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Gravitational waves constrain Axion-like in�ation

L ⊃ 1

2
∂µφ∂

µφ− V0(φ)− GµνG
µν − φ

fa
χ χ =

αs

16π
G̃µνG

µν

E�cient sphaleron-induced reheating

Shift symmetry protects �at potential

⇒ Natural model for in�ation

Abelian case: Preheating can overproduce gravitational waves (GW)

⇒ ∆Ne� too large (cf. arXiv:1909.12842)
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E�cient sphaleron-induced reheating

Shift symmetry protects �at potential

⇒ Natural model for in�ation

Abelian case: Preheating can overproduce gravitational waves (GW)

⇒ ∆Ne� too large (cf. arXiv:1909.12842)

What about non-Abelian case?
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Gauge self-interactions suppress GW production

1 non-Abelian gauge �elds self-interact

⇒ Fast equilibration (compared to Abeldian case)

2 Any viscous plasma generates GW but out-of-equilibrium

production is much more e�cient

We consider GW production rate in thermal equilibrium (after reheating)

⇒ reasonable lower bound

Other approaches are e.g. arXiv:1708.02944 / arXiv:1911.06827 / arXiv:2006.15122
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GW production rate in thermal equilibrium

We compute new physics contributions to GA at �nite T:

dėgw
d3k/(2π)3

=
4π

m2
Pl

nBG
A GA =

∫
d4x e i(kt−kx)K ij ;kl 1

2
⟨[Tij(0),Tkl(x)]⟩

K ij ;kl is traceless transverse (TT) projector / Tij is Stress-energy / arXiv:1504.02569

After in�ation ⇒ Minkowksi space + Small �elds (V (φ) → 1
2m

2φ2)

Lengthscale determines computational strategy:

Small distances k ∼ πT ⇔ Plasma is particle gas (Boltzmann domain)

Large distances k ≪ α2sT ⇔ Plasma is �uid (hydrodynamic domain)

Philipp Klose Gravitational wave background PNGW Scienti�c Program 3 / 10

https://arxiv.org/abs/1504.02569


GW production rate in thermal equilibrium

We compute new physics contributions to GA at �nite T:

dėgw
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Small distances k ∼ πT : Particle picture

Particle picture: In�aton to matter coupling ∝ hijT
ij

⇒ Boltzmann equation gives production rate:

dėgw
d3k/(2π)3

= 2kḟ ḟ = Γ (nB − f ) ≈ nBΓ nB =
1

eβk − 1

Optical theorem: Matrix element ⇔ Spectral function GA

Γ =
4π

m2
Plk

GA GA =

∫
d4x e i(kt−kx)K ij ;kl 1

2
⟨[Tij ,Tkl ]⟩
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Large distances k ≪ α2T : Fluid picture

Viscous �uid in local thermal equilibrium:

T00 = e T0i = (e + p)vi

Tij = δij (p − ξ∇v)− η(∂ivj + ∂jvi −
2

3
δij∇v)

v i ≪ 1 local plasma velocity / η is shear viscosity / ξ is bulk viscosity

Shear viscosity generates gravitational waves:

8ηT = lim
k→0

G<
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Connecting domains: Computing η from QFT

Straightforward in principle:

8ηT
k≪T
= nB(k)G

A

Problem: �xed order perturbation theory breaks down

Solution: Use resummed propagators

i

p2 −m2 − i ϵ
→ i

p2 −M2 − i p0Υ

Long range ⇒ on-shell contribution dominates:

M2 = m2 + ReΠ(m) p0Υ = ImΠ(m)

⇒ η
k≪Υ≈ T 4

/
Υ

Weak interactions ⇔ large shear viscosities
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Summarizing the Computational Approaches

1 Hydrodynamic domain (k ≪ α2T ):

No interactions, but �nite width propagators:

1

−p2
0
+ p2 +m2 − i ϵ

→ 1

−p2
0
+ p2 +M2 − i p0Υ

In�aton contribution most important ⇒ Tµν → ∂µφ∂νφ

2 Boltzmann domain (k ∼ πT ):

No resummation

Full stress-energy tensor Tµν = ∂µφ∂νφ− GµλG
λ

ν
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Figure 2: (a) matrix elements squared contributing to gravitational wave production in the Boltzmann

domain, represented as “cuts” of a 2-point correlator of the energy-momentum tensor. Dashed lines

denote the inflaton ϕ; wiggly lines gauge fields; doubled lines gravitons; blobs the operator Tµν ; (b) the

corresponding 3 → 1 amplitudes, which are not kinematically allowed, but can be used for deriving

eq. (3.26); (c) 2 ↔ 2 processes, obtained by crossing symmetries from the set (b); (d) likewise, for

kinematically permitted 1 → 3 decays.

3.3. Boltzmann domain

Considering larger momenta, elementary particle excitations can be resolved, and we need to

consider the microscopic form of the energy-momentum tensor. Omitting trace parts, which

drop out when projected with eq. (3.5), the fields appearing in eq. (1.1) give the contribution

Tµν ⊃ ∂µϕ∂νϕ− F c
µαF

c
ν
α (3.23)

to the traceless part. These components couple to the propagating part of the graviton

field (h). We are interested in the contribution to graviton production that involves one

appearance of the vertex in eq. (1.1), as the processes without this vertex were already

considered in ref. [65]. Various processes are depicted in fig. 2. (The 2 → 1 channel ϕϕ → h

is not kinematically allowed with on-shell particle states.)

A way to represent and evaluate the rates of the reactions in fig. 2 has been presented

in ref. [73]. In the following, we adopt its methods and notation. The procedure starts by

considering the processes in fig. 2(b), which are not kinematically allowed, but have a simple

would-be algebraic structure, as the non-equilibrium particle and the plasma particles are on

different sides of the reaction. This contribution is represented as

L

αβ;µν ImGR

αβ;µν(k, k) ⊃ scat1 → 3(g1, ϕ, g3)Θ(Pg1 ,Pϕ,Pg3) , (3.24)

where scat1 → 3 is a phase-space average,7 and g1, g3 label two (identical) gauge bosons.

7In ref. [73], the non-equilibrium particle was defined to be the initial state, i.e. time was running in the

opposite direction, which explains the reference to a 1 → 3 process. In the particle production language of

fig. 2(b), it is more intuitive to depict the non-equilibrium particle as a final state, yielding a 3 → 1 reaction.

9
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Takeaway 1: Boltzmann domain most important
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Figure 3: Left: the Standard Model contribution to the production rate of the energy density carried

by gravitational radiation, from ref. [65], normalized as (m2
Pl/T

7)
deGW

dtd lnk . Middle: the infrared (IR)

part of the axion contribution, from eq. (3.22), normalized as (m2
Pl/f

2
a/T

5)
deGW

dt d lnk . The axion mass

has been set to m ≪ T , and α has been set to a QCD-like value. Right: the ultraviolet (UV) part of

the axion contribution, from eqs. (3.33) and (3.34), normalized as (f2
am

2
Pl/T

9)
deGW

dtd ln k .

3.4. Numerical estimates

The purpose of this section is to summarize the parametric forms of the results that were

obtained in secs. 3.2 and 3.3, and to illustrate the corresponding prefactors numerically.

If we set k ∼ πT , where the production rate proportional to k3nB(k) peaks (cf. eq. (3.34)),

then deGW

dtd ln k ∼ αT 7/m2
Pl for the Standard Model contribution to gravitational wave produc-

tion [64]. The result in eq. (3.33) contains the prefactor α2/f2a , implying that axion-like

inflation leads to the additional contribution deGW

dtd ln k ∼ α2T 9/(m2
Plf

2
a ). The numerical coeffi-

cients associated with these parametric behaviours are illustrated in figs. 3(left) and (right),

respectively, where the running of α has been taken into account, assuming Nc = 3 and

a QCD-like initial value at low energies (numerically, α ∼ 0.015 in the temperature range

shown). In addition we have plotted the estimate in the extreme hydrodynamic domain, from

eq. (3.22), in fig. 3(middle), even though we do not think that this result has significance

for our main conclusions. The hydrodynamic prediction scales as deGW

dtd ln k ∼ f2ak
3T 2/(α5m2

Pl),

assuming Υ ≃ κα5T 3/f2a , with a numerical coefficient κ ≃ 100 [74].

Given the similar shapes but different normalizations in figs. 3(left) and (right), we may

expect the axion contribution to gravitational wave production to exceed the Standard Model

one at T >∼ 103fa. However, the numerical solutions in ref. [55] only reached Tmax ∼ 200fa.

It thus appears that the axion contribution does not exceed the Standard Model one. Fur-

thermore, for the Standard Model contribution, Tmax = 2× 1017 GeV increases the massless

degrees of freedom only by ∆Neff ≈ 10−3 [65], which is very demanding to observe [66]. There-

fore, reheating through a coupling between an axion-like inflaton and non-Abelian gauge fields

is not excluded at present, and represents a viable scenario for the foreseeable future.
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12

k ≪ Υ ⇒ GW ∝ k3/Υ and Υ ≪ k ≪ α2T ⇒ GW ∝ kΥ

Small signal for k ≪ α2T , peak at k ∼ πT
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Takeaway 2: SM dominates over NP contribution
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3.4. Numerical estimates

The purpose of this section is to summarize the parametric forms of the results that were

obtained in secs. 3.2 and 3.3, and to illustrate the corresponding prefactors numerically.

If we set k ∼ πT , where the production rate proportional to k3nB(k) peaks (cf. eq. (3.34)),

then deGW

dtd ln k ∼ αT 7/m2
Pl for the Standard Model contribution to gravitational wave produc-

tion [64]. The result in eq. (3.33) contains the prefactor α2/f2a , implying that axion-like

inflation leads to the additional contribution deGW

dtd ln k ∼ α2T 9/(m2
Plf

2
a ). The numerical coeffi-

cients associated with these parametric behaviours are illustrated in figs. 3(left) and (right),

respectively, where the running of α has been taken into account, assuming Nc = 3 and

a QCD-like initial value at low energies (numerically, α ∼ 0.015 in the temperature range

shown). In addition we have plotted the estimate in the extreme hydrodynamic domain, from

eq. (3.22), in fig. 3(middle), even though we do not think that this result has significance

for our main conclusions. The hydrodynamic prediction scales as deGW

dtd ln k ∼ f2ak
3T 2/(α5m2

Pl),

assuming Υ ≃ κα5T 3/f2a , with a numerical coefficient κ ≃ 100 [74].

Given the similar shapes but different normalizations in figs. 3(left) and (right), we may

expect the axion contribution to gravitational wave production to exceed the Standard Model

one at T >∼ 103fa. However, the numerical solutions in ref. [55] only reached Tmax ∼ 200fa.

It thus appears that the axion contribution does not exceed the Standard Model one. Fur-

thermore, for the Standard Model contribution, Tmax = 2× 1017 GeV increases the massless

degrees of freedom only by ∆Neff ≈ 10−3 [65], which is very demanding to observe [66]. There-

fore, reheating through a coupling between an axion-like inflaton and non-Abelian gauge fields

is not excluded at present, and represents a viable scenario for the foreseeable future.
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expect the axion contribution to gravitational wave production to exceed the Standard Model

one at T >∼ 103fa. However, the numerical solutions in ref. [55] only reached Tmax ∼ 200fa.

It thus appears that the axion contribution does not exceed the Standard Model one. Fur-

thermore, for the Standard Model contribution, Tmax = 2× 1017 GeV increases the massless

degrees of freedom only by ∆Neff ≈ 10−3 [65], which is very demanding to observe [66]. There-

fore, reheating through a coupling between an axion-like inflaton and non-Abelian gauge fields

is not excluded at present, and represents a viable scenario for the foreseeable future.
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NP relevant for Tmax ≳ 103fa but simulations give Tmax ≲ 200fa

⇒ No overproduction issues as in Abelian case

(cf. arXiv:1909.12842 arXiv:1909.12842)
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Summary and Outlook

Computed GW background from reheating after axion-like in�ation

Main assumptions: Thermal equilibrium + Minkowski space

⇒ Reasonable lower bound

Main results

1 Bolzmann domain most important

2 SM contribution dominates over NP contribution

⇒ Model avoids overproduction issue from Abelian case

Future prospects: Include Hubble rate H, full potential V (φ),
Out-of-equilibrium contributions, etc.
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Thank you for your attention!


