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Motivation: Open string scattering amplitudes @Q tree-level and one-loop

— iterated integrals over the worldsheet boundaries
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I. Definition of eMZVs and f (n)

II. eMZV relations & indecomposables

[1I. Superstring one-loop amplitudes



I. 1 Iterated integrals: genus-zero versus elliptic

Recall that multlple polylogarithms [Goncharov]

< dt
G<a17a27°"7a7”;z)5/ G<a27"'7a7”;t>7 G(JZ)El
0

t— aq
specialize to multiple zeta values (MZVs) upon 2 — 1 and a; — {0, 1}:

Clars, o = (-0E7% [  dw e

21— a1 29 — a9 2y — Qp
0<z;<z;11<1

Both are said to have weight » = number of integrations.




I. 1 Iterated integrals: genus-zero versus elliptic

Recall that multlple polylogarithms [Goncharov]
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Clars, o = (-0E7% [  dw e
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0<z;<z;11<1

Both are said to have weight » = number of integrations.

Can recursively via partial fraction:

. 1 | 1 1
resting on: — —
: (z—a)(z—b) a—b\z—a 2z-0b



I. 1 Iterated integrals: genus-zero versus elliptic

Elliptic iterated integrals with suitable f (n) [Brown, Levin]
<
[ (Gl ar:2) = / dt f(E—a) T (B3 00051) . TGz =1
0

specialize to elliptic multiple zeta values (eMZVs) upon z — 1 and a; — 0:

wing,na, ..., ny) / FU (1) dzy f12) (29) dzg o £ (2) day

0<2;<z;11<1
Both are said to have length r and weight Z§:1 Nj.  [Enriquez 1301.3042]



I. 1 Iterated integrals: genus-zero versus elliptic

Elliptic iterated integrals with suitable f (n) [Brown, Levin]
<
[ (i3 ial;z) = / At fU(E —a) T (W mr) . T(z) =1
0
specialize to elliptic multiple zeta values (eMZVs) upon z — 1 and a; — 0:

w(ni,no,...,ny) = / FU(z) dzy £ (29) dzg o ) (2) o
0<z,;<z;41<1
Both are said to have length r and weight Z§:1 Mj.  [Enriquez 1301.3042]

Can recursively via Fay relations (C, , € Z):

from f<m)(z a)f Zcqu )f (@ b) + i

p+q m-+n
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I.2 f (n) _ doubly periodic extension of d—; with Fay relation

Parametrization of elliptic curve = torus
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7 % R(z)

Jacobi f-function takes role of the identity map on the torus

O

0(z,7) = sin(rz) [J (1 — T2 (1 — 2minT=2))

n=1

1 C¢
uplift — — 0.Inf(z,7)+ 2mi ()

2 3(7)




8

I.2 f (n) _ doubly periodic extension of d—; with Fay relation

Parametrization of elliptic curve = torus
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7 % R(z)

Jacobi f-function takes role of the identity map on the torus
0.9

0(z,7) = sin(rz) [J (1 — 2T (1 — 2minT=2))
n=1

poles like both % and ﬁ

= 10,7 = D+ 1,7)

(2)
3)

sacrifice holomorphlclty for FU(z7)= f(1>(z+7-,7-)

CQ

1
uplift gl 0.Inf(z,7)+ 2mi

2
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I.2 f (n) _ doubly periodic extension of d—; with Fay relation

To go beyond

C\J
uplift l SN fm(z,f) =0,In0(z,7) + 2mi S(2) :
Z %<T>

check partial fraction = new function f 2) without pole along with | 0)=1

1
(z —a)(z —b)

FYz = a) Dz —b) +cye(z,a,b) = P2 — a) + eye(z, a, b)

+ cyc(z,a,b) =0

Drop the second argument 7 of 6 and f (") henceforth.
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I.2 f (n) _ doubly periodic extension of d—; with Fay relation

To go beyond

C\,
uplift l N f(U(z,T) =0,In0(z,7) + 2mi S(2) :
Z S(7)

check partial fraction = new function f 2) without pole along with | 0)=1

1
(z —a)(z —b)

FUE = a) Wz = b) +cye(z,a,b) = 7= — a) + eye(z, a, b)

+ cyc(z,a,b) =0

[terating this yields higher functions f (3>, f <4), .., eg.

fWE=a)fPz—b) = fa =)Dz —a)+ [V~ a) fPa—b
~ D= 0)fPe =)+ /9= —a) + 21Dz =) + [P~ )
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I.2 f (n) _ doubly periodic extension of d—; with Fay relation

Generating fct.: non-holomorphic version of Kronecker-Eisenstein series

Q(z,a) = exp (27Ti04 S(z >) V(0)6(= + @) Z oLy

3(7)

[Kronecker, Brown, Levin]

3(7)

o /1")(2) = polynomial in 8" In 6(z), % & rational in 62"TH0), e.g.

(2)\2 6™(0)
(7‘)) +0°Inb(z) — 70 }

e double-periodic €2(z, ) = Q(z + 7, ) = Q(z + 1, ) thanks to

&l

%{ ((9 n6(z)+ 2mi

1) =

2%
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I.2 f (n) _ doubly periodic extension of d—; with Fay relation

Generating fct.: non-holomorphic version of Kronecker-Eisenstein series

Q(z,a) = exp (27Ti04 (2 >) V(0)6(= + @) Z oLy

3(7)

[Kronecker, Brown, Levin]

3(7)

e double-periodic €2(z, ) = Q(z + 7, ) = Q(z + 1, ) thanks to

o /1")(2) = polynomial in 8" In 6(z), %ﬁg & rational in 62"TH0), e.g.
)y L S(2)\2 | ~0"(0)
f\9(2) = 2{(@1n9( ) + 2mi %(7‘)) + 0“Inf(2) 770 }

e Res,—o2(z, ) =1 = no other poles than f<1)(z) ~ %

o Fay rel's: Q(z1, a1)Q29, an) = (21, a1 +a2)(29 — 21, ag) + (1 <> 2)



II. 1 eMZYV relations and indecomposables

MZV relations over QQ leave the following indecomposables at weight w:

w
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C3,5

Go

(37

Ci1, €335

C3,97 C1,1,4,6

MZVs satisty shuftle and stuflle relations
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II. 1 eMZYV relations and indecomposables

MZV relations over () leave the following indecomposables at weight w:

w O/1/2,3/4/5,6/ 7 8 910 11 12

indec. MZVs | 110 G| G 0 ¢G 0| ¢ GGl Gr G, GBas (o, Clias

MZVs satisty shuffle and stuffle relations, and eMZVs obey

o shuffle w(ny, ..., ny)w(ky, ... ks) = w((nl, o) Wk, ks))

o reflection: w(ny,no,...,ny) = (=12t (n, o no ny)

o Fay rel's w(ny,no,...) <> w(ni+7,n9—7,...) such as w(0,5) = w(2, 3)

all of which preserve the weight > ' j=injof f (n;) integrands.

— Which eMZVs remain indecomposable w.r.t. QMZV]?
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f 0) = I many eMZVs per weight = organize relations by length 7:

length » = 1: only constant eMZVs

—2(p 1 neven
w(n) =

0 : mnodd
length r = 2: shuffle and reflection reduce even-weight eMZVs to r = 1:

2 Cny Cny M1, Mo both even
w<n1’ n2) ‘n1+n2 even
0 . n1,n9 both odd
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f 0) = I many eMZVs per weight = organize relations by length 7:

length » = 1: only constant eMZVs

—2(p 1 neven
w(n) =

0 : nodd
length r = 2: shuffle and reflection reduce even-weight eMZVs to r = 1:

2 Cny Cny M1, Mo both even
w(nl’ nQ) ‘n1+n2 even
0 . n1,n9 both odd

Simplest 7-dependence in eMZVs w(ny,ny) of odd weight ny + no, e.g.

' 2N —1 <k+1>/2 9 k—1 k—1
W(O, k) - 5/{,1% + ( ) (/{ - 1§| 7T> Z =

(62m7)mn

: k odd

n
m,n=1

any length r: eMZVs with (—1)" = (—1)2:;:1 "J reducible to length < r—1




II. 2 Fay relations among eMZVs

Fay relation for €2(z1, aq)$2(z9, ag) descends to

7=0

)f(?”@j)(a _ b)f<”1+j>(z —a)

_(_1)n1f(”1+n2)(a —b)+ Zl (nQ N 1 ™ ]) f(m—j)(b _ a)f(n2+j>(z —b)

j=0 J

Only one factor of f(m>(z —-Jon RHS = [dz (LHS) =T (g}

L Qp 1 R

Ty

17
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II. 2 Fay relations among eMZVs

Fay relation for €2(z1, aq)$2(z9, ag) descends to

7=0

_<_1)n1f(”1+n2)(a —b) + Zl (nQ N 1 ™ ]> f(m—j)(b _ a)f(nzﬂ')(Z _

j=0 J

Only one factor of f(m>(z —Jon RHS = [dz (LHS) =T (gl -

)f(?”@j)(a _ b)f(n1+j)(z _
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a)

b)

o N
.ar7z)'

Apply to recursively remove a; = z from elliptic iterated integrals

MZVs from z . 0 limit of LHS

D0 sz == (=0T ("2 0w 2) + (=1 G0nadng - - On

ni .
(o — 7 +1 . :
e (e
j=0

J

no . z
D (m o 1) / dt fr) T (gt

0 ~\~
lower length compared to LHS

~



Now convert ['(...; z)-relation to eMZV-relation, e.g. start from

ni

T <’r;1 T(LJQ ;Z) _ _( 1)7111—w 771+772 () _|_ Z n1+j (712 _]ij + 1) r (nlo—j ngarj ; Z)

ng
poaifny—g+1 I
+ Z<_1) B ( : ] )F ( /2() / /1(;% : Z) + C25n1,15ng71 .

j=0 /

In the limit 2 — 1, RHS directly yields I' (8 ,z) — w(q,p).
On the left hand side, apply periodicity f (n>( )= f <”>(Z +1):
P2 52) =TT =T007 ;1) =whe,ni), morny#1

Results in Fay-relations among eMZVs at length two:

ni .
(no—17+1 . .
w(ng,n1) = —(=1)"w(0,n; + ny) + Z<—1>W( : j )w<n2 + 1 — )
j=0

n9 .
mifn1—J+1 , ,
+ Z(‘l) 1+‘7( : ]? )w(m + ], N2 — ]) T C25n1,15n2,1 3 Ty Or Mo 7§ 1

Same principle at higher length r = all MZV admixtures
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II. 3 Combining all eMZYV relations

length r = 2: odd-weight w(ny,n9) can be reduced to w(0,2p — 1):

w(ni, na) T (=1)™w(0,n1 + n2) + 205, 1Cuw(0, 1) — 28, 1Ca,w(0, 1)
ni+no o
[$(n2—3)]
ny+ ng — 2p — 2
+ 2 { Z ( 1 )<n1+n22p1w<07 2p+1) — (n & n2)}

p=1

20



21

II. 3 Combining all eMZYV relations

length r = 2: odd-weight w(n1,n9) can be reduced to w(0,2p — 1):

w(ni, no) o (—1)"w(0,ny + n2) 4+ 265, 1w (0, 1) — 28, 1G,,w(0, 1)
ni+ng o
[3(n2—3)]
ny + no — 2]9 — 2
2 e )

length r = 3: indecomposable w(ni, ng, n3) only at even ny + ny + ns:

w 2 4 § 8 10 12 14
indec. | w(0,0,2) | w(0,0,4) | w(0,0,6) | w(0,0,8)  w(0,0,10) | w(0,0,12) | w(0,0,14)
eMZVs at 0(0,3,5) | w(0,3,7) | w(0,3,9) | w(0,3,11)
r— 3 w(0,5,9)

= strong evidence that 3 [ %] such indecomposables at even weight w
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length » = 4: More and more odd-weight indecomposable eMZVs...

w 1 3 O 7 9

indec. | w(0,0,1,0) | w(0,0,0,3) | w(0,0,0,5) | w(0,0,0,7) | w(0,0,0,9), w(0,0,4,5)
eMZVs at w(0,0,2,3) | w(0,0,2,5) | w(0,0,2,7), w(0,1,3,5)

r=4 w(0,0,4,3)

length » = 5: More and more even-weight indecomposable eMZVs...

w 2 4 6 8

indec. | w(0,0,0,0,2) | w(0,0,0,0,4) | w(0,0,0,0,6), w(0,0,0,1,5) | w(0,0,0,0,8), w(0,0,0,1,7)

eMZVs at w(0,0,0,1,3) | w(0,0,0,2,4), w(0,0,2,2,2) | w(0,0,1,2,5), w(0,0,2,2,4)

r=5 w(0,0,0,2,6)

3 algebraic method to predict these numbers [Johannes’ talk]
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III. 1 Four-point one-loop superstring amplitude

Study the planar cylinder diagram:

0
Al 10Olo(1 2,3,4) = 519503AU55(1, 2,3, 4) / dt ]1234(32],7 = it)

string

I1934(845, T / dzy / dzs / dzo eXp Sz'j )

1<J
[Brink, Green, Schwarz 1982]

21=0

with dim’less s;; = o (k; + /fj)Q and

C\.,
3 \H_r 4 N (Z%_’; |
parametrized as
> S
9 S - 1 2
\_/‘ Xk R(2)
21=0" 22 23 2y 1
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Analytic o/-dependence from expandin the exponentials
y g

11934(8i5, ) / d24/ dZs/ dzg H Z i -

1<) ny;=0 J

"

2120

and integrating order by order in ¢’

Fach monomial in s;; is accompanied by eMZVs, e.g.
1 Z4 <3
o [ a0y [z 1) [ ds 10) = (0,00

after formally inserting f (0) = 1 as well as

\ r
S$192 1 24 <3
P / dzy fO) / dzg f0) / dzy )4
$13 J 0 0 0 \
— 519 ¢ w(1,0,0,0), s13 <> w(1,0,0,0) + w(O,l,O 0)

from O<:1:<22 from 22<a:<23
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At higher order ...

1 Z4 z3
519593 <> / dZ4/ ng/ dZQ
0 0 0

: “ 101
:_/o dZ4/O dzz ' (20 05 23)

.. need Fay relations

101. __ 002. 020. 011. 0.
F(z00:238) =20 (§05:23)+T (050:23) =20 (005 23) G (§:23) -
Above example then integrates to

19503 > —2w(2,0,0,0,0) — w(0,2,0,0,0) + 2w(1,1,0,0,0) — Gw(0,0,0)

= —w(1,0,0,0,1)

after using eMZV relations at length five.
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After using momentum conservation for s;;, first orders simplify to

Na3a(si) = w(0,0,0) = 2w(0,1,0,0) (515 + 523) + 2w(0,1,1,0,0) (s7, + s55)

— 2w(0, 1,0, 1, O) S$19893 + 55 (8?2 + 28%2823 -+ 2812833 + 833) + 62,3 812823(812 + 823) + ...

with shorthands

4
Bs = 3 [w(O, 0,1,0,0,2) + w(0,1,1,0,1,0) — w(2,0,1,0,0,0) — ow(0, 1,0, O)}

1 3 1
Bag = gw((), 0,1,0,2,0) — éw(O, 1,0,0,0,2) — éw(O, 1,1,1,0,0)

4 10
= 20(2,0,1,0,0,0) = 50(0,0,1,0,0,2) — —-¢0(0, 1,0,0) .

Choice of indecomposable eMZVs requires guidance,

in particular at higher o/-order < weight < length

[Johannes’ talk]
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III. 2 Outlook to more external legs

For n external legs,

n

1 >
Astr?r?g(l,Q, Ln) = /O dt / dzo ... dz, exp (ZSZ] )

0=21<29<...<zp 1<J

X Z (monomial in f 55) @ weight Z ki=n— 4) X (kinematic factors)

J
c.g. for n = 5 points, the second line becomes

FW (29 — 23) X 593545 (s34 AV (1,2, 3,4, 5) — s94AVSS(1, 3,2, 4, 5))

+ 5 permutations (23 <> 24,25, 34, 35, 45)

=  n-point amplitude naturally compatible with eMZV language !
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ell. 1t. 1nt’s F(

ai ... Qp 1 <
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Summary

partial fraction

| /

MPLs G(ay,...,ay;z)

made of dlog |z — a;

shuffle

29

Fay relations

N\ |

ell. it. int’'s ' (Z% ol z)

made of f(”’i>(z¢ — a;)dz;




Summary

partial fraction

| /

MPLs G(ay,...,ay;z)

made of dlog |z — a;

|

MZVs C{a,l,

CLQ,...,CLT}

shuffle

30

Fay relations

N\ |

ell. it. int’'s T’ (2% ol Z)

made of f(”i>(z7; — a;)dz;

|

eMZVs w(ny, ..., ny)
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Summary

partial fraction shuffle Fay relations
l / N\ l
MPLs G(aq, ..., ay; 2) ell. it. int’s I’ (2% ol z)
made of dlog |z — a; made of f(”i>(z7; — a;)dz;
l l
MZVs C{a1,a2,---,ar} eMZVs w(ny, ..., ny)
l l
in o/-expansion of in o/-expansion of

superstring trees 1-loop string amplitudes




A Century of General Relativity

November 30 - December 2, 2015
Harnack House Berlin

The year 2015 marks the 100th anniversary of Einstein's field equations. To
celebrate this event, the Max Planck Institute for Gravitational Physics (or
Albert Einstein Institute) will host a conference during the week of Novem-
ber 30, 2015, exactly one hundred years after the publication of Einstein's
paper. The conference will take place in the recently renovated Harnack
House in Berlin, where Albert Einstein regularly lectured between 1915 and 1931.
0On December 35 the Max Planck Institute for the History of Science will conclude
the celebratory events with a workshop on the history of Einstein's theory.
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David Gross Kavli Institute for Theoretical Physics, Santa Barbara
Hanoch Gutfreund Hebrew University, Jerusalem
Ted Jacobson University of Maryland, College Park
Sergiu Klainerman Princeton University, Princeton
Joseph Polchinski Kavli Institute for Theoretical Physics, Santa Barbara
Frans Pretorius Princeton University, Princeton
Harvey Reall DAMTP, Cambridge
David Spergel Princeton University, Princeton
Ingrid Stairs University of British Columbia, Vancouver
Paul Steinhardt Princeton University, Princeton
Rai Weiss Massachusetts Institute of Technology, Cambridge

Scientific Organization Committee:
Bruce Allen, Alessandra Buonanno, Karsten Danzmann, Hermann Nicolai (Chair), Bernard Schutz

For more information and program details please visit: www_einsteinconference2015.0rg

Max Planck Institute for Gravitational Physics (Albert Einstein Institute)
www.einsteinconference2015.org . K TS e
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