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The Problem

Pere Masjuan Precision Tests Mainz, 27th May 22

Think about your calculations, your result.

Did you use a model?

- Vector Meson Dominance
- Breit Wigner
- Omnès Representation
- Z-parameterization

Does the model have?
- Statistical error coming from fitting data?

- Parametric uncertainty coming from input errors?

- An uncertainty accounting for the modeling used?
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The Solution

Pere Masjuan

What then?

Use a Rational Approximants!

- Robust

- Model independent

- Economic

- Provides an error

- Set of powerful theorems of convergence exist!

Precision Tests Mainz, 27th May 22



• Motivation: New Physics in muon g-2?

• Why Rational Approximants?

• Introduction to Padé and Quadratic approximants

• Pion Form Factor case

• Outlook and Conclusions

Outline



The anomalous magnetic moment of the muon
FermiLab release

aFNL
μ = 11 659 204.0(5.1)(1.9) × 10−10

aBNL
μ = 11 659 209.1(5.4)(3.3) × 10−10

(6.4)

(5.4)

aexp
μ = 11 659 206.1(4.1) × 10−10

ath
μ = 11 659 181.0(4.3) × 10−10

Δaμ = (25.1 ± 5.9) × 10−10

2104.03281
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athµ = aQED
µ + aweak

µ + ahadµ

QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

SM:
[White Paper: 2006.04822]

The anomalous magnetic moment of the muon
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9.2(1.8) × 10−10

684.5(4.0) × 10−10

15.36(0.10) × 10−10

11658471.8931(0.0104) × 10−10

11659181.0(4.3) × 10−10 Δaμ = 27.9(7.6) × 10−10(3.7)σ



[Keshavarzi et al 18]

ahad,NLO VP

µ = �9.82(0.04)⇥ 10�10

<latexit sha1_base64="wAC0Pqo+LeYM2Iv5ibLH0U3at4A="></latexit>

ahad,LO VP

µ = 693.26(2.46)⇥ 10�10

<latexit sha1_base64="s4zTWKxKTcur8CUNgmBWrGUy2c8="></latexit>

ahad,NNLO VP

µ = 1.24(0.01)⇥ 10�10

<latexit sha1_base64="39C+cjzX0SuqrfZEElfSHHPYB/c="></latexit>

[White Paper: 2006.04822]

aHVP
μ = 684.5(4.0) × 10−10

Hadronic Vacuum Polarization

8Pere Masjuan Precision Tests Mainz, 27th May 22

White Paper Result



[Keshavarzi et al 18]

Hadronic Vacuum Polarization
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[Keshavarzi et al 18]

Combined in quadrature:

 4.0 × 10−10

Hadronic Vacuum Polarization
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Combined linearly: 

 6.5 × 10−10



[Keshavarzi et al 18]

ahad,NLO VP

µ = �9.82(0.04)⇥ 10�10

<latexit sha1_base64="wAC0Pqo+LeYM2Iv5ibLH0U3at4A="></latexit>

ahad,LO VP

µ = 693.26(2.46)⇥ 10�10

<latexit sha1_base64="s4zTWKxKTcur8CUNgmBWrGUy2c8="></latexit>

ahad,NNLO VP

µ = 1.24(0.01)⇥ 10�10

<latexit sha1_base64="39C+cjzX0SuqrfZEElfSHHPYB/c="></latexit>

Critical reading: aHVP
μ = 684.5(11.5) × 10−11

(Errors linearly combined)

[White Paper: 2006.04822]
aHVP

μ = 684.5(4.0) × 10−10

Hadronic Vacuum Polarization

11Pere Masjuan

[Benayoun, Delbuono, Jegerlehner, 1903.11034]

White Paper Result

Precision Tests Mainz, 27th May 22



athµ = aQED
µ + aweak

µ + ahadµ

QED:

Z, H

EW:

Hadronic VP:

Hadronic LBL:

Progress on Hadronic Vacuum Polarization:
Lattice simulation!

BMWc-20

ΔaBMW−Pheno
μ = + 13.0(6.8) × 10−10

MR-20 (τ,O(p6))

Hadronic Vacuum Polarization
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Why Rational Approximants?
• To THEORY:

• our problem is “the general rational Hermite interpolation problem”: solution is RAs

• in many cases we need ∫ds f(s)   not  f(s)

• it is proven: some RAs slower convergence than others

• Use prefered model as “Leading Order”

• To DISPERSION Theory: 

• excellent interpolation tool: bring DRs (TL!) to ∞(link with pQCD?)

• even more: RA can be the function to be used for the DR (respects unitary)

• or DR can provide LECs to feed in the RA

• To LATTICE:

• used recently for lattice fitting of HVP: suggestion use it in its full glory!

• To EXPERIMENT:

 what energy and precision to measure: use RAs to identify! 

(high energies are as well important vs DRs)

Precision Tests Mainz, 27th May 22
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Padé approximants

are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:

R(z), Q(z)

f(z) =
X

k=0

akz
k PN

M (z) =

PN
n=0 rnz

n

PM
m=0 qnz

n
then its PA

Let f(z)

and the PA has a contact with f(z) or order N+M+1

Precision Tests Mainz, 27th May 22
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Padé approximants

are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:

R(z), Q(z)

f(z) =
X

k=0

akz
k PN

M (z) =

PN
n=0 rnz

n

PM
m=0 qnz

n

PN
M (z) = r0 + (r1 � r0q1)z + (r2 � r1q1 + r0q

2
1 � r0q2)z

2 +O(z3)

P 1
1 (z) =

a0 +
a2
1�a0a2

a1

1� a2
a1
z

P 0
1 (z) =

a0
1� a1

a0
z

f(z) = a0 + a1z + a2z
2 +O(z3)

then its PA

Let f(z)

and the PA has a contact with f(z) or order N+M+1

{
Examples:

Precision Tests Mainz, 27th May 22
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are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

lim
N!1

PN
N+1(z)  f(z)  lim

N!1
PN
N (z)

Stieltjes theorem:

(others: Montessus, Pommerenke, Nutall, Baker, Chisholm...)

Example: f(z) =
1

z
log(1� z)

f(z) = �

X

k=0

zk

k + 1
= �1�

z

2
�

z2

3
�

z3

4
�

z4

5
+O(z6)

Precision Tests Mainz, 27th May 22

Padé approximants
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Example: f(z) =
1

z
log(1� z)
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poles
zeros

are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

Precision Tests Mainz, 27th May 22

Padé approximants



19Pere MasjuanPere Masjuan

lim
N!1

PN
N+1(z)  f(z)  lim

N!1
PN
N (z)
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Example: f(z) =
1

z
log(1� z)

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z) are polynomials

Precision Tests Mainz, 27th May 22

Padé approximants
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Example: f(z) =

1

z
log(1� z)

are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

PN
N (z)
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Padé approximants
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First conclusion: PA OK in Space-like region but have difficulties 
to explore the branch cut

are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

Reason: strong cut

Precision Tests Mainz, 27th May 22

Padé approximants



22Pere MasjuanPere Masjuan

Last example: vector FF (mild cut)
are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

�(s) =

r
1� 4m2

s

-2 -1 0 1 2
-2

-1

0

1

2

3

4

5
Im
Re

FV (s) =
M2

⇢

M2
⇢ � s� i�⇢s

M⇢

�(s)3

�(M2
⇢ )

3

Precision Tests Mainz, 27th May 22

Padé approximants
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are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

FV (s) =
M2

⇢

M2
⇢ � s� i�⇢s

M⇢

�(s)3
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⇢ )
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Padé approximants
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are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

Second conclusion: 

the strength of the cut matters, still a good 
description of space-like region is possible

GAE, 15th February 2022

Padé approximants



Quadratic Approximants
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Quadratic Approximants

Q(z)f(z) +R(z) = O
�
zq+r+1

�

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�

Padé approx:

Quadratic approx:
R(z), S(z), Q(z) are polynomials

=
�S(z)

R(z)±
p

[R(z)]2 �Q(z)S(z)

Qr,s
q (z) =

�R(z)±
p
[R(z)]2 �Q(z)S(z)

Q(z)

Qr,s
q (s) ! P r

q (z)• When S(z)=0,  

• Lowest order ~ Breit-Wigner param.

• If info about poles, threshold, 
LEPs is known, easy to implement

• Satisfy Disp. Rel. (is a solution to Omnès)

• Relation with z-param. used in D,B decays

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

Q1,1
1 (z) =

�(R0 +R1z)±
p

[R0 +R1z]2 � (1 +Q1z)(S0 + S1z)

(1 +Q1z)

(1 +Q1z)[f(z)]
2 + 2(R0 +R1z)f(z) + (S0 + S1z) = O(z5)

General form for the Q[1,1,1]:

We need to solve the equation:

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

(1 +Q1z)[f(z)]
2 + 2(R0 +R1z)f(z) + (S0 + S1z) = O(z5)

Example: f(z) =
1

z
log(1� z)

Q1,1
1 (z) =

( 78 � 5
12z)±

q
[� 7

8 + 5
12z]

2 � (1� 13
12z)(�

11
4 + 1

24z)

(1� 13
12z)

We need to solve the equation:

Two solutions:

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomialsExample: f(z) =
1

z
log(1� z)

Q1,1
1 (z) =

( 78 � 5
12z)±

q
[� 7

8 + 5
12z]

2 � (1� 13
12z)(�

11
4 + 1

24z)

(1� 13
12z)

-2 -1 0 1 2
0

1

2

3

4

5

QA-

QA+

PA

Good approach even 
along the cut

f(z)

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomialsExample: f(z) =
1

z
log(1� z)

Convergence theorems?  Unkown so far!
- We have proof for some particular cases if Stieltjes:

- For PAs: 
- Impose high-energy constraints, threshold constraints, etc, not 

yet demonstration

QAn,n
n QAn,0

n QA0,n−1
n+1 QAn−k,1+2(k−1)

n−k

PAn−1
n , PAn

n

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomialsExample: f(z) =
1

z
log(1� z)

Convergence theorems?  Unkown so far!
- We have proof of faster convergence than PAs!

-5 -4 -3 -2 -1 0 1

-0.08

-0.06

-0.04

-0.02

0.00
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0.04

Relative Error

Er
ro

r 
x 

10
0%

PA

QA
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Quadratic Approximants

Example: vacuum polarization function

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

z

Model

QA-

PA

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.00

0.05

0.10

0.15

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Example: vacuum polarization function

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

z
0.90 0.95 1.00 1.05 1.10

0.035

0.040

0.045

0.050

0.055

0.060

0.065 Including threshold info:

⇧(0)(z) ⇠ Const
Model

QA-

PA

QA threshold

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

FV (s) =
M2

⇢

M2
⇢ � s� i�⇢s

M⇢

�(s)3

�(M2
⇢ )

3

Example: vector FF (mild cut)

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15
Model

QA threshold

QA[2,1,0]

PA

QA[2,2,1]

+ good prediction of pole

Precision Tests Mainz, 27th May 22
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Quadratic Approximants
Examples

FV (s) =
M2

V

M2
V � s+ MV �V s

⇡M2
V

⇣
�2�(s)2 � �(s)3 ln

⇣
�(s)�1
�(s)+1

⌘⌘

Vector FF model

�V = 150 MeV

m⇡ = 135 MeV
MV = 770 MeV

Generate derivatives at 0.6 GeV2 Q1,0
1 (s) ,Q1,1

2 (s) . . .fit 

1 pole 2 poles
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Q r,s
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Quadratic Approximants
Examples

Pion Form Factor:

Space-like region:

0 2 4 6 8
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Q2(GeV)

Q
2 F

(Q
2 ) QA1,0

1
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1
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2

Data from NA7, 
and JLab Fπ coll.

Precision Tests Mainz, 27th May 22
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Quadratic Approximants
Examples

Pion Form Factor:
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• We presented a method, a TOOLKIT

• based on analyticity and unitarity, with convergence!

• Simple although further studies ongoing

• Approaches yes (improvable), assumptions no

• Systematic:

• easy to update with new data (or derivatives)

• error from approach

• Predictive (checkable)

Conclusions

Precision Tests Mainz, 27th May 22



Outlook

Pere Masjuan 39

• How to use the method?

• First: is the function of Stieltjes type?

• Do you have experimental data to fit?

• Do you have an expansion parameter?

• Have you truncated something (number 

of resonances, small velocity, small q, …)?

• Then: method can be used!

  

Precision Tests Mainz, 27th May 22



Outlook

Pere Masjuan 40

• How to use the method?

• First: is the function of Stieltjes type? ( contact masjuan@ifae.es ) 

• Do you have experimental data to fit?

• Do you have an expansion parameter?

• Have you truncated something (number of resonances, small velocity, 

small q, …)?

• Then: method can be used!

  

Precision Tests Mainz, 27th May 22

Contact us, our team of experts 
will be happy to help!

masjuan@ifae.es

mailto:masjuan@ifae.es
mailto:masjuan@ifae.es


Thanks!
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Quadratic Approximants
Before “attacking” the HVP, we need to convince about the method:

Pere Masjuan

[R.Escribano, P.M., P. Sanchez-Puertas, ’15]
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Motivation: Muon-Anomaly (g − 2)µ Introduction and Direct Measurement

The anomalous magnetic moment of the muon (g − 2)µ
gyromagnetic ratio: g

�µ = g e�h
2mc
⋅ �S

spin 1
2 → Dirac theory: g = 2

QFT: g ≠ 2

muon anomaly: aµ = (g − 2)µ�2

atheoryµ = aQED
µ +aweakµ +ahadµ

BNL E821 11659208.9 ± 6.4

QED 11658471.895 ± 0.008
weak 15.4 ± 0.2

had 693.0 ± 4.9

BNL−SM 28.7 ± 8.0

hadro

optical theorem

↵QCD ≈O(1)

↵QCDq

q̄

had. Vacuum Polarization

had. cross section

e−

e+

hadrons

had. VP: aVP,LOµ = 692.3 ± 4.2

q

q̄

[M. Davier et al., EPJ C71, 1515 (2011)]aµ units in 10−10

�

µ+ µ+

�

µ+ µ+

QED weak

Z 0�

[T.Kinoshita et al., PRD73, 013003 (2006)]

[A.Czarnecki et al., PRD67, 073006 (2003)
Erratum-ibid. D73, 119901 (2006)]

[M.Knecht et al., JHEP 0211, 003 (2002)]
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Motivation: Muon-Anomaly (g − 2)µ Theoretical Prediction of ahadµ

Dispersion relation for ahadµ

Optical Theorem Dispersion integral

ahadµ,LO =
1

4⇡3 �

∞
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ds K(s) �had(s)

�had(s) ∼ 1�s & K(s) ∼ 1�s
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Low energy region important! ∼ 1�s2
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• ρ peak
• ρ-ω interference
• Contribution to aμ(VP): 75% 
• Largest error from 1-2GeV

Figure 3. A compilation of the modulus square of the pion form factor in the ⇢ meson region, which yields
about 75% of ahad

µ . The corresponding R(s) is R(s) = 1
4 �

3
⇡ |F(0)

⇡ (s)|2 , �⇡ =
p

1 = 4m2
⇡/s is the pion velocity.

0.0 GeV, 1

⇢,!

1.0 GeV

�, . . . 2.0 GeV
3.1 GeV

 9.5 GeV⌥
0.0 GeV, 1

⇢,!
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�, . . .
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�aµ (��aµ)
2

contribution error2

Figure 4. Distribution of contributions and error squares from di↵erent energy regions.

Figure 4 shows the distribution of contributions and errors between di↵erent energy ranges. One of
the main issues is R�(s) in the region from 1.2 GeV to 2.0 GeV, where more than 30 exclusive channels
must be measured and although it contributes about 20% only of the total it contributes about 50% of
the uncertainty. In the low energy region, which is particularly important for the dispersive evaluation
of the hadronic contribution to the muon g�2, data have improved dramatically in the past decade for
the dominant e+e� ! ⇡+⇡� channel (CMD-2 [12], SND/Novosibirsk [13], KLOE/Frascati [14–16],
BaBar/SLAC [17], BES-III/Beijing [18]) and the statistical errors are a minor problem now. Similarly,
the important region between 1.2 GeV to 2.4 GeV has been improved a lot by the BaBar exclusive
channel measurements in the ISR mode [19–22]. Recent data sets collected are: e+e� ! 3(⇡+⇡�),
e+e� ! p̄p and e+e� ! K0

S K0
L,K

+K� from CMD-3 [23, 24], and e+e� ! n̄n, e+e� ! ⌘⇡+⇡�,
e+e� ! ⇡0�, e+e� ! !⌘⇡0, e+e� ! !⌘, e+e� ! K+K� and e+e� ! !⇡0 ! ⇡0⇡0� from SND [25–
27].

Above 2 GeV fairly accurate BES-II data [28] are available. Recently, a new inclusive determi-
nation of R�(s) in the range 1.84 to 3.72 GeV has been obtained with the KEDR detector at Novosi-
birsk [29] (see figure 5). A big step in improving low energy cross section measurements has been

Status of Hadronic Cross Section Measurements
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O
�
zq+r+1

�Padé approx:
R(z), Q(z)

⇧(q2) = ⇧(0)(q2) +
⇣↵s

⇡

⌘
⇧(1)(q2) +O(↵2

s)

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

G(z) = 2
u log(u)

u2 � 1
where u !

p
1� z�1 � 1p
1� z�1 + 1

z =
q2

4m2let me define
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Padé approximants
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O
�
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomialsExample: f(z) =
1

z
log(1� z)

f(z)

Good approach even 
along the cut
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Higher orders:
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O
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Padé approximants
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O
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�Padé approx:
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Padé approximants



49Pere MasjuanPere Masjuan

Example: vacuum polarization function

are polynomials
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[Keshavarzi et al 18]

Combined in quadrature:

 


Combined linearly: 

 


What about

 


Superconservative?: 

 


4.0 × 10−10

6.5 × 10−10

ΔaHVP,LO
μ [π+π−] |KLOEvsBABAR = 10.1(3.4) × 10−10

(6.5 + 5.0) × 10−10 = 11.5 × 10−10

No KLOE

No BABAR

aHVP
μ = 684.5(11.5) × 10−10

Hadronic Vacuum Polarization
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Quadratic Approximants

Figure 3: Left panel: The Q1,0
1 argument inside the square root is discontinuous.

Right pannel: the Q1,0
1 approximant in the complex plane with ± solutions glued

at the discontinuity.

Figure 4: The Q1,1
2 approximant together with the pole. The one from FV (z) as

a full red line, while that of Q1,1
2 as a dashed-red line. Left and right panels show

the equivalents to Fig. 1.

3.2 Qr,s
2 expansion at z0 = 0

If we would go to higher Qr,s
1 approximants, we would find that they de-

scribe the region below the pole increasingly better, but never beyond. The
reason is simple: to describe the resonance, we need a complex-pole. This
motivates the use of a Qr,s

2 sequence which, in principle, should be enough
for describing the analytical behavior of FV (z) in the whole complex plane.

As an example, we discuss here the Q1,1
2 at z0 = 0. We expect that, for

the right choice of sign, we do not have a pole on the RS1 as it happens in
our model. On turn, the opposite sign choice will describe as anticipated
the RS2 displaying the unphysical poles. This is depicted in Fig. 4. It is
notorious that such approximant, where only space-like information is used,
performs extraordinarily in reproducing the cut and poles inherent to the
RS2 as well as the asymptotic behavior. We may be tempted to think that,
Qr,s

2 will converge to FV for r, s large enough. However, one must have in
mind that this will may be valid up to some energy range as the approximant
will diverge then faster and faster. This calls for increasing r as well, which
makes very interesting the Qr<q,s<q

q sequences.
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Examples
Vector FF model

�V = 150 MeV

m⇡ = 135 MeV
MV = 770 MeV

Generate Pseudodata in Space like Q1,0
1 (s) ,Q1,1

2 (s) . . .

Q1,0
1 (s) ,Q1,1

2 (s) . . .
Q1,0

1 (s) ,Q1,1
2 (s) . . .

fit 

1 pole 2 poles

FV (s) =
M2

⇢

M2
⇢ � s� i�⇢s

M⇢

�(s)3

�(M2
⇢ )

3
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Quadratic Approximants
Examples

Vector FF model
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Figure 6: Absolute value, real and imaginary parts of the QA222 as compared to Eq. (1).
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Quadratic Approximants
Examples
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Quadratic Approximants
Examples
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