCXtDPfDiO3XaF5zYXhqE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HELePFmAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup35rSdUmsfywYwT9CM6kDzkjBor1e97xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSE1/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSfOi7F2WK/VKqXqTxZGHEziFc/DgCqpwBzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH6hOjNM=</latexit>

O

The bounce and fluctuations are spherically symmetric, orbital decomposition
<latexit sha1_base64="Ew01s1hdMj7SglJJfOpRLxi71LE="></latexit>����
det0 O

detOFV

����
� 1

2

=

�����

1Y

l=0

det0 Ol

detOlFV

�����

� 1
2

<latexit sha1_base64="eb+K6Nq6W4OOY2lSFVan4q4E+5o="></latexit>

Ol = �
d2

d⇢2
�

D � 1

⇢

d

d⇢
+

l (l +D � 2)

⇢2
+ V (2)

Gel’fand-Yaglom theorem

<latexit sha1_base64="6d1dUeJiEowSh/0T4wceFCJvDcY=">AAACFHicbVDLSsNAFJ3UV62vqEs3U4vSUlqSWnwshIJduKxgH9CGMplO2qGTBzMToYR+hBt/xY0LRdy6cOffOGmz0NYDFw7n3Mu999gBo0IaxreWWlldW99Ib2a2tnd29/T9g5bwQ45JE/vM5x0bCcKoR5qSSkY6ASfItRlp2+Ob2G8/EC6o793LSUAsFw096lCMpJL6enHQZ/D0GvYcjnCUrzBYhPVSpZBnxXrprJCdRiwL87GSnfb1nFE2ZoDLxExIDiRo9PWv3sDHoUs8iRkSomsagbQixCXFjEwzvVCQAOExGpKuoh5yibCi2VNTeKKUAXR8rsqTcKb+noiQK8TEtVWni+RILHqx+J/XDaVzaUXUC0JJPDxf5IQMSh/GCcEB5QRLNlEEYU7VrRCPkIpHqhwzKgRz8eVl0qqUzfNy9a6aq10lcaTBETgGeWCCC1ADt6ABmgCDR/AMXsGb9qS9aO/ax7w1pSUzh+APtM8fnjSZfw==</latexit>

dl =
(2l +D � 2)(l +D � 3)!

l!(D � 2)!
eigenvalue degeneracy

<latexit sha1_base64="1qTbHZETbhwRSkch+SLg+4qDGvg="></latexit>

Ol  l = 0 ,  l(0) ⇠ ⇢l

OlFV  lFV = 0 ,  lFV(0) ⇠ ⇢l

<latexit sha1_base64="fjUY0QJP9Bq0THFhCkRvs4sffII="></latexit>

detOl

detOlFV
=

✓
 l

 lFV

���
1

◆dl



<latexit sha1_base64="66/+1YG83hR7600m5Jv6y57BASU=">AAACFHicbVDLSgMxFM34rPU16tJNsCiCUGak+NgVBHFZxT6gMwyZNNOGJpkxyRTKMB/hxl9x40IRty7c+Temj4W2Hrjcwzn3ktwTJowq7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKTOo4ZrFshUgRRgWpa6oZaSWSIB4y0gz7VyO/OSBS0Vjc62FCfI66gkYUI22kwD65Cxg88shDSgfQiyTCmZcoGrB80jOWeZLD60ae54FdcsrOGHCeuFNSAlPUAvvL68Q45URozJBSbddJtJ8hqSlmJC96qSIJwn3UJW1DBeJE+dn4qBweGqUDo1iaEhqO1d8bGeJKDXloJjnSPTXrjcT/vHaqows/oyJJNRF48lCUMqhjOEoIdqgkWLOhIQhLav4KcQ+ZZLTJsWhCcGdPnieN07J7Vq7cVkrVy2kcBbAPDsAxcME5qIIbUAN1gMEjeAav4M16sl6sd+tjMrpgTXf2wB9Ynz90C58X</latexit>

Rl ⌘
 l

 lFV

<latexit sha1_base64="wnKcNdc5V2wH6+hYXXihK0ykeWY="></latexit>

R̈l + 2

 
 ̇lFV

 lFV

!
Ṙl =

⇣
V (2) � V (2)

FV

⌘
Rl

<latexit sha1_base64="Zhx4Edsyn8r8Hw3Chos39NI9iYM="></latexit>

 lFV(0) ⇠ ⇢l , Rl(0) = 1 , Ṙl(0) = 0

Define the ratio                    and solve the stable equation

Fluctuations

Low multipoles
<latexit sha1_base64="ZQF4ItMo6ExI6N8nHus6D6qVshM=">AAACEnicbVBNS8NAEN3U7/pV9ehlsSh6KYmIHwehoAePtVgtNDFsttN26WYTdzdCCfkNXvwrXjwo4tWTN/+N2zYHtT4YeLw3w8y8IOZMadv+sgpT0zOzc/MLxcWl5ZXV0tr6tYoSSaFBIx7JZkAUcCagoZnm0IwlkDDgcBP0z4b+zT1IxSJxpQcxeCHpCtZhlGgj+aW9us/xzil2Yxm1/VS4XbjDdobrfsqxyG5T9xy4Jrci80tlu2KPgCeJk5MyylHzS59uO6JJCEJTTpRqOXasvZRIzSiHrOgmCmJC+6QLLUMFCUF56eilDG8bpY07kTQlNB6pPydSEio1CAPTGRLdU3+9ofif10p059hLmYgTDYKOF3USjnWEh/ngNpNANR8YQqhk5lZMe0QSqk2KRROC8/flSXK9X3EOKweXB+XqSR7HPNpEW2gXOegIVdEFqqEGougBPaEX9Go9Ws/Wm/U+bi1Y+cwG+gXr4xvGNZzv</latexit>

Rl =
Y

n�0

R�n

lnMultiplicative TW expansion
<latexit sha1_base64="ptU6P7kjr/tz4ySXcyX7uZpvM38="></latexit>

Rl0 =
1

(1 + x)2
,

lnRl1 = 3 (r + lnx) ,

lnRl2(x ! 1) =
3

4

(l � 1) (l +D � 1)

(D � 1)2
x2

<latexit sha1_base64="QcXiOLWvf5xA13HzkEKHW7TWcmo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DgIAS8eI5gHJGuYnXSSIbOzy8ysGJd8hBcPinj1e7z5N06SPWhiQUNR1U13VxALro3rfju5peWV1bX8emFjc2t7p7i7V9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HriNx5QaR7JOzOK0Q9pX/IeZ9RYqfFIrgjeP3WKJbfsTkEWiZeREmSodopf7W7EkhClYYJq3fLc2PgpVYYzgeNCO9EYUzakfWxZKmmI2k+n547JkVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnoXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjEyrYELz5lxdJ/aTsnZVPb09LlcssjjwcwCEcgwfnUIEbqEINGAzhGV7hzYmdF+fd+Zi15pxsZh/+wPn8AWf4jvI=</latexit>

x = ez

<latexit sha1_base64="z7swuu40Lc9PQzalh+yNcLeOwH0="></latexit>

Rl(1) = �2eD�1 3

4

(l � 1) (l +D � 1)

(D � 1)2

Negative and zero modes ok

<latexit sha1_base64="Pe9fpfVAwzC/K3m5/gPkd13DyhU=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQhJDrRspuHHZgn1AG8pketOOnUzCzEQooV/gxoUibv0kd/6N04egogcuHM65l3vvCVPOlHacD2tldW19Y7OwVdze2d3bLx0ctlSSSQpNmvBEdkKigDMBTc00h04qgcQhh3Y4vp757XuQiiXiVk9SCGIyFCxilGgjNXi/VHbsS9/3Ki6eE/+8uiCeW8Wu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzQ6f41CgDHCXSlNB4rn6fyEms1CQOTWdM9Ej99mbiX14301E1yJlIMw2CLhZFGcc6wbOv8YBJoJpPDCFUMnMrpiMiCdUmm6IJ4etT/D9pebZbsb2GX65dLeMooGN0gs6Qiy5QDd2gOmoiigA9oCf0bN1Zj9aL9bpoXbGWM0foB6y3T1GxjUk=</latexit>

lIR UV
<latexit sha1_base64="tkl0yd17TxNDu5psZtSTYhYdHfs=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiQx1LqRghuXFewD2lAm00k7dDKJMxOhhP6EGxeKuPV33Pk3Th+Cih64cDjnXu69J0w5U9pxPqzCyura+kZxs7S1vbO7V94/aKkkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF/N/PY9lYol4lZPUhrEeChYxAjWRupw1FMsRm6/XHHsC9/3qi6aE/+stiCeW0Ou7cxRgSUa/fJ7b5CQLKZCE46V6rpOqoMcS80Ip9NSL1M0xWSMh7RrqMAxVUE+v3eKTowyQFEiTQmN5ur3iRzHSk3i0HTGWI/Ub28m/uV1Mx3VgpyJNNNUkMWiKONIJ2j2PBowSYnmE0MwkczcisgIS0y0iahkQvj6FP1PWp7tVm3vxq/UL5dxFOEIjuEUXDiHOlxDA5pAgMMDPMGzdWc9Wi/W66K1YC1nDuEHrLdPhyyPpQ==</latexit>

l ⇠ 1
<latexit sha1_base64="s+8QIamjKrPYUQV/lKScoo/4WgQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqqPUiBS8eK1hbaEPZbDfp0s0m7G6EEvojvHhQxKu/x5v/xm1aQUUfDDzem2FmXpByprTjfFilldW19Y3yZmVre2d3r7p/cKeSTBLaIQlPZC/AinImaEczzWkvlRTHAafdYHI197v3VCqWiFs9Takf40iwkBGsjdTlaBBFyB1Wa4594Xn1hosK4p01F6TuNpFrOwVqsER7WH0fjBKSxVRowrFSfddJtZ9jqRnhdFYZZIqmmExwRPuGChxT5efFuTN0YpQRChNpSmhUqN8nchwrNY0D0xljPVa/vbn4l9fPdNj0cybSTFNBFovCjCOdoPnvaMQkJZpPDcFEMnMrImMsMdEmoYoJ4etT9D+5q9tuw67feLXW5TKOMhzBMZyCC+fQgmtoQwcITOABnuDZSq1H68V6XbSWrOXMIfyA9fYJpPuPIA==</latexit>

l � 1
<latexit sha1_base64="Kffm1bzOqo5/9Sy5cTVUAJvW5yQ=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWR4gNcFHThsoJ9QFPKZDpph04mYWYi1BD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nv8mDOlHefbKiwtr6yuFddLG5tb2zv27l5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuK3HqhULBL3ehzTbogHggWMYG2knn3A0RXyAolJ6mapd0O5xlnPLjsVZwq0SNyclCFHvWd/ef2IJCEVmnCsVMd1Yt1NsdSMcJqVvETRGJMRHtCOoQKHVHXT6fUZOjZKHwWRNCU0mqq/J1IcKjUOfdMZYj1U895E/M/rJDq46KZMxImmgswWBQlHOkKTKFCfSUo0HxuCiWTmVkSG2EShTWAlE4I7//IiaZ5W3LNK9a5arl3mcRThEI7gBFw4hxrcQh0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwCuypS6</latexit>

l <
1

�



High multipoles
<latexit sha1_base64="o6TFMfVLLq4g3EZarzAYEhhzGx4=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIgliSUnwshIIuXFawD2hKmUwn7dDJJMxMhBKCG3/FjQtF3PoV7vwbp4+FVg9cOJxzL/fe48ecKe04X1ZuYXFpeSW/Wlhb39jcsrd3GipKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h1djv3lPpWKRuNOjmHZC3BcsYARrI3XtPU8k6BJxdIy8QGKSXmdpOUMnyO3aRafkTID+EndGijBDrWt/er2IJCEVmnCsVNt1Yt1JsdSMcJoVvETRGJMh7tO2oQKHVHXSyQsZOjRKDwWRNCU0mqg/J1IcKjUKfdMZYj1Q895Y/M9rJzo476RMxImmgkwXBQlHOkLjPFCPSUo0HxmCiWTmVkQG2CShTWoFE4I7//Jf0iiX3NNS5bZSrF7M4sjDPhzAEbhwBlW4gRrUgcADPMELvFqP1rP1Zr1PW3PWbGYXfsH6+AbzXZU0</latexit>

⌫ = l +
D

2
� 1Shift multipoles

<latexit sha1_base64="TxBskI8WOmYJthiqGmojxlSbsZE="></latexit>

 ⌫FV ' ek⌫z , k2⌫ = 1 +
�2⌫2

r20
FV part

<latexit sha1_base64="cWspYgjDQNM0kX+Rij2lZprU9/s="></latexit>

R⌫0(1) =
(k⌫ � 1) (2k⌫ � 1)

(k⌫ + 1) (2k⌫ + 1)

<latexit sha1_base64="FVDz4U6B6F6WwsMDwgZRbRR6cZw="></latexit>

lnR⌫(1) = ln
(k⌫ � 1)(2k⌫ � 1)

(k⌫ + 1)(2k⌫ + 1)
+ 3r0

⇣
k⌫ �

p
k2⌫ � 1

⌘

Leading order

<latexit sha1_base64="2RP1PWq/dcbna5nef0/9cgzZpO8=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWR4mNX0IXLCvYBTSiT6SQdOpmEmYlQYhf+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1BypnSjvNtLS2vrK6tlzbKm1vbO7v23n5LJZkktEkSnshOgBXlTNCmZprTTiopjgNO28HweuK3H6hULBH3epRSP8aRYCEjWBupZx9y5EUR8kKJSe6Oc++Gco3HPbviVJ0p0CJxC1KBAo2e/eX1E5LFVGjCsVJd10m1n2OpGeF0XPYyRVNMhjiiXUMFjqny8+n9Y3RilD4KE2lKaDRVf0/kOFZqFAemM8Z6oOa9ifif1810eOnnTKSZpoLMFoUZRzpBkzBQn0lKNB8Zgolk5lZEBthEoU1kZROCO//yImmdVd3zau2uVqlfFXGU4AiO4RRcuIA63EIDmkDgEZ7hFd6sJ+vFerc+Zq1LVjFzAH9gff4Ac/mVvA==</latexit>

l � 1

�

‘All-order’ corrections

Correct UV behaviour
<latexit sha1_base64="ZFZ1lCjXTgYztGXq/3DbDX9o1eA=">AAACEHicbVBLSwMxGMzWV62vVY9egkWsl7IrxcdBKHjxWMU+oLss2TTbhibZJckKZelP8OJf8eJBEa8evflvTNs9aOtAYDLzfSQzYcKo0o7zbRWWlldW14rrpY3Nre0de3evpeJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vJ747QciFY3FvR4lxOeoL2hEMdJGCuxjj1EeZJ5Ioadj6FER6dEY3gVGqcxuJ/AKuoFddqrOFHCRuDkpgxyNwP7yejFOOREaM6RU13US7WdIaooZGZe8VJEE4SHqk66hAnGi/GwaaAyPjNKDUSzNERpO1d8bGeJKjXhoJjnSAzXvTcT/vG6qows/oyJJNRF49lCUMmiiT9qBPSoJ1mxkCMKSmr9CPEASYW06LJkS3PnIi6R1WnXPqrXbWrl+mddRBAfgEFSAC85BHdyABmgCDB7BM3gFb9aT9WK9Wx+z0YKV7+yDP7A+fwAwMpv/</latexit>
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not low-l, though, as expected



Renormalized determinant

Sum over multipoles

Diverges in the UV as expected from QFT
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quadratic and log in D=4
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asymptotic subtraction

Renormalized determinants (subtractions and logs for Ds)
Dunne, Min ’05 

Dunne, Kirsten ’06
Hur, Min ’08
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Asymptotic subtractions remove first two divergencies in any D

The renormalized piece gives the pole and the log scale part (and a finite piece, the 1)

Renormalized determinant D=4
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Final sum done by Euler-Maclaurin, dominated by large multipoles, use 
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Separate low and high at arbitrary intermediate multipole     (artefact anyway)
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Explicit closed form renormalized rate at one loop

determinant part

Renormalized action

General procedure for and D even and odd

zero removal

Ivanov, Matteini, MN, Ubaldi ’22TW rate at one loop - summary



Bounces and prefactors 
are fascinating



Appendix



Zero removal

<latexit sha1_base64="wVqsL9UKCkz73itc2ZgZwSYnX+Y="></latexit>

� /
1

p
detO0

=
Y

n

s
�nFV

�0
n

/ (v2)D/2 Eigenvalues have d=2, drop D 

of them, sqrt overall

However, we’re working with GY, so all the l=1 eigenvalues are multiplied together
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We already have the needed fluctuation functions, easy to off-set
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This answers the question of dimensional analysis estimate

* two other ways of 

seeing the same thing 

give the same answer
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Duncan, Jensen ’92Linear potentials


 triangle and box

Exact solution

' = v + a ⇢2 +
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<latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit>

a2 =
1

8

Ṽ3 � Ṽ2

'̃3 � '̃2
<latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit>

r

jHrL

jé1

jé2

j1 HrL

j2 HrL
jé3

R0 R1 R2

Initial conditions @ R0


 a)


 b)

'1(0) = '0, '̇1(0) = 0
<latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit>

v1 = '0, b1 = 0
<latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit>

'1(R0) = '̃1, '̇1(R0) = 0
<latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit>

shoot in     '0
<latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit>

R0
<latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit>

v1 = '̃1 � 2 a1 R
2
0, b1 = a1 R

4
0

<latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit>

Triangular

or



r

jHrL

jé1

jé2

j1 HrL

j2 HrL
jé3

R0 R1 R2

Matching conditions @ R1

Final conditions @ R2

'2(R2) = '̃3, '̇2(R2) = 0
<latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit>

v2 = '̃3 � 2 a2 R
2
2, b2 = a2 R

4
2

<latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit>

'1(R1) = '2(R1) = '̃2, '̇1(R1) = '̇2(R1)
<latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit>

Complete solution - a) works in D-dimensions

'0 =
'̃3 + c '̃2

1 + c
, c = 2

a2 � a1
a1

✓
1�

r
a2

a2 � a1

◆

<latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit>

R1 =
1

2

'̃3 � '̃1p
a1 ('̃2 � '̃1)�

p
�a2 ('̃3 � '̃2)

<latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit>

R2
0 = R1

 
R1 �

r
'̃2 � '̃1

a1

!

R2
2 = R1

 
R1 +

r
'̃3 � '̃2

�a2

!

<latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit>

R1 =

s
D

4

✓
'̃2 � '0

a1

◆

<latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit>

 a)

 b)

Triangular



Complete exact analytic solution

j

VHjL

jé1

V
é
1

jé2

V
é
2

jé3

V
é
3

Solved in terms of Euclidean radius

Stable in thin wall, goes over to TWA 


with limited validity

Summary

Dutta, Hector, Konstandin, 
Vaudrevange, Westphal ’12

Analytic continuation in Minkowski space


describes the bubble evolution Pastras ’11
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V
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Generalize case b), solve       or       a), retrieve '0
<latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit>

R0
<latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit>

No free parameters, one segment three unknowns vi, bi, Ri
<latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit>

Vi(') =

 
Ṽi+1 � Ṽi

'̃i+1 � '̃i

!

| {z }
8 ai

('� '̃i) + Ṽi � ṼN , dVi = 8 ai.

<latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit>

Ri
<latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit>
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Polygonal bounces



Radii computed at each segment from matching the fields

fewnomial RD
n � D

4

�n
an

RD�2
n +

D

2(D � 2)

bn
an

= 0
<latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit>

�n = '̃n+1 � vn
<latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit>

require real positive roots

'n(Rn) = '̃n+1
<latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit>

R0 = 0 R1 = 0 R2
m ax R2 R2

m in = 0 R3 R4
…

RN-1

RN-1 Œ R j0 l Æ 1RN-1 Œ C



Euclidean action

Bounce action

S>2 =
2⇡

D
2

�
�
D
2

�
(
RD

0

D

⇣
Ṽ1 � ṼN

⌘
+

N�1X

i=1

"
⇢2
✓
32a2i (D + 1)⇢D

D2(D + 2)
+

16aibi
D(D � 2)

� 2b2i
⇢D(D � 2)

◆
+

⇢D

D

⇣
8ai (vi � '̃i) + Ṽi � ṼN

⌘#Ri

Ri�1

)

<latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit>

PB action

Total S = T + V
<latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit>

kinetic potential

SD =
2⇡

D
2

�
�
D
2

�
Z 1

0
⇢D�1 d⇢

✓
1

2
'̇2 + V (')

◆

<latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit>

T /
Z 1

0
⇢D�1d⇢ '̇2, V /

Z 1

0
⇢D�1d⇢V(')

<latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit>



Non-existence of non-trivial static solutions of 


KG equation, no solitonic scalar ‘particles’

Derrick’s theorem

Unstable under re-scaling '(⇢) ! '(⇢/�)
<latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit>

S(�)
D = �D�2T + �DV

<latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit>

�⇥ 0 = 0,

�⇥1 = 1
<latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit>

dS(�)
D

d�

����
�=1

= 0
<latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit>

(D � 2)T +DV = 0
<latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit>

Derrick ’64

change of 
variables...remain 

the same
action is extremized at 
non-scaled values for 

true solutions

relation between 
kinetic and potential

Caveat for PB N � 1
<latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit>

Works forR ! �R
<latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit>

d2S(�)
D

d�2

����
�=1

< 0
<latexit sha1_base64="J3k7qbbA+U/lB3KrO4Mjoqv4yTc="></latexit>



Benchmarks
Back to thin wall Coleman ’77

Benchmark for testing

" ! 0
<latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="W8IFWBTXqH6Tk8vda49yBczLDbA=">AAACNXicbZHfSsMwFMbT+W/Wqdu1N8EheDFK6sXUO8EbLydYJ2xlpGnahaVpSVJhlL6Atz6TD+EzeCW+gFlXRDsPBD6+3wk5+U6QcaY0Qu9Wa2t7Z3evvW8fdOzDo+Nu51GluSTUIylP5VOAFeVMUE8zzelTJilOAk7HweJ2xcfPVCqWige9zKif4FiwiBGsjTWadfvIQVXBTeHWog/qmvUsZxqmJE+o0IRjpSYuyrRfYKkZ4bS0p7miGSYLHNOJkQInVPlFNWcJz4wTwiiV5ggNK/f3jQInSi2TwHQmWM9Vk63M/9gk19GVXzCR5ZoKsn4oyjnUKVx9GoZMUqL50ghMJDOzQjLHEhNtorGnIY1MfNU4RSjLQsZBWTjD4QANUNnAcY3RoGpo4uAHVw2lCdhtxrkpvAvn2nHvEWiDE3AKzoELLsENuAMj4AECQvACXq0368P6XO+hZdUL6YE/ZX19Ayy7rGs=</latexit><latexit sha1_base64="Kt6Bchw2l2WFhuGHxnVuOkuVoTQ=">AAACS3icbZHLSgMxFIbP1Hu9tW7dBIvgogwZF152ghuXCtYWOqVkMmdqMJMZkoxShnkUt/pMPo2mYxFtPRD4+b8TcvKfKJfCWEo/vMbK6tr6xuZWc3tnd2+/1d55MFmhOfZ4JjM9iJhBKRT2rLASB7lGlkYS+9HT9Yz3n1Ebkal7O81xlLKJEongzDpr3GqHz0xjboTMFAltRui41aE+rYssi2AuOjCv23Hb88M440WKynLJjBkGNLejkmkruMSqGRYGc8af2ASHTiqWohmV9ewVOXZOTJJMu6Msqd3fN0qWGjNNI9eZMvtoFtnM/I8NC5tcjEqh8sKi4t8PJYUk7o+zIEgsNHIrp04wroWblfBHphm3Lq5mGGPiIq3HKWNdlXoSVaV/dtalXVot4Mkc027dsIijH1w3VC7hYDHPZdE79S/94I7CJhzCEZxAAOdwBTdwCz3g8AKv8Abv3of32Vj7XkXDm+/kAP5UY+ML6vyycw==</latexit><latexit sha1_base64="Kt6Bchw2l2WFhuGHxnVuOkuVoTQ=">AAACS3icbZHLSgMxFIbP1Hu9tW7dBIvgogwZF152ghuXCtYWOqVkMmdqMJMZkoxShnkUt/pMPo2mYxFtPRD4+b8TcvKfKJfCWEo/vMbK6tr6xuZWc3tnd2+/1d55MFmhOfZ4JjM9iJhBKRT2rLASB7lGlkYS+9HT9Yz3n1Ebkal7O81xlLKJEongzDpr3GqHz0xjboTMFAltRui41aE+rYssi2AuOjCv23Hb88M440WKynLJjBkGNLejkmkruMSqGRYGc8af2ASHTiqWohmV9ewVOXZOTJJMu6Msqd3fN0qWGjNNI9eZMvtoFtnM/I8NC5tcjEqh8sKi4t8PJYUk7o+zIEgsNHIrp04wroWblfBHphm3Lq5mGGPiIq3HKWNdlXoSVaV/dtalXVot4Mkc027dsIijH1w3VC7hYDHPZdE79S/94I7CJhzCEZxAAOdwBTdwCz3g8AKv8Abv3of32Vj7XkXDm+/kAP5UY+ML6vyycw==</latexit><latexit sha1_base64="hZ+nT+YVCCZFOwQrX101byecP5Q="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit>

" > 0.8
<latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit><latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit><latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit><latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit>

thin wall 2nd minimum 
disappears

� = 0.25, v = 1
<latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit><latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit><latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit><latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit>

Sarid ’98rescaling

V (') =
�

8

�
'2 � v2

�2
+ "

✓
'� v

2v

◆

<latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit><latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit><latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit><latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit>
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j

VHj
L

" = 0.01
<latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit><latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit><latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit><latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit>

" = 0.08
<latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit><latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit><latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit><latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit>

thick wall



Euclidean action, comparisons
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Wainwright ’11

Masoumi, Olum, Shlaer ’16

discontinued
Runge-Kutta PDE solver, initial value approximations

multiple shooting, damping approximations

 Shooting Mathematica, precise setting of initial values, issues with 0, infinity

PB within permille 
after 100 iterations

stable for thin/thick

faster convergence 
for thin wall



Bi-quartic

Other exact N=3 potentials, quartic-
linear, quartic-quartic

Dutta, Hector, Vaudrevange, Westphal ’11

known exact solution, ‘fair’ comparison and test for the PB method
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 CosmoTransitions

 AnyBubble

fails with the action, possible to repair by hand, 
precise from 20% to 0.5%

fails to compute

 Polygonal bounce works smoothly with a bi-homogeneous 
segmentation 
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Derrick’s theorem

finite part corrections up to 
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independent measure of goodness of approximation

above relation ‘exact’ for the PB potential

(D � 2)T +DV ! 0
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Match at perturbed radii

Rs ! Rs (1 + rs) , rs ⌧ 1
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<latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit><latexit sha1_base64="H00sIVNVABPGpWZOHC7VcXsALes=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0B6EghePVYwttKFstpt26WY37m6EEvonvHhQ8erv8ea/cdvmoK0PBh7vzTAzL0o508bzvp3Syura+kZ5s7K1vbO75+4fPGiZKUIDIrlU7QhrypmggWGG03aqKE4iTlvR6Hrqt56o0kyKezNOaZjggWAxI9hYqd1VQ4mu0F3PrXo1bwa0TPyCVKFAs+d+dfuSZAkVhnCsdcf3UhPmWBlGOJ1UupmmKSYjPKAdSwVOqA7z2b0TdGKVPoqlsiUMmqm/J3KcaD1OItuZYDPUi95U/M/rZCa+DHMm0sxQQeaL4owjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HFhuAvvrxMgrNavebfnlcb9SKNMhzBMZyCDxfQgBtoQgAEODzDK7w5j86L8+58zFtLTjFzCH/gfP4AXmePCQ==</latexit>

until

'(⇢) =

8
><

>:

�v, ⇢ ⌧ R

'1(⇢�R), ⇢ ⇡ R

v, ⇢ � R
<latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit><latexit sha1_base64="CJErWeMxV7fhqeqSIqHeqSCv+wI="></latexit>

field 
solution

' �v
<latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit><latexit sha1_base64="Vl9XsLC7Tt9VaP8hVs3SwH31Lo4=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQiaG8FLx4rGFtpQ9lsJ+3S3STubgql9Fd48aDi1b/jzX/jts1BWx8MPN6bYWZemAqujet+Oyura+sbm4Wt4vbO7t5+6eDwQSeZYuizRCSqGVKNgsfoG24ENlOFVIYCG+HgZuo3hqg0T+J7M0oxkLQX84gzaqz02NZc4hM5H3ZKZbfizkCWiZeTMuSod0pf7W7CMomxYYJq3fLc1ARjqgxnAifFdqYxpWxAe9iyNKYSdTCeHTwhp1bpkihRtmJDZurviTGVWo9kaDslNX296E3F/7xWZqLrYMzjNDMYs/miKBPEJGT6PelyhcyIkSWUKW5vJaxPFWXGZlS0IXiLLy8T/6JSrXh3l+VaNU+jAMdwAmfgwRXU4Bbq4AMDCc/wCm+Ocl6cd+dj3rri5DNH8AfO5w+4x4/d</latexit>

' v
<latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit><latexit sha1_base64="NYpkSkMABja1qJ0py2GuKu548D0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0N4KXjxWMLbQhrLZTtulu0m6uymU0D/hxYOKV3+PN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vHJk45TxdBnsYhVK6QaBY/QN9wIbCUKqQwFNsPR3dxvTlBpHkePZppgIOkg4n3OqLFSq6O5xDGZdMsVt+ouQNaJl5MK5Gh0y1+dXsxSiZFhgmrd9tzEBBlVhjOBs1In1ZhQNqIDbFsaUYk6yBb3zsiFVXqkHytbkSEL9fdERqXWUxnaTknNUK96c/E/r52a/m2Q8ShJDUZsuaifCmJiMn+e9LhCZsTUEsoUt7cSNqSKMmMjKtkQvNWX14l/Va1VvYfrSr2Wp1GEMziHS/DgBupwDw3wgYGAZ3iFN2fsvDjvzseyteDkM6fwB87nD00Hj6Y=</latexit>

bounce 
action

volume surface

SE = 2⇡2

Z 1

0
⇢3d⇢

✓
1

2
'̇2 + V

◆

= �1

2
⇡2R4"+ ⇡2R3S1

<latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit><latexit sha1_base64="uQooKN55/7cjhhgLug+WqJzBCa4="></latexit>

extremize the action

dSE

dR
= 0 ) R =

3S1

"
<latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit><latexit sha1_base64="7TnHyyhbcquQYv20B4v5FaPkjCU="></latexit>

SE =
27⇡2

2

S4
1

"3
<latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit><latexit sha1_base64="oIR0jk3yhAWqNki9XzAiLuJ5Blo=">AAACHHicbVBNS8NAEN3Ur1q/oh69LBbBU0lqofYgFETwWKm1haYNm+2mXbrZhN1NoYT8ES/+FS8eVLx4EPw3btsctPXBwOO9GWbmeRGjUlnWt5FbW9/Y3MpvF3Z29/YPzMOjBxnGApMWDlkoOh6ShFFOWooqRjqRICjwGGl74+uZ354QIWnI79U0Ir0ADTn1KUZKS65Zabo38Ao6vkA4KVehE9F+OU3KaSY1XbtfSRNnggSJJGUh71+krlm0StYccJXYGSmCDA3X/HQGIY4DwhVmSMqubUWqlyChKGYkLTixJBHCYzQkXU05CojsJfPvUnimlQH0Q6GLKzhXf08kKJByGni6M0BqJJe9mfif142Vf9lLKI9iRTheLPJjBlUIZ1HBARUEKzbVBGFB9a0Qj5BORelACzoEe/nlVdIql2ol+65SrNeyNPLgBJyCc2CDKqiDW9AALYDBI3gGr+DNeDJejHfjY9GaM7KZY/AHxtcPPrmhBw==</latexit>

S1 =
v3
p
�

3
<latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit><latexit sha1_base64="XvF4drSzy2eKl3ioUpFR+JIb2TA=">AAACCnicbVC7TsMwFHXKq5RXgJHFaoXEVCWAeAxIlVgYiyC0UhMix3Faq44TbKdSFWVn4VdYGACx8gVs/A3uY4CWI13p6Jx77XtPkDIqlWV9G6WFxaXllfJqZW19Y3PL3N65k0kmMHFwwhLRDpAkjHLiKKoYaaeCoDhgpBX0L0d+a0CEpAm/VcOUeDHqchpRjJSWfLN649vwArqRQDgf3B9BVz4IlbtMPxGiosiPCt+sWXVrDDhP7CmpgSmavvnlhgnOYsIVZkjKjm2lysuRUBQzUlTcTJIU4T7qko6mHMVEevn4lgLuayWEUSJ0cQXH6u+JHMVSDuNAd8ZI9eSsNxL/8zqZis68nPI0U4TjyUdRxqBK4CgYGFJBsGJDTRAWVO8KcQ/pWJSOr6JDsGdPnifOYf28bl8f1xon0zTKYA9UwQGwwSlogCvQBA7A4BE8g1fwZjwZL8a78TFpLRnTmV3wB8bnD3sGmkQ=</latexit>

'1(⇢) = v tanh

 p
�v

2
⇢

!

<latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit><latexit sha1_base64="KCHulhCnrF1yHmtkukXUemDV5i4="></latexit>
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Custom options control the input

“Dimension”

“FieldPoints”

“Hessian”

“Gradient”

“MaxPath”

“MidFieldPoint”

“PathTolerance” & 

“ActionTolerance”

sets the Eucludiean spacetime dimension, 3 or 4

number of field points defines the segmentation

one can pre-calculate the gradient, or make it numerical

similar to the gradient, needed for multi-fields

limits the number of path iterations, typically small 

one can define a starting fixed point (e.g. the saddle)

set a goal for the precision of the path variation and the 

Euclidean action



Output is a bundled container that can be easily accessed

“Action”

“Bounce”

“Path”

“Coefficients”

“Radii”

sets the Eucludiean spacetime dimension, 3 or 4

number of field points defines the segmentation

one can pre-calculate the gradient, or make it numerical

similar to the gradient, needed for multi-fields

limits the number of path iterations, typically small 

custom function for convenient plotting



Gel’fand-Yaglom aside

simplest instance of GY formalism ‘magic’
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O = �
d2

dx2
+m2

OFV = �
d2

dx2 x

�n(x)

L

a) impose Dirichlet (fixed) boundary condition at L

QM well, classical 1D string

b) solve the Cauchy (open) boundary condition
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⌘2
+m2 , �nFV =

⇣n⇡
L

⌘2
,

det O

det OFV
=

1Y

n=1

�n

�nFV
=

sinh(mL)

mL
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 00 �m2 = 0,  (0) = 0,  0(0) = 1,  =
sinh(mx)

m
,  FV = x
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det O

det OFV
=

 

 FV
(L) =

sinh(mL)

mL
Classical physical 

significance?


