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The Problem

Think about your calculations, your result.

Did you use a model?

- Vector Meson Dominance
- Breit Wigner

- Omnes Representation

- Z-parameterization

Does the model have!?
- Statistical error coming from fitting data?

- Parametric uncertainty coming from input errors!?
- An uncertainty accounting for the modeling used!?

Pere Masjuan Precision Tests Mainz, 27th May 22
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Statistical error coming from fitting data?
Parametric uncertainty coming from input errors!?

An uncertainty accounting for the modeling used?
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The Solution

What then?

Use a Rational Approximants!
- Robust
- Model independent
- Economic
- Provides an error

- Set of powerful theorems of convergence exist!
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The anomalous magnetic moment of the muon

FermilLab release

2104.03281
(6.4)
BNLg2 — ° ; apNt = 11659209.1(5.4)(3.3) x 10717
FNAL g-2 +4 © : aj™ =11659204.0(5.1)(1.9) x 1071
(5.4)
< 4.20 >
a® = 11659206.1(4.1) x 1071
@ : O :
Standard Model E'erriment a/i = 11659 1810(43) X 10_10
verage
175 180 185 190 195 200 205 210 215 Aa, =(25.1£5.9) x 10~10

a,x 10 - 1165900
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The anomalous magnetic moment of the muon

th _ QFED weak had
aM o a# T aM T a,u

11658471.8931(0.0104) x 10710

15.36(0.10) x 10719

Hadronic VP: 684.5(4.0) x 10710

20 Hadronic LBL: 9.2(1.8) x 10719
@ [White Paper: 2006.04822]

/ A | SM: 11659181.04.3)x 107 | Ag, =27.9(7.6) x 107°(3.7)
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Hadronic Vacuum Polarization

White Paper Result

a { DEHZ03: 686.327.2 b—a—
. ! HMNTO3: 692.4 2 6.4 ——| [Keshavarzi et al 18]

- § DEHZDE: 6809 2 4 4 p—a—o

HMNTOG: 66894 = 46 —e—]

L |

a0 VP = 693.26(2.46) x 1071

B i FJOE: 6821 66 —8—-
- i DEMZ10: 6823242 F—— _
ap N VE = —9.82(0.04) x 1071
= i JE11: 6808 4.7 —8—
-~ { HLMNT11: 6949 £ 43 —e— _
ap b NNEOVE = 1.24(0.01) x 1071
FJ17-6681 241 —8—4
J i DEMZ17-6831 234 b—a—
1 KNT18: 6933 £ 25 |rti]
PR (VRS N e e e
685 690 695 700 705 710 715
auhad, LO X 1010

atVP = 684.5(4.0) x 10710

U
[White Paper: 2006.04822]
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Hadronic Vacuum Polarization

Channel Energy range [GeV] aRdLOVE 5 1010

Chiral perturbation theory (ChPT) threshold contributions [Keshavarzi et al | 8]
Ly m, < /5 <0600 0.12 £ 0.01
e 2m, < /5 <0305 0.87 £ 0.02 value (error)®
ataa® 3m, < /5 <0.660 0.01 £+ 0.00 o0 m, 4 M=
ny m, < /5 < 0.660 0.00 = 0.00 ”

Data based channels (/s < 1.937 GeV) had.LO VP 0.6

ny 0.600 < /5 < 1.350 4.46 £+ 0.10 a, 09
mtn 0.305 < /5 < 1.937 502.97 £ 1.97
at 0.660 < /5 < 1.937 47.79 £+ 0.89
VAP 2% 2P = 0.613 < /s <1.937 14.87 +0.20
VAP & o0 o 0.850 < /5 < 1.937 19.39 +0.78
27+ 217 7°) e 1.013 < /5 £1.937 0.99 £ 0.09
3+ 30 1313 < /5 < 1.937 0.23 £ 0.01 _ o
(2”+2"—2”0)nmm 1.322 < /5 < 1.937 135+0.17 ) Estimated contributions (/s < 1.937 GeV)
K+K- 0.988 < /5 < 1.937 23.03 £ 0.22 (77 37°) o 1.013 < /5 < 1.937 0.50 £ 0.04
K9KY 1.004 < /5 <1.937 13.04 + 0.19 (7r+7r'4zr0)no,] 1.313 < /s £1.937 0.21 £0.21
KKn 1.260 < /5 < 1.937 2.71 £0.12 KK3n 1.569 < /5 < 1.937 0.03 = 0.02
KK2x 1.350 < /5 < 1.937 1.93 +0.08 @(— npp)2x 1.285 < /5 < 1.937 0.10 £ 0.02
ny 0.660 < /5 < 1.760 0.70 + 0.02 @(— npp)3x 1.322 < /5 < 1.937 0.17 £0.03
nta” 1.091 < /5 < 1.937 1.29 + 0.06 (- npp)KK 1.569 < /5 <1.937 0.00 £ 0.00
(112 ) now 1.333 < /5 £1.937 0.60 £ 0.15 nata2n° 1.338 < /5 £ 1.937 0.08 £ 0.04
ndiiad 1.338 < /s < 1.937 0.08 £0.01 Other contributions (/s > 1937 GeV)
ne 1333 < /s £1.937 0.31+0.03 Inclusive channel 1.937 < /5 < 11.19 43.67 + 0.67
(= 7%)n° 0.920 < /5 £ 1.937 0.88 = 0.02 Iy o 6.26 1 0.19
ne 1.569 < /5 < 1.937 0.42 +0.03 " 158 1 0.04
¢ — unaccounted 0.988 < /s <1.029 0.04 £ 0.04 T(1S - 45) . 0.09 +0.00
nwn’ 1.550 < /5 < 1.937 0.35 +0.09 pQCD 11199 < /5 < oo 207 < 0.00
n(— npp)KK, sk 1.569 < /5 <1.937 0.01 £0.02
pp 1.890 < /5 < 1.937 0.03 + 0.00 Total my; <5< 693.26 + 2.46
ni 1912 < /5 £1.937 0.03 £ 0.01
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Hadronic Vacuum Polarization

[Keshavarzi et al 18]

Channel This work (KNT18) DHMZ17 [78] Difference
Data based channels (/s < 1.8 GeV)
7’y (data + ChPT) 458 +0.10 429 4+ 0.10 0.29
7~ (data + ChPT) 503.74 £ 1.96 507.14 £ 2.58 -3.40
atax~ 2 (data + ChPT) 47.70 £ 0.89 \ 46.20 £ 145 1.50 \
A 2% A% & 13.99 +0.19 13.68 4+ 0.31 0.31
't 2’2’ 18.15+0.74 18.03 £ 0.54 0.12
(27* 22~ ,-;’) non 0.79 £ 0.08 0.69 £+ 0.08 0.10
3n 3n” 0.10 £ 0.01 0.11 £0.01 —0.01
(27" 27~ 2”O)no)7m 0.77 £ 0.11 0.72 £ 0.17 0.05
K"K~ 23.00 £ 0.22 22.81 £ 041 0.19
K‘ZK‘L’ 13.04 £0.19 12.82 +£0.24 0.22
KKn 244 +0.11 245 +0.15 -0.01
KK2rx 0.86 £ 0.05 0.85 £ 0.05 0.01
ny (data + ChPT) 0.70 £ 0.02 0.65 £ 0.02 0.05
nrt 1.18 £ 0.05 1.18 £ 0.07 0.00
(qr? Jr‘zr“)mm 048 £0.12 0.39 £0.12 0.09
mr*2n~ 0.03 £ 0.01 0.03 £ 0.01 0.00
nw 0.29 4+ 0.02 0.32 £0.03 -0.03
(= 7'%)2° 0.87 £ 0.02 0.94 4+ 0.03 -0.07
ne 0.33 +£0.03 0.36 £ 0.03 -0.03
¢ — unaccounted 0.04 £ 0.04 0.05 £ 0.00 —0.01
non’ 0.10 £ 0.05 0.06 £ 0.04 0.04
n(— npp)](f(no‘l,_,,(,-< 0.00 £ 0.01 0.01 £0.01 -0.01*
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Combined in quadrature:
4.0x 10719

Combined linearly:

6.5 x 10719
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Hadronic Vacuum Polarization

White Paper Result

T T T T T T T T T T T T T T T T T T T T T T T T T T

| . | DEHZD3: 696.327.2 —a—1 [Keshavarzi et al 18]
| . | HMNTO3: 652.4 2 6.4 —e—
| . : DEHZD6: 680.9 = 4.4 —a—oy
: - : HMNTOG: 689.4 = 4.6 —e— a/}jad’LO VP _ 69326(246) x 10710
; . | FJO0B: 692.1 +5.6 —8—i

DHMZ10: 6823242 F—~—

BHLS , Global Fit

; = 1 JS11: 6808247 —a— T* -
= = 1.1
: B : HLMNT11: 6949 + 4.3 —e—rj 45 [ 1E ® NA7 (O¢/Nnu=1.0)
FJ17:668.1 =41 —a— L 4 SND 98 0'95_
DHMZ17: 683.1 3.4 —a—oi| 40 * CMD2 98 i
T ONSK (3¢/Ng=1.1) il 3
KNT18: 60933225 =t - L % KLOE 12 (XZ/NM=1_1) f 0.6
1 1 i i " i i i 1 " i " i 1 i i i " 1 i 1 1 1 : A KLOE 10 (XZ/N""=1 -O) 7.y 0'5;—/
685 690 695 00 705 710 715 - «BESH  (x%/N,,=0.6) 0.4F | {
30 | ask
a had, LO VP 1010 B %
U F 0.2L I I I
-0.2 -0.1 0

25 L

N :
aVP = 684.5(4.0) x 10710

: \
[White Paper:2006.04822] e
L |
5 C _“A.'-"' ‘il
[Benayoun, Delbuono, Jegerlehner, 1903.11034] '\,_\_ -
00.3. & ‘OI.4I = .OfSI = .0f6‘ = IO.17‘ - 10.181 = 101.9. = : o l1l.1l - .1f2‘ = l1.3
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Hadronic Vacuum Polarization

th _ QFED weak had
a, =a; +a, +a,

Progress on Hadronic Vacuum Polarization:

a, . 10" AgBMW-Pheno — 4 13.0(6.8) x 10719

u

L B L
ETM-18/19 ——
Mainz/CLS-19 EERE
FHM-19 —e—i
PACS-19 e
RBC/UKQCD-18 H—@ H
BMW-17 S
Mainz/CLS-17 +— © =
Hadronic VP: HPQCD-16 =
ETM-13 ———O——
KNT-19 ™
1 | DHMZ-19 HE
" . BDJ-19 -
Jegerlehner-18 _
| g MR-20 (,0(p%) ™
= RBC/UKQCD-18 " —
PLh%(r?(? e No New Physics
Pheno+LQCD Y| |
600 650 700 750
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Hadronic Vacuum Polarization

Pere Masjuan

Progress

560

540

th _ QFED weak had
Qp = Gy Ta, Ta,
on Hadronic Vacuum Polarization:
g
| _,,j' D ©
S o)
e e e | S P M .
—%:\\; g c o 3
i - A .
| SRHO(>0.4fm) —&—
5 SRHO(>1.3fm) —B— |
: SRHO(0.4% .3fm)+NNLO(>1.3fm) —&—
none —A—
A
A A
A
200k 150k 100k 50k () 0.005 0.01 0.015 0.02
#its a°[fm?]

Hadronic VP: 620 1
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Why Rational Approximants!?

e To THEORY:
* our problem is “the general rational Hermite interpolation problem”: solution is RAs
* in many cases we need [ds f(s) not f(s)
* it is proven: some RAs slower convergence than others
* Use prefered model as “Leading Order”
* To DISPERSION Theory:
* excellent interpolation tool: bring DRs (TL!) to oo (link with pQCD?)
* even more: RA can be the function to be used for the DR (respects unitary)
* or DR can provide LECs to feed in the RA
e To LATTICE:
* used recently for lattice fitting of HVP: suggestion use it in its full glory!
e To EXPERIMENT:
what energy and precision to measure: use RAs to identify!

(high energies are as well important vs DRs)

Pere Masjuan Precision Tests Mainz, 27th May 22



Pade approximants

Padé approx:  Q(2)f(2) + R(z) = O (z7+"*)

R(z),Q(z) are polynomials

Let {(z)
. N ZN—O TnZn
f(z) = Z Lz thenits PA Py (2) = JT\L/[_ n
ar D om—0 dn?

and the PA has a contact with f(z) or order N+M+1
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Pade approximants

Padé approx:  Q(2)f(2) + R(z) = O (z7+"*)

Let f(z) R(z),Q(z) are polynomials

N n
D n—0Tn?
f(z) = E apz”  thenitsPA Piyr(2) = ]T\L[O
and the PA has a contact with f(z) or order N+M+1

Pﬁ(z) = T T ("“1 — 7"0Q1)Z T ("“2 — 71491 T TOQ% — Ton)Zz - 0(23)

f(2) = ag + a1z + asz” + O(2°)

0/ .\ 0 1 I =
Examples: P1 (Z) 01— a1, P1 (Z) - 1] — %2,
ao a1
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Pade approximants

Pade approx:  Q(z)f(z) + R(z) = O (z4*""")
R(z),Q(z) are polynomials
Stieltjes theorem:

lim Py, (2) < f(2) < lim Py (2)

N — 00  N—>oo

(others: Montessus, Pommerenke, Nutall, Baker, Chisholm...)

1

Example: fl2) = . log(1 — 2)
Zk < 22 23 24 6
f(z):_l;)kﬁz_ 573 1 5 O

Pere Masjuan Precision Tests Mainz, 27th May 22 17



Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials
Example: f(z) = —log(l — 2)

0.0—mMmM———————————————— : 1o———————————
B 7 7 7 @® poles
| -
= 005 ] 05" zeros -
o) [ , , O |
o * ] N
Y —— | ~ 00 psEdl e [ o
© ? ] e
r :
oY -005 ~0.5"

_ I _1.07 | |

"1 10 05 0 1 2 3 4

Z Re(z)

Pere Masjuan Precision Tests Mainz, 27th May 22



Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

Example:

R(z),Q(z) are polynomials

f(z) =~ log(1 ~ 2

lim Py (2) < f(2) < lim Py (2)

Pere Masjuan

N —o0 N — o0
o ) o O ~ o
(@) 40 - -_— 7 i
- 10 = - o s
< 20 X 10,
5 i ° o i ®
I Q i

o I =20+
> 20" o
= f = -25° z=+(0 .95
© ) e ® .
CGK) ~40+ o 0

L 1_35:‘ L

0 2 3 4 S 6 0 1 2 3 4 5 6
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials

‘ 5. ] 7"
5r i 1 i
r "l ] 67
4:’ ’ 5* '
r ! 1 i
r ] 1 F 1\
3; /, \\\\\ ] 45 \
L ~ 4 L
7| S A T N, ] o TS
S S N : 20T T
I 1 1F
0;\ . . . . | . . . . | . . . . | . . . . \; 0; ““““““““““““““
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
- - T i \\\\\\\\\\\\\\\\
6: i 70
i It f
5r | 6
[ [ r
r [JA) [
4; "“ 5r
r [ r
[ I [
L i 4f
3; / Y. [
SR R | A A T W 3F
2f ~~~~~~~~~ r
: 2t
Ir f
[ 1f
ok . . o Fh YN ol
0.0 0.5 1.0 15 20 00 05 10
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials

First conclusion: PA OK in Space-like region but have difficulties
to explore the branch cut

Reason: strong cut

Pere Masjuan Precision Tests Mainz, 27th May 22
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Pade approximants

Pade approx:  Q(z)f(z) + R(z) = O (z*"*)
R(z),Q(z) are polynomials
Last example: vector FF (mild cut)

M2
_ P
FV(S) o M2 — g I'ps B(s)3 5(5):\/1—W
Z M, BOMZ) :
s o
47 e Re
:
>
1/// |
0
.
[0 S T
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Pade approximants

Pade approx:  Q(z)f(z) + R(z) = O (z*"*)
R(z),Q(z) are polynomials
Last example: vector FF (mild cut)
M? N
SFEITOR Py (2)

¢ 2y3 for N=| 5
M, B(M? 2,3,4,
14 4 : v
120 12 . 120
10+ 10+ I . 10+
L L " 4 L
8t 8+ 8
6F 6 6
4 4 4
2F 2F - 2
07 07 ————— . e M 07 ““““““ P
- -1.0 -0.5 0.0 0.5 ~1.0 -0.5 0.0 0.5
U — W
12f 1 12F
10+ A . 10+
I I\ ] I
8F 8r
6F 6F
4t 41
2t 2t
O\' e L L L L | L L L o— " " L | L L L L L sy
-1.0 -0.5 0.0 0.5 ~1.0 -0.5 0.0 0.5
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials

Second conclusion:

the strength of the cut matters, still a good
description of space-like region is possible

Pere Masjuan GAE, |5th February 2022
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Quadratic Approximants




Quadratic Approximants

Padé approx:  Q(2)f(2) + R(z) = O (z7t"*)

Quadratic approx:  Q(2)f%(2) + 2R(2)f(2) + S(z) = O (2717+12)
.S

R(z),S8(z),Q(%) are polynomials

e When S(2)=0, Q;°(s) — P, (z)

Q5 (2) = —R(z) £ V[R(?)]> — Q(2)S(2) * Lowest order ~ Breit-Wigner param.
q

* If info about poles, threshold,
_ LEPs is known, easy to implement

e Satisfy Disp. Rel. (is a solution to Omnes)

e Relation with z-param. used in D,B decays

Pere Masjuan Precision Tests Mainz, 27th May 22 26



Quadratic Approximants

(ZQ+T+S+2)

Quadratic approx:  Q(2)f*(2) + 2R(2)f(2) + S(z) =
R(z),5(%),Q(2) are polynomials

General form for the Q[1,1,1]:

—(RO -+ Rlz) T \/[RO -+ Rlz]Q — (1 -+ le)(S() —+ Slz)

Q' (2) = 1T 05)

We need to solve the equation:

(1+Q12)[f(2)]* + 2(Ro + R12)f(2) + (So + S12) = O(2°)

Pere Masjuan Precision Tests Mainz, 27th May 22 27



Quadratic Approximants

( Q—I-’I”‘—I—S—I-Q)

Quadratic approx:  Q(2)f*(z) + 2R(2) f(z) + S(z)

1 R(z),5(%),Q(2) are polynomials
Example: f(z) = - log(1 — 2)

We need to solve the equation:

(14 Q12)[f(2)]* + 2(Ro + R12) f(2) + (So + S12) = O(2°)

Two solutions:

(T— o)+ /I-F+ 522 — (1 - Ba) (-4 + L)

(1-132)

Q' (2) =

Pere Masjuan Precision Tests Mainz, 27th May 22 28



Quadratic Approximants

Quadratic approx:

1 R
Example: f(z) — ;log(l _ z) (2),S(2),Q(2) are polynomials
Qi - G5 )£ T+ 5 - (- Ba) (-1 + 42)
' B (1 — %z

s - " ‘ \ “““ """" f(z)
4 7 . —  QA-

,/ I e QA+
I PA
2 e , N

/ Good approach even
0 ] along the cut

—2 -1 0 1 2

Pere Masjuan

Q(2)f7(2) +2R(2) f(2) +

S(2)

Precision Tests Mainz, 27th May 22
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Quadratic Approximants

', (ZQ+T+S+2)

Quadratic approx:  Q(z)f*(2) + 2R(2) f(2) + S(z)
S

1 R(z)

Example: f(z) — . 10g(1 _ Z) (2),Q(2) are polynomials

Convergence theorems? Unkown so far!
- We have proof for some particular cases if Stieltjes:

QA’I;l,n QA,’:’O QAO,n—l QAn—k,l+2(k—l)

n+1 n—k

- For PAs: PA"™! PA"
- Impose high-energy constraints, threshold constraints, etc, not
yet demonstration

Pere Masjuan Precision Tests Mainz, 27th May 22 30



Quadratic Approximants

(ZQ+T+S+2)

Quadratic approx:  Q(2)f*(z) + 2R(2) f(2) + S(z)

Example:  f(z) = élog(l — 2) R(2),5(2), @(z) are polynomials
Convergence theorems?! Unkown so far!
- We have proof of faster convergence than PAs'

vvvvvvvvvvvvvvvvvvvvvvvvv

Relative Error
0.04 +

0.02 -

o
o
S |
— 0.00
<
= .
ct) -0.02 -
50
O A A FA
— QA

-0.06 |-

-0.08}

xxxxx

, - - -3 _2 _1 0
Pere Masjuan Precision Tests Mainz, 27th May 22 31




Quadratic Approximants

Qua

dratic approx:  Q(2)f*(2) +2R(2)f(2) +
S

Example: vacuum polarization function

015
0.10"
005

0.00"

R(z)

S(z) = O (z947F5F2)

(2),Q(z) are polynomials

4
M0G) = 1o (5 + 5 -

Pere Masjuan Precision Tests Mainz, 27th May 22
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Quadratic Approximants

O (ZQ+T+8+2)

Quadratic approx:  Q(2)f*(z) + 2R(z) f(2) + S(2)
S

R(z),5(%),Q(2) are polynomials

Example: vacuum polarization function

4 20 4(1—2)(2z+ 1)G(z)>
(3_2 9 3z

Including threshold info:

1% (2) ~ Const

PA

“““““““““““““““

Pere Masjuan Precision Tests Mainz, 27th May 22 33



Quadratic Approximants

Quadratic approx:  Q(2)f%(2) + 2R(2)f(2) + S(z) = O (277 +12)
| R(z),5(%),Q(2) are polynomials
Example: vector FF (mild cut)

------ Model
—— QA threshold

..... QA[2,1,0]
QA[2,2,1]
— PA

+ good prediction of pole

Pere Masjuan Precision Tests Mainz, 27th May 22 34



Quadratic Approximants

Examples
Vector FF model
M? My = 135 MeV
Fy(s) = - My = 770 M

M | o —1 VvV = eV

Mz — s+ S (-20’(8)2 —o0(s)3In ( ES§+1)) Iy = 150 MeV
Generate derivatives at 0.6 GeV? > fit Q;0(s), Q57 (s) ...
| pole 2 poles/
0 ‘
i [
S 2
A
C i @)
8 -8 °
12 5
O, —10+- o
(@) I ®
o —12-
-l I ® ]
—14" ® -

100 110 210 211 221 321 322 332 333

(QJQS(Z)
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Quadratic Approximants

Examples
Pion Form Factor:
Space-like region:
1.0*I
I 1,1
04,
1,1
1 04,
_ 06 10
G \ - :
TR L{ QAI
ot ]
0.4
Data from NA7,
N 4+ ! andJLab F1T coll.
0 2 4 s 8

Pere Masjuan Precision Tests Mainz, 27th May 22 36



Quadratic Approximants

Precision Tests Mainz, 27th May 22

Examples
Pion Form Factor:
Time-like region:
200, w
I (— QAZOO i
L QA200 §++§§ : I QAZII 1
T QA2 - - Qa2 M*—‘“ﬂ
oA 150+ |« Protopopescu' 73 ~ s
 BESIII data — | |m Estabrooks ' 73
8
en100 - ;
S /
= | {
50 //
e s 0904 06 08 10 12
. . . . . . oV
Vs [GeV] Vs [GeV]
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Conclusions

* We presented a method, a TOOLKIT

* based on analyticity and unitarity, with convergence!

* Simple although further studies ongoing

* Approaches yes (improvable), assumptions no

* Systematic:
* easy to update with new data (or derivatives)
* error from approach

* Predictive (checkable)

Pere Masjuan Precision Tests Mainz, 27th May 22
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Outlook

* How to use the method!?
* First: is the function of Stieltjes type!
* Do you have experimental data to fit!
* Do you have an expansion parameter?
* Have you truncated something (number
of resonances, small velocity, small q, ...)?

* Then: method can be used!

Pere Masjuan Precision Tests Mainz, 27th May 22
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Outlook

e How to use the method?

e First:is the function of Stieltjes type? ( contact masjuan@ifae.es )
* Do you have experimental data to fit?
* Do you have an expansion parameter?
* Have you truncated something (number of resonances, small velocity,

small g, ...)?

Contact us, our team of experts
will be happy to help!

masjuan(@ifae.es

Pere Masjuan Precision Tests Mainz, 27th May 22
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Quadratic Approximants

Before “attacking” the HVP, we need to convince about the method:

Y i ST \ //— — - i \
" * ‘ ‘ ‘ ‘ * ‘ ‘ ‘ ‘ * ‘ ‘ ‘ ‘ * ‘ ‘ iy A * { |
;  [R.Escribano, PM., P. Sanchez-Puertas,’ | 5] ,' : Low-energy parameters
5 = -’ up to the third derivative!
K _~HLBL in (g-2),
e - _ J
o
| % mixing parameters
b of the nN-n’ system
- | ?‘ fQ7fS7¢ )
020 0115 ‘—‘0 10/005 OBQ | 1 R

0. 1. 0 | T " ‘d ‘ ™)

: are decays
0* [GeV’] o
- T Lpg+-
b N | y

PS continuum
on quarkonium S ' T
q..egion v | beautiful synergy experiment - theor)j}
e 7 Yy — - —
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Hadronic Vacuum Polarization

(

had. Vacuum Polarization

q aQCD

(eaco =01 ~POET,

optical theorem

hadrons

e had. cross section

-2
10 E I I I'tIlJl| T " | UL
L F l(,f) Iy
fLU 10 = / . ) Y(2S) .
0 —
E o7 [ P’
— 10 ;—."'*( P
o = “'.-{.-t
-6 $
10 E
AF
10 =
o | | |
10 l L1 11 l L1 11
1 5 /5 [GeV ]
had 1 [oo
a = — ds K(s) ohaq(s
o= 73 [, ds K(S) Oha(s)

70

Ohad(s) ~1/s & K(s)~1/s
U

Low energy region important! ~ 1/s?

Sum of exclusive o}

U

Hadronic contribution of a,
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Hadronic Vacuum Polarization

L + I T T T T I T T T T :
50 - o NA7, TOF, ACO DM1 7 fe « TOF » KLOE10 Zr-
i + OLYA *SND -,
404 9 o © CMD  * DM1
% 3 * CMD2 " DM2 T
~ ° SND 06 " (j (D E b A KLOEO8 ° BABAR E
~ 301 3 5 : g oy Average A
L s i B i V! 7]
hr® % 5 L 10 = b =
L_L 2«01 cn"é = B
201 o i C i 8
& g L 1 L i'd i =
o Ooﬁ = f ol 3
o KLOE 12 F 5 g H _i' =
10 wo N T ete > *f T i‘l’ 8 - ]
o B -1 —]
1 — = COPT L o™ Sy (107 E -‘L .{ﬁ? 3 +—§
—-ﬁ—réw n 1 I 1 1 1 1 | 1 1 1 1 | 1 1 | 1 1 1 1
0 T v T v T v T v T v T v T v T
300 400 500 400 700 800 900 100C 0.5 1 1.5 2 2.5
E (MeV) \S [GeV]

* p peak
* D-W interference

* Contribution to au(VP): 75%
* Largest error from |-2GeV
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials

Example: vacuum polarization function

1(g?) = 1 (¢?) + (

2
let me define 2 = ——=

=) 1 (¢?) + O(a?)

T

4m?2
1672\ 32z 9 32
] 1 —2z1-—-1
G(z) = 2 Q()g(u) where  u — vi-:
u? — 1 V1—2z2"141
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Quadratic Approximants

O (ZQ+'P+8+2)

Quadratic approx:  Q(2)f*(z) + 2R(2) f(2) + S(z)
S

1 R :

Example: f(Z) — ; log(l _ Z) (Z) (Z)7 Q(Z) are polynomlals
4 B LA LA 1 A ] .

- P - Higher orders:

_ . :
37 fo|

_ ;)

I 7 f \'\\\ ------ f(z)

- / \
2 i ,/'/ \\\ QAZZ’2

/ \/ ..... QA2+
1 i \\\”~ILJ QA13,2

[ - \ \'/-N—‘ ]
oft N

: _ Good approach even

T O S R T RS B ' along the cut
-2 0 2 4 6 8 10
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials

Example: vacuum polarization function

1) () — 3 ( 4 20 4(1-2)(2z+ 1)G(Z))

1672 \ 3z 9 3z

IEETEEE Im
006 -
0.04
0.02

L | i 2
0.00 = | | L= 1

7 T 4m?
-002___--=—"" ]

) -1 0 1 2 7
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)
R(2),Q(z) are polynomials

Example: vacuum polarization function

H(O)(z) _ 3 ( 4 20 4(1-2)(2z+ 1)G(Z))

1672 \32z 9 3z
"o

I N _ ]

-~ PN(2) for N=1,2, ,4,5
05"
0.0 ole ¢e

: - q2
—0.5¢ @ poles 4m2

7 [[] zeros ]
B S S /
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Pade approximants

Padé approx:  Q(z)f(z) + R(z) = O (z7*"*)

R(z),Q(z) are polynomials

Example: vacuum polarization function

020 0.15
0.15F
i 0.10+
75 e ot it SR
f 005+
0.05F i
Qwi ] oObe——""" N 000bc o
. . 1.0 15 20 0.0 05 1.0 15 20

--------------------- i

005- / ] 005

000be—""_ . 4N 000k
0.0 0.5 1.0 15 20

Pere Masjuan
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Hadronic Vacuum Polarization

[Keshavarzi et al 18]

AN

%
DHMZ17 [78]

AN

Channel This work (KNT18) Difference
Data based channels (/s < 1.8 GeV)
2" (data+ ChPT) 4.58 +£0.10 429 £0.10 0.29 ——. 1400
n*n~ (data + ChPT) 503.74 4+ 1.96 507.14 £+ 2.58 —3.40 0.2 "‘fg:f’e"?'i"iﬁzf; 1 1200
Z: 01 L ] 1000 3
1 1 I I 1 I I I 1 I 1 I I I 1 I I I 1 I I I I 1 1 I I 1 1 I . . g e wiog'i | 800 :E
| | ' Combined in quadrature: : o E o= oo 7
CLEO v ~10 o
376.9+ 6.3 4.0 X 10 CE -0.1 4 400 <
SND Pl 1 200
3717250 Comblned |Inear|y: 0.6 0.165 01.7 0.175 01.8 0.185 (;.90
BES”' - —10 Vs [GeV]
368.2 + 4.2 65 X 10
CMD-2 00—
372.4+ 3.0 What about
BABAR —o0— HVP,LOy _+__— — -10
376.7£2.7 Aaﬂ [7[ 7 ] |KLOEVSBABAR — 101(34) X 10
KLOE No KLOE
A gttty | Superconservative?:
355 360 365 370 375 380 385 -10 _ -10
o oy (65+5.0)x 10710 =115x 10
No BABAR U [0.6,0.9] GeV

Pere Masjuan

a¥" =684.5(11.5)x 10717
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[

Quadratic Approximan

Examples

Vector FF model

135 MeV
770 MeV
150 MeV

Moy
My
I'y

B(s)?
p B(MZ)?

Generate Pseudodata in Space like

51
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Quadratic Approximants

Examples
Vector FF model 77 — Kgm v,
2 _
KT('(S) _ |: My~ + 7S B VS :| e%ReHKW(s)
it —
D(mg«,vx+)  D(mg«,vK+)
Mpgx =892 MeV , I'gx = 46 MeV
2 : M., = 1304 MeV, T v = 171 MeV
D(mp,Yn) = my, — s — impYn(S) K 304 MeV', 'k e
3
. S O-KT('(S)
() = e or ) 25
20/ | *
" ﬂ — ImFy/s) ) 20; ]
I ocTFqys)
15 | ]
| s |
?10 I
X4 10~ .
= | :
i J 5 ]
O 0608 10 16 18 20 95 s o)

Pere Masjuan Precision Tests Mainz, 27th May 22 52



Quadratic Approximants

Examples

Vector FF model 77 — Kgm v,

K7(s) =

2 ~
My~ + 7S VS e%ReHK7r (s)

D(mg=, i) Dlmgcer, yi=r)

2

DMy, Yn) = ms — s — i MpYn(s)

s Okx(s)

Mpgx =892 MeV , I'gx = 46 MeV
M. = 1304 MeV |, I' s = 171 MeV

s) =7 ..
7 () "'m2 o3 _(m2) (derivatives)
0035 ——— 012+

o . QAEET i . QAX0 ]
I QA210 1 0.10; U QA |
;0.0307 QA" QA210| |
8 QA2 % © QA2
~. o QA2 O i - OA22| |
= e Z008 e b
£0.025¢ e | S &0 & QA™ ]
b i QA | - i A QA212 ]
= B oAl e © QAP
gﬁ 7 n Q A222: gﬁ | . QA222 |
£0.020- * Model £ * Model|
] I 0.04 - 7

0.0 57 : : . ‘ : : . ‘ ; : : ‘ ; : . ‘ : : . ‘ : : : ‘ : : . ‘ ‘ ‘ O O I I I I I | I I I I | I I I I | I I I I | I I I I | ! I I I

880 0.882 0.884 0.886 0.888 0.890 0.892 0.894 ' %.2 13 14 15 1.6 1.7 1.8
Real Part [GeV] Real Part [GeV]
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Quadratic Approximants

Examples
Vector FF model 77 — Kgm v,

2 ~
KT('(S) _ My + 7S B VS e%ReHKﬂ(s)
il —
D(mpg=,vk=) DM, yi=)
Mpgx =892 MeV , I'gx = 46 MeV
2 ' M .. =1304 MeV , I' .., =171 MeV
D(mp,Yn) = My, — 8 — 1My Yn(S) K R
T(8) = Tn — i (%)
" "'m2 o3 _(m2) (pseudodata fit)
00237+
i ] 0 ,
i A ) 025 ,
00236f O o QA200 7 1
=" * o s o
300235 8 QA & Bo20- QA%
= i [ cQA 1T QA2! |
5 I °© QA2 1 % Dg - QAY
00234 . o oAz | sk coa
§ i n QA212 § ] QA22 b
‘5300233 s Qa?| 1 B . QA
g I s QA2 é 010 5 QA2 ]
00232 » Model| - i NPYC
I t * Modg
0,023 ] L L R 1 I B R & S VI
0.8921 0.8922 0.8923 0.8924 0.8925 0.8926 0.8927 ' ' : ' '

Real Part [GeV] Real Part [GeV]
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