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Starting point

previous talk by Oliver Schlotterer:

e multiple elliptic zeta values (eMZVs) defined: w(n,..

i T)

e Fay and shuffle identities lead to relations & indecomposable eMZVs:

b 2 4 b 3 )
Wy, Wy,
w(0,1) w(0,0,1,0) w(0,0,2) w(0,0,0,0,2)
2(0,3) | [(0,0,0,3) 5(0,0,4) | | @(0,0,0,0,4)
w(0,5) w(0,0,0,5) w(0,0,0,1,3)
w(0,0,2,3) 5(0,0,6) | | (0,0,0,0,6)
50,7 [@(0,0,0,7) (0,0,0,1,5)
w(0,0,2,5) w(0,0,0,2,4)
w(0,0,4,3) w(0,0,2,2,2)

Goals in this talk:

e Fay and shuffle algebraically involved:

— different and more efficient way to identify relations?

e is there a formalism or pattern explaining / leading to the above table?
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g-expansion

(0.)
w(nl,...,nT;T):wo(nl,...,nr)+chqk q =¥
k=1

e constant term wy can be evaluated — combination of usual MZVs  [Enriquez]

e g-expansion from differential equation (7 suppressed): [Enriquez|

d
2772'5 w(ng,...,n.) = —47r2qd—q wny,...,n.)

=n1Gpr1w(n2,...,np) =N G prw(na, ..oy Mp1)

T
+) {(—1)7“ (ni—1 4 1) Gn,_tnir1w(na, o, ni—2,0,m41, .. 1)
i=2

n;_1+1
ng+k—1
- Z (ni—1 — k)( ) G,y k1 w(ny, ..o, b4+ 14, g1, ..., 0y)

k
k=0
ni+1
< ni—1+k—1
+ %(m-@( ! I )Gnik+1w(n1;-~-7ni27k+ni17ni+1a-~-7nr)}

e non-modular Go shows up for divergent eMZVs (n; = 1, n, = 1) exclusively.
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g-expansion

wni,...,npy;7) =wo(ni, ..., 0y +chq q =¥

e constant term wy can be evaluated — combination of usual MZVs  [Enriquez]

e g-expansion from differential equation: [Enriquez]
d _ _
qd—q wng,...,ny) — ZGﬁ w(ng,...,Np—1)
————— —_—————
Wy Lo shorter

apply recursively, use known g-expansions of Eisenstein series:

2(=1"?(2m)*

= 1) Z mb—lgmn keven, k>0.

m,n=1

Gi(T) =2, +

Typical result:

4901120¢>
w(0,0,0,0,6) — — (g /60 + (g (6720q + 2167202 4 20H2007 > .

3
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Relations: Y, a; w(n;,, ..

Wew

<]

]

4

|

w(0,1)

w(0,0,1,0)

w(0, 3)

w(0,0,0,3)

w(0,5)

w(0,0,0,5)
w(0,0,2,3)

w(0,7)

w(0,0,0,7)
w(0,0,2,5)
w(0,0,4,3)

w(0,9)

w(0,0,0,9)
w(0,0,2,7)
w(0,0,4,5)
w(0,1,3,5)

11

(0, 11)

w(0,0,0,11)
w(0,0,2,9)
w(0,0,4,7)
w(0,1,3,7)
w(0,3,3,5)

13

(0, 13)

(0,0, 0,13)
w(0,0,2,11)
w(0,0,4,9)
w(0,1,3,9)
w(0,1,5,7)
w(0,3,3,7)
w(0,3,5,5)

method reproduces all known relations

results available up to very high weight and length
comparing g-expansions limited: maximal power in ¢ (here: up to ¢
need a different and more powerful language!

.,nir) +Zjbjwind LUWind+ZkaCkWindLU~~ + -
— compare coefficients for each power of ¢

b ‘ 2 ‘ 3 ‘ 4 ‘ 5
W

2 w(0, 0, 2) w(0,0,0,0,2)
4 w(0,0,4) w(0,0,0,0,4)
w(0,0,0,1,3)

6 w(0,0,6) w(0,0,0,0,6)
w(0,0,0,1,5)

w(0,0,0,2,4)

w(0,0,2,2,2)

8 w(0,0,8) w(0,0,0,0,8)
w(0,3,5) w(0,0,0,1,7)
w(0,0,0,2,6)

w(0,0,1,2,5)

w(0,0,2,2,4)

10 w(0,0,10) w(0,0,0,0,10)
w(0,3,7) w(0,0,0,1,9)

and 7 more
12 w(0,0,12) w(0,0,0,0,12)
w(0,3,9) w(0,0,0,1,11)
w(0,0,0,2,12)
and 11 more

14 w(0, 0, 14) w(0,0,0,0,14)
w(0, 3,11) w(0,0,0,1,13)

w(0,5,9) w(0,0,0,2,12)

and many more

160)

!
=0
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lterated Eisenstein integrals

e ¢-derivative:

d - -
qd—qw(nl,...,m)% E Gn w(fg, ... Np_1)
—_——— [ S ——

W,y Lo shorter

e why not capture everything in terms of Eisenstein series?

1
7(k17k27"'7kn;q) = m / dlogq/ 7(k17~~-7kn—1;q/) ng(q/) kl 7&0
0<q’'<q

where
Gl =1, GY=GL—2¢, .

e shuffle relations: obvious

7(”17"')”7“;(])7(]{:1)'"7ks;q):7((7117""”7‘)'—'—'(klv"'aks);q)7

other relations: tested to very high power — negative result.
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lterated Eisenstein integrals |

w(n) = —-2¢,, n even

w(0,n) =ny(n+1), n odd

1
w(0,0,n) = —3 ¢, —n(n+1)y(n+2,0), neven.

Example:
47r2dldg w(0,3,5) = —15(G] —2¢, GY) w(0,5) + 42w(0,9) + 3w(4,5),
0gq
d
A o g @(45) = 9Gh #3065 G

~» w(4,5) =97(10) +30¢v(4) .

w(0,3,5) = =90 (g (4,0) + 150 ¢4 7(6,0) — 757(6,4) — 405(10,0),
Lenght and weight of v's and w's are related by

by =4,—1 and Wy =Ly —14+w, =4, +w,.
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For ~'s, no relations known beyond shuffle:

77
indecomposable eMZVs < shuffle-independent ~'s

Assume label 2 to appear in the divergent v(2) = w(0, 1) exclusively.
Comparison: w(0,n) < y(n+1) v

w(0,0,n) < y(n+2,0)

v(10,0)
7(6,4)

w(0,0,10) <+ ~(12,0)
w(0,3,7) < (8.4

T

NN S

w(0,0,12) & ~(14,0)
w(0,3,9) & ~(10,4) X
w(0,5,7) <~ (8,6)

Very unfortunate. What's the problem here?
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What kind of structure is to be expected?

Consider usual MZVs:

Cnl,ng,.,.,nT: / WiwWo...wWowiwp...wWp...wW1wWp...wo
0<z;<z;41<1 ni—1 no—1 nyp—1
=¢(10...010...0...10...0)
——
ny— 1 no— 1 ny—1

Drinfeld associator (free algebra z,y):

EZC"U

we(z,y)
Noncommutative words : [Goncharov][Brown]

¢ : algebra of (™ —  Hopf algebra comodule

f2i1+1...f2%+1 féc, with 7 k>0 and 41,...,4.>1

Counting noncommutative words — correct number [Zagier] [ Bjgadhurst

Kreimer

Apparently, this is the complete structure: no further surprises.
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Consider corresponding objects for eMZVs:

Elliptic associator: [Enriquez]
A(T)=> (=17 Y w(ni,ng,...,n)ady (y) ... ady?(y) ady (y)
r>0 ni,n,...,ny>0
ade(y) = [z,9] ,  adi(y) = [z,... [z, [z,9]] .. ]
\_\./—/
n times
Differential equation: [Enriquez]
4 =L (S 2n—1)Ca e ) A
dlogq A2 — 2n €2n
Derivation algebra u: [Mariain = ][Poltack]
eam (@) = (ads)*™ (y) m >0
am(y) = [0 (a0 W)+ Y (~1)7[(ady) (v), (a2 ()] > 0
1<j<m
co(y) =0
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Does it solve the conundrum?

First discrepancy occurs at weight 12, length 3:

w(0,0,12) = — % — 156(14,0)
w(0,3,9) = —729~(10,4) — 3157(8,6) — 56167(14, 0) — 210~(6) v(8)
— 1350 C107(4,0) — 630 (5 7(6,0) + 630 (5 ¥(8, 0) + 1458 ¢, 7(10,0)
w(0,5,7) = —1134~(10,4) — 4907(8, 6) — 5642 (14, 0)
— 1260 C107(4,0) — 700 5 7(6,0) + 980 (5 ¥(8,0) + 2268 ¢, 7(10,0)
ratio of v(8,6) and v(10,4) is equal in all eMZVs of weight 12 and length 3:
81+(10,4) + 357(8,6).

There are further non-obvious relations X in the algebra of derivations u. [Poltack]
In particular:
0= [6107 64] -3 [687 66] .
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Translate iterated Eisenstein integrals into noncommutative words:

GknGkp_1 - - - ko Gk
77[)’)’(161,]{32,...,]6) )
[ " ] j:l(kj - 1)

Define a suitable derivative (already appeared in the context of the ¢-map for MZVs):

OjGky - Gy = O k1 Ghs - - - Tk -

Identify derivations €5, with 0s,,,. Thus
(910, 04] — 305, 36]) 1 [817(10,4) +354(8,6)| =

(1910, 0] — 305, 9]) |3 91910 + g6 95 = 0.
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Further evidence
Central element
€2 is central in derivation algebra u:
[€am,€2] =0 <> only divergent eMZV: ~(2) = w(0,1).

Fits with observed absence of label 2 in iterated Eisensteins integrals except for (2).

Additional derivations

Generators of the free Lie algebra IL(z3, 25, 27, 29, ...) induce derivations Z in u:
0 = [Zor41, €0] = [Zort1,€2] , k=1,23,...,

whose commutators with €s,,, m > 1 can be constructed. [Poltack]
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Further irreducible relations
Numerous further irreducible relations are known, e.g.:

0=2 [6147 64] -7 [6127 66] + 11 [6107 68]

0=280 [612, [64, 60]] + 16 [64, [612, 60]] — 250 [610, [66, 60]]
— 125 [66, [610, 60]] + 280 [68, [68, 60]] — 462 [64, [64, 68“ — 1725 [66, [66, 64]] .

Reducible relations:
X=0 = ady no,..nn(X) = [€n1s [€nas [ -+, [En, X] .. ]]] =0
Simple example:
[€n, 2 [€14, €4] — T [€12, €6] + 11 [€10, €5]] =0

but as well
[Z3, [€10, €4] — 3[es, €6]] =0

at w, = 20 and ¢, = 5.
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Vanishing nested commutators
The nested commutator

[[[[847 80]7 a0]7 80]7 82m]

annihilates all eMZVs starting from w, = 8, £, = 5.
e Consider v(4,0,0,0): corresponds to w of weight 0 and length 5.

e only known eMZV is w(0,0,0,0,0) = 1/120 # ~(4,0,0,0) (no g-expansion)
Indeed

[[[€4; €0], €0], €0)(z) = 0, [[[€4, €0], €0], €0](y) = 0.

Adding further 0's leads to w's of negative weight: further reducible relations.

Taking all available relations in u into account, the counting matches!

Conjecture: Indecomposable eMZVs can be enumerated by
shuffle-independent iterated Eisenstein integrals, taking all relations in u into
account in addition.
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Comparison between ¢ and 1

MzZV
(™= foirtr- - foinir f5
(b( LT P Ckl, Lk )
= A((nyony) W ARy k,) -

P(¢™) = Z Jok+182k+1

3<2k+1<w

&ok+1: component of weight
(2k+1)® (w— 2k — 1) in the
coaction for motivic MZVs

eMzv

= 2921‘1 - e+ 920

v(y(ny,...,ne)y(kr, ... ks))
= w(7(n17 s 777‘7")) L ¢(7(k1> s 7k8))

d
dloggq

1 & 0
= R Z ok sz
k=0

w(ni,ng,...,ny)

&950 component of weight
(2k) ® (w — 2k) in the T-derivative
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Turning things around. . .

Taking our conjecture for granted, one can straightforwardly find new relations:

!
0 = Z anl,”an’nT‘[[[' c [an178n2]’ 6”3]’ c ']’ an'r]

{nlan27-~~7nr}
In this way, we find all relations of depth 2 known from [tuaye. Novelli].

n+2p—1
" leapron—itt,€ir1) [((2n—1D!Bigpi1 (2p — 1)!Bi—ant

0= g (2p—|—2n—i—1)!< -2+ 1) | (i—2n+1) )

1

all relations known by [pollack] and — e.g. — an apparently new relation at depth 5:

0 = 2206388620800 [e0, [€0, [€0. [4, €16]]]] — 8366188740000 [eo, [eo, [eo, €6, e1]]]]
+ 12305858292000 [eq, [€0, [€0, [€s, €12]]]] — 1834700544000 [eo, [€4, [€0, [€0, €16]]]]
+ 35687825530800 [€o, [€4, [€0, [€4, €12]]]] — 109425220173750 [eo, €4, [0, [€6, €10]]]]
— 39970750599360 [€0, [€4, [€4, [€0, €12]]]] — 380488416808500 [eo, [e4, [e4, [ex, es]]]]
+ 13171256280000 [eo, [€6, [€0, [€0, €14]]]] + 220479512028750 [eo, [€6, [€0, [€4, €10]]]]
+ 43 further terms. .. .

]
il
Il
Il
il
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Example: wy =20, £, =5

b 2 3 4 5 1671819110
Wry

12 0 0 0 |0|[0]O0O]O0O]| O

14 %, 0 0 |0O|0]O0O|0] O

16 0 | 75 | 0 0 |0|[0]O0O]O0O]| O

18 2| 0 || 0 JO]O|0O|O]| O

20 3 | ™3| 0 |, | 0] 00|00
ade oo r7, 3 permutations adyg g 2 permutations
ado,0,0 7’30 1 permutation ado o 7‘%0 1 permutation .

[[[[ea €0, €0], €0, €12] =0 and  [Z3,77,],

We find 10 relations at w, = 20, £, =5 — one (new) irreducible relation: r3.
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Complete table:

b 2 3 4 5 6 7 8 9 10
Wy

12 0 0 0 0 0 0 0 0 0
14 r2, 0 0 olo o] o] oo
16 0 3 0 0 0 0 0 0 0
18 g 0 rig 0 0 0 0 0 0
20 2, = 0 B | 0 o] o] o] o
22 r2, Tho 5 0 5y 0 0 0 0
24 3, Thy T34 3, 0 T3 0 0 0
26 2 X r3; 36 56 s | 156 | O | 1S | O 0
28 r3s 2 x 1 s r3s | 135 | s 0 735 0
30 2 x 13 3o 2xrso | mh | 7S | o | 78 0 30

Generating series for number of cusp forms:

S(s)

512

(1= sH(1— %)

= (1,0,1,1,1,1,2,1,2,2,2,2,3,2,3,3,3,3,4,...)
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Conclusions

e explained relations and number of indecomposable eMZVs by
iterated Eisenstein integrals v and the algebra of derivations u

e given validity of our conjecture, one can derive further relations in the derivation
algebra u, which match the known pattern of cusp forms

e open-string result does not contain divergent eMZVs

e numerous relations for eMZVs can be obtained from
https://tools.aei.mpg.de/emzv

Open questions

e closed/recursive form of the integrand for the one-loop open-string amplitude
in terms of iterated Eisenstein integrals (Olivers talk)

e T-integration / regularization

ams, Bogner]

e connection to functions ELi occurring in [Adms: Boe
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Thanks!
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