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To maximise the discovery potential of APV measurements 

! Push state-of-the-art atomic calculations to 0.1% precision"

! Development of precision atomic theory"

! Improved benchmarking of atomic theory#

! Remove nuclear structure uncertainties to enable atomic theory 
tests below 0.1%
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Parity-violating weak interaction,

E1

!6S1/2

!7S1/2

Cs 6S-7S APV amplitude, 
0.35% uncertainty

Carl Wieman group (1997)

Bouchiat, Bouchiat, J. Phys. (Paris), 899 (1974)

Im
ag

e:
 T

. A
nd

re
w

s,
 U

ni
ve

rs
ity

 o
f C

ol
or

ad
o

Atomic parity violation

e e

qq

Z
<latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit><latexit sha1_base64="GVcMqvlue25tqa0uw4YcPnBW1rQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae2oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOiXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBuMGM3g==</latexit>

hPV = !
GF

2
"
2
QW ⇢(r)�5

<latexit sha1_base64="uoB/MwiI0uz4BbWNiPchd3bVQtU="></latexit><latexit sha1_base64="uoB/MwiI0uz4BbWNiPchd3bVQtU="></latexit><latexit sha1_base64="uoB/MwiI0uz4BbWNiPchd3bVQtU="></latexit><latexit sha1_base64="uoB/MwiI0uz4BbWNiPchd3bVQtU="></latexit>

EPV / Z 3
<latexit sha1_base64="RxETra6M9HWSBzts2iBB+kLZYA8=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyWpYttdUQSXFewDO+OQSdM2NPMgyQhlKPgrblwo4tbvcOffmGkrqOiBC4dz7uXee/xYcKUR+rByC4tLyyv51cLa+sbmlr2901JRIilr0khEsuMTxQQPWVNzLVgnlowEvmBtf3Se+e07JhWPwms9jpkbkEHI+5wSbSTP3rvwUkcGsNGaOLGMYh3Bm9tjzy6iEkIIYwwzgiunyJBarVrGVYgzy6AI5mh49rvTi2gSsFBTQZTqYhRrNyVScyrYpOAkisWEjsiAdQ0NScCUm07Pn8BDo/RgP5KmQg2n6veJlARKjQPfdAZED9VvLxP/8rqJ7lfdlIdxollIZ4v6iYDmySwL2OOSUS3GhhAqubkV0iGRhGqTWMGE8PUp/J+0yiWMSvjqpFg/m8eRB/vgABwBDCqgDi5BAzQBBSl4AE/g2bq3Hq0X63XWmrPmM7vgB6y3T8KrlVs=</latexit><latexit sha1_base64="RxETra6M9HWSBzts2iBB+kLZYA8=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyWpYttdUQSXFewDO+OQSdM2NPMgyQhlKPgrblwo4tbvcOffmGkrqOiBC4dz7uXee/xYcKUR+rByC4tLyyv51cLa+sbmlr2901JRIilr0khEsuMTxQQPWVNzLVgnlowEvmBtf3Se+e07JhWPwms9jpkbkEHI+5wSbSTP3rvwUkcGsNGaOLGMYh3Bm9tjzy6iEkIIYwwzgiunyJBarVrGVYgzy6AI5mh49rvTi2gSsFBTQZTqYhRrNyVScyrYpOAkisWEjsiAdQ0NScCUm07Pn8BDo/RgP5KmQg2n6veJlARKjQPfdAZED9VvLxP/8rqJ7lfdlIdxollIZ4v6iYDmySwL2OOSUS3GhhAqubkV0iGRhGqTWMGE8PUp/J+0yiWMSvjqpFg/m8eRB/vgABwBDCqgDi5BAzQBBSl4AE/g2bq3Hq0X63XWmrPmM7vgB6y3T8KrlVs=</latexit><latexit sha1_base64="RxETra6M9HWSBzts2iBB+kLZYA8=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyWpYttdUQSXFewDO+OQSdM2NPMgyQhlKPgrblwo4tbvcOffmGkrqOiBC4dz7uXee/xYcKUR+rByC4tLyyv51cLa+sbmlr2901JRIilr0khEsuMTxQQPWVNzLVgnlowEvmBtf3Se+e07JhWPwms9jpkbkEHI+5wSbSTP3rvwUkcGsNGaOLGMYh3Bm9tjzy6iEkIIYwwzgiunyJBarVrGVYgzy6AI5mh49rvTi2gSsFBTQZTqYhRrNyVScyrYpOAkisWEjsiAdQ0NScCUm07Pn8BDo/RgP5KmQg2n6veJlARKjQPfdAZED9VvLxP/8rqJ7lfdlIdxollIZ4v6iYDmySwL2OOSUS3GhhAqubkV0iGRhGqTWMGE8PUp/J+0yiWMSvjqpFg/m8eRB/vgABwBDCqgDi5BAzQBBSl4AE/g2bq3Hq0X63XWmrPmM7vgB6y3T8KrlVs=</latexit><latexit sha1_base64="RxETra6M9HWSBzts2iBB+kLZYA8=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyWpYttdUQSXFewDO+OQSdM2NPMgyQhlKPgrblwo4tbvcOffmGkrqOiBC4dz7uXee/xYcKUR+rByC4tLyyv51cLa+sbmlr2901JRIilr0khEsuMTxQQPWVNzLVgnlowEvmBtf3Se+e07JhWPwms9jpkbkEHI+5wSbSTP3rvwUkcGsNGaOLGMYh3Bm9tjzy6iEkIIYwwzgiunyJBarVrGVYgzy6AI5mh49rvTi2gSsFBTQZTqYhRrNyVScyrYpOAkisWEjsiAdQ0NScCUm07Pn8BDo/RgP5KmQg2n6veJlARKjQPfdAZED9VvLxP/8rqJ7lfdlIdxollIZ4v6iYDmySwL2OOSUS3GhhAqubkV0iGRhGqTWMGE8PUp/J+0yiWMSvjqpFg/m8eRB/vgABwBDCqgDi5BAzQBBSl4AE/g2bq3Hq0X63XWmrPmM7vgB6y3T8KrlVs=</latexit>



E

Most precise calculations:         

¥ Dzuba, Flambaum, Ginges, PRD (2002); 
Flambaum, Ginges, PRA (2005)

¥ Porsev, Beloy, Derevianko, PRL (2009);  
Dzuba, Berengut, Flambaum, Roberts, 
PRL (2012)
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Dipole operator Weak operator Energies

D =
X

i
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Cs 6S-7S APV amplitude, 
0.5% uncertainty

EPV = h7̂S1/2|Dz|6̂S1/2i
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E6S1/2

# EnP1/2
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Atomic parity violation

Working towards 0.1-0.2% precision:     

¥ Precision Atomic Theory group @ UQ
¥ DereviankoÕs group [Tran Tan, Xiao, Derevianko, PRA (2022)] 

     *Comment:      Roberts and Ginges, PRD (2022)

Recent calculation:   Sahoo and Das [Sahoo, Das, Spiesberger, PRD(L) (2021)]*  



Experiments in 
preparation/progress 

include:

¥ Cs (Purdue)
¥ Fr (TRIUMF; Tokyo)
¥ Ba+ (Seattle)
¥ Ra+ (Groningen)

Atomic parity violation
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Upper radial component, Cs 6s:
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= ⇠QW

Benchmarking atomic theory
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Upper radial component, Cs 6s:

¥ hyperÞne structure, 
¥ energies,
¥ E1 amplitudes,
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Benchmarking atomic theory
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Benchmarking atomic theory



Primary standard for the SI unit 
for time, the second

HyperÞne splitting in cesium

NIST-F2 Atomic clock

F = 4
<latexit sha1_base64="HfKZWctUsGSvkLSDIoCzDoqCY7E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMRjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1xbUSsHnGccD+iAyVCwSha6eH26rxXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48jJpnlU9t+rdn1dq13kcRTiCYzgFDy6gBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBkFeNTw==</latexit><latexit sha1_base64="HfKZWctUsGSvkLSDIoCzDoqCY7E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMRjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1xbUSsHnGccD+iAyVCwSha6eH26rxXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48jJpnlU9t+rdn1dq13kcRTiCYzgFDy6gBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBkFeNTw==</latexit><latexit sha1_base64="HfKZWctUsGSvkLSDIoCzDoqCY7E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMRjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1xbUSsHnGccD+iAyVCwSha6eH26rxXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48jJpnlU9t+rdn1dq13kcRTiCYzgFDy6gBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBkFeNTw==</latexit><latexit sha1_base64="HfKZWctUsGSvkLSDIoCzDoqCY7E=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMRjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0c3Ubz1xbUSsHnGccD+iAyVCwSha6eH26rxXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYaXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48jJpnlU9t+rdn1dq13kcRTiCYzgFDy6gBndQhwYwGMAzvMKbI50X5935mLcWnHzmEP7A+fwBkFeNTw==</latexit>

F = 3
<latexit sha1_base64="BHZ76GB+KikbeD3WjmfTh1xr7N4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQFMRjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWP5YMYJ+hEdSB5yRo2V7m8uT3vlilt1ZyB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IkVX6JIyVLWnITP05kdFI63EU2M6ImqFe9Kbif14nNeGFn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48l/SPKl6btW7O6vUrvI4inAAh3AMHpxDDW6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/ENjtONTg==</latexit><latexit sha1_base64="BHZ76GB+KikbeD3WjmfTh1xr7N4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQFMRjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWP5YMYJ+hEdSB5yRo2V7m8uT3vlilt1ZyB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IkVX6JIyVLWnITP05kdFI63EU2M6ImqFe9Kbif14nNeGFn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48l/SPKl6btW7O6vUrvI4inAAh3AMHpxDDW6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/ENjtONTg==</latexit><latexit sha1_base64="BHZ76GB+KikbeD3WjmfTh1xr7N4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQFMRjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWP5YMYJ+hEdSB5yRo2V7m8uT3vlilt1ZyB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IkVX6JIyVLWnITP05kdFI63EU2M6ImqFe9Kbif14nNeGFn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48l/SPKl6btW7O6vUrvI4inAAh3AMHpxDDW6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/ENjtONTg==</latexit><latexit sha1_base64="BHZ76GB+KikbeD3WjmfTh1xr7N4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0ItQFMRjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0OqDgcd7M8zMCxLBtXHdL6ewtLyyulZcL21sbm3vlHf3mjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsYXU/91iMqzWP5YMYJ+hEdSB5yRo2V7m8uT3vlilt1ZyB/iZeTCuSo98qf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYKmmE2s9mp07IkVX6JIyVLWnITP05kdFI63EU2M6ImqFe9Kbif14nNeGFn3GZpAYlmy8KU0FMTKZ/kz5XyIwYW0KZ4vZWwoZUUWZsOiUbgrf48l/SPKl6btW7O6vUrvI4inAAh3AMHpxDDW6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/ENjtONTg==</latexit>

6 2S1/2
<latexit sha1_base64="Ll3SzRzmVj2ppxEA9f8nW8SXKQQ=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU02KqMeiF48V7Qe0adlsN+3SzSbsbpQS8j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vpn6rUcqFYvEg57E1AvxULCAEayN1Lvool5aze77qXtWzfp22ak4M6Bl4uakDDnqffurO4hIElKhCcdKdVwn1l6KpWaE06zUTRSNMRnjIe0YKnBIlZfOrs7QiVEGKIikKaHRTP09keJQqUnom84Q65Fa9Kbif14n0cGVlzIRJ5oKMl8UJBzpCE0jQAMmKdF8YggmkplbERlhiYk2QZVMCO7iy8ukWa24TsW9Oy/XrvM4inAEx3AKLlxCDW6hDg0gIOEZXuHNerJerHfrY95asPKZQ/gD6/MH8B2RfA==</latexit><latexit sha1_base64="Ll3SzRzmVj2ppxEA9f8nW8SXKQQ=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU02KqMeiF48V7Qe0adlsN+3SzSbsbpQS8j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vpn6rUcqFYvEg57E1AvxULCAEayN1Lvool5aze77qXtWzfp22ak4M6Bl4uakDDnqffurO4hIElKhCcdKdVwn1l6KpWaE06zUTRSNMRnjIe0YKnBIlZfOrs7QiVEGKIikKaHRTP09keJQqUnom84Q65Fa9Kbif14n0cGVlzIRJ5oKMl8UJBzpCE0jQAMmKdF8YggmkplbERlhiYk2QZVMCO7iy8ukWa24TsW9Oy/XrvM4inAEx3AKLlxCDW6hDg0gIOEZXuHNerJerHfrY95asPKZQ/gD6/MH8B2RfA==</latexit><latexit sha1_base64="Ll3SzRzmVj2ppxEA9f8nW8SXKQQ=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU02KqMeiF48V7Qe0adlsN+3SzSbsbpQS8j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vpn6rUcqFYvEg57E1AvxULCAEayN1Lvool5aze77qXtWzfp22ak4M6Bl4uakDDnqffurO4hIElKhCcdKdVwn1l6KpWaE06zUTRSNMRnjIe0YKnBIlZfOrs7QiVEGKIikKaHRTP09keJQqUnom84Q65Fa9Kbif14n0cGVlzIRJ5oKMl8UJBzpCE0jQAMmKdF8YggmkplbERlhiYk2QZVMCO7iy8ukWa24TsW9Oy/XrvM4inAEx3AKLlxCDW6hDg0gIOEZXuHNerJerHfrY95asPKZQ/gD6/MH8B2RfA==</latexit><latexit sha1_base64="Ll3SzRzmVj2ppxEA9f8nW8SXKQQ=">AAAB9XicbVBNS8NAEJ3Ur1q/oh69LBbBU02KqMeiF48V7Qe0adlsN+3SzSbsbpQS8j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMacf5tgorq2vrG8XN0tb2zu6evX/QVFEiCW2QiEey7WNFORO0oZnmtB1LikOf05Y/vpn6rUcqFYvEg57E1AvxULCAEayN1Lvool5aze77qXtWzfp22ak4M6Bl4uakDDnqffurO4hIElKhCcdKdVwn1l6KpWaE06zUTRSNMRnjIe0YKnBIlZfOrs7QiVEGKIikKaHRTP09keJQqUnom84Q65Fa9Kbif14n0cGVlzIRJ5oKMl8UJBzpCE0jQAMmKdF8YggmkplbERlhiYk2QZVMCO7iy8ukWa24TsW9Oy/XrvM4inAEx3AKLlxCDW6hDg0gIOEZXuHNerJerHfrY95asPKZQ/gD6/MH8B2RfA==</latexit>

9192.63177MHz
<latexit sha1_base64="X+cZ4ZJ3YF6bQJV3x+JUntvM/Bw=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQLGTZiWJMF7RJI0QwD8guYXYymwyZfTAzK8Q1hb9iY6GIrb9h5984SbbQxAMXDufcy733eDFnUtn2t5FbWl5ZXcuvFzY2t7Z3zN29powSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w+uJ37qnQrIovFOjmLoB7ofMZwQrLXXNgwqqlKyLM1QuO6cwdUQAb2oP465ZtC17CrhIUEaKIEO9a345vYgkAQ0V4VjKDrJj5aZYKEY4HRecRNIYkyHu046mIQ6odNPp/WN4rJUe9COhK1Rwqv6eSHEg5SjwdGeA1UDOexPxP6+TKP/STVkYJ4qGZLbITzhUEZyEAXtMUKL4SBNMBNO3QjLAAhOlIyvoEND8y4ukWbKQbaHb82L1KosjDw7BETgBCJRBFdRAHTQAAY/gGbyCN+PJeDHejY9Za87IZvbBHxifPx/0k5w=</latexit><latexit sha1_base64="X+cZ4ZJ3YF6bQJV3x+JUntvM/Bw=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQLGTZiWJMF7RJI0QwD8guYXYymwyZfTAzK8Q1hb9iY6GIrb9h5984SbbQxAMXDufcy733eDFnUtn2t5FbWl5ZXcuvFzY2t7Z3zN29powSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w+uJ37qnQrIovFOjmLoB7ofMZwQrLXXNgwqqlKyLM1QuO6cwdUQAb2oP465ZtC17CrhIUEaKIEO9a345vYgkAQ0V4VjKDrJj5aZYKEY4HRecRNIYkyHu046mIQ6odNPp/WN4rJUe9COhK1Rwqv6eSHEg5SjwdGeA1UDOexPxP6+TKP/STVkYJ4qGZLbITzhUEZyEAXtMUKL4SBNMBNO3QjLAAhOlIyvoEND8y4ukWbKQbaHb82L1KosjDw7BETgBCJRBFdRAHTQAAY/gGbyCN+PJeDHejY9Za87IZvbBHxifPx/0k5w=</latexit><latexit sha1_base64="X+cZ4ZJ3YF6bQJV3x+JUntvM/Bw=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQLGTZiWJMF7RJI0QwD8guYXYymwyZfTAzK8Q1hb9iY6GIrb9h5984SbbQxAMXDufcy733eDFnUtn2t5FbWl5ZXcuvFzY2t7Z3zN29powSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w+uJ37qnQrIovFOjmLoB7ofMZwQrLXXNgwqqlKyLM1QuO6cwdUQAb2oP465ZtC17CrhIUEaKIEO9a345vYgkAQ0V4VjKDrJj5aZYKEY4HRecRNIYkyHu046mIQ6odNPp/WN4rJUe9COhK1Rwqv6eSHEg5SjwdGeA1UDOexPxP6+TKP/STVkYJ4qGZLbITzhUEZyEAXtMUKL4SBNMBNO3QjLAAhOlIyvoEND8y4ukWbKQbaHb82L1KosjDw7BETgBCJRBFdRAHTQAAY/gGbyCN+PJeDHejY9Za87IZvbBHxifPx/0k5w=</latexit><latexit sha1_base64="X+cZ4ZJ3YF6bQJV3x+JUntvM/Bw=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQLGTZiWJMF7RJI0QwD8guYXYymwyZfTAzK8Q1hb9iY6GIrb9h5984SbbQxAMXDufcy733eDFnUtn2t5FbWl5ZXcuvFzY2t7Z3zN29powSQWiDRDwSbQ9LyllIG4opTtuxoDjwOG15w+uJ37qnQrIovFOjmLoB7ofMZwQrLXXNgwqqlKyLM1QuO6cwdUQAb2oP465ZtC17CrhIUEaKIEO9a345vYgkAQ0V4VjKDrJj5aZYKEY4HRecRNIYkyHu046mIQ6odNPp/WN4rJUe9COhK1Rwqv6eSHEg5SjwdGeA1UDOexPxP6+TKP/STVkYJ4qGZLbITzhUEZyEAXtMUKL4SBNMBNO3QjLAAhOlIyvoEND8y4ukWbKQbaHb82L1KosjDw7BETgBCJRBFdRAHTQAAY/gGbyCN+PJeDHejY9Za87IZvbBHxifPx/0k5w=</latexit>

HyperÞne structure



 nuclear magnetic momentModelling the hyperÞne structure

hhfs =
1
c

µ á(r ! ! )
r 3 F (r )

<latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit>

Interaction

µ = µI /I
<latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit>

describes the nuclear 
magnetization distribution           

F (r ) = 1
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For a point-nucleus               

Standard ways to model 
F(r), until recently:

F (r ) = ( r/r m )3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

HyperÞne splitting quantiÞed by hyperÞne constant A

A = A0(1 + ! ) + "AQED
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Many-body result,
Þnite nuclear charge effect included

HyperÞne structure



 nuclear magnetic momentModelling the hyperÞne structure

hhfs =
1
c

µ á(r ! ! )
r 3 F (r )
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Interaction

µ = µI /I
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describes the nuclear 
magnetization distribution           

F (r ) = 1
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For a point-nucleus               

Standard ways to model 
F(r), until recently:
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rrm

Ball, Fermi distribution
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HyperÞne splitting quantiÞed by hyperÞne constant A

A = A0(1 + ! ) + "AQED
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HyperÞne structure

         Bohr-Weisskopf (BW) effect Ñ 
Þnite nuclear magnetization contribution



 nuclear magnetic momentModelling the hyperÞne structure

hhfs =
1
c

µ á(r ! ! )
r 3 F (r )

<latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit>

Interaction

µ = µI /I
<latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit>

describes the nuclear 
magnetization distribution           

F (r ) = 1
<latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit><latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit><latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit><latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit>

For a point-nucleus               

Standard ways to model 
F(r), until recently:

F (r ) = ( r/r m )3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

HyperÞne splitting quantiÞed by hyperÞne constant A

A = A0(1 + ! ) + "AQED
<latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit><latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit><latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit><latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit>

HyperÞne structure

Quantum electrodynamics 
radiative correction



 nuclear magnetic momentModelling the hyperÞne structure

hhfs =
1
c

µ á(r ! ! )
r 3 F (r )

<latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit><latexit sha1_base64="Rce+X+fsGUyuKV8iv6z2rH0dGKw="></latexit>

Interaction

µ = µI /I
<latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit><latexit sha1_base64="fr5VMdchiQPAXY5Wa/4C9NSZ0Fw=">AAACAnicdVDLSgMxFM34rPVVdSVugkVwNWam6tSFUHRjdxXsA9pSMmmmDc08SDJCGYobf8WNC0Xc+hXu/Bsz0woqeiDk5Jx7ubnHjTiTCqEPY25+YXFpObeSX11b39gsbG03ZBgLQusk5KFouVhSzgJaV0xx2ooExb7LadMdXaZ+85YKycLgRo0j2vXxIGAeI1hpqVfYTTquBzt+PIHn6QWzd3VyVO0Visi00YlTsiEyT8slC5U1sR2nfOZAy0QZimCGWq/w3umHJPZpoAjHUrYtFKlugoVihNNJvhNLGmEywgPa1jTAPpXdJFthAg+00odeKPQJFMzU7x0J9qUc+66u9LEayt9eKv7ltWPllbsJC6JY0YBMB3kxhyqEaR6wzwQlio81wUQw/VdIhlhgonRqeR3C16bwf9KwTQuZ1vVxsXIxiyMH9sA+OAQWcEAFXIEaqAMC7sADeALPxr3xaLwYr9PSOWPWswN+wHj7BKAnlkw=</latexit>

describes the nuclear 
magnetization distribution           

F (r ) = 1
<latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit><latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit><latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit><latexit sha1_base64="Wp03LbOOsQTUkVgwqnFfc9xcj8E=">AAAB73icdVDJSgNBEK2JW4xb1KOXxiDEyzCTmO0gBAXxGMEskAyhp9OTNOlZ7O4RwpCf8OJBEa/+jjf/xs4iqOiDgsd7VVTVcyPOpLKsDyO1srq2vpHezGxt7+zuZfcPWjKMBaFNEvJQdFwsKWcBbSqmOO1EgmLf5bTtji9nfvueCsnC4FZNIur4eBgwjxGstNS5yotTdI7sfjZnmRWrVq4WkWXatUK1WNCkXLRLlRKyTWuOHCzR6Gffe4OQxD4NFOFYyq5tRcpJsFCMcDrN9GJJI0zGeEi7mgbYp9JJ5vdO0YlWBsgLha5Aobn6fSLBvpQT39WdPlYj+dubiX953Vh5VSdhQRQrGpDFIi/mSIVo9jwaMEGJ4hNNMBFM34rICAtMlI4oo0P4+hT9T1oF09YR3Zzl6hfLONJwBMeQBxsqUIdraEATCHB4gCd4Nu6MR+PFeF20pozlzCH8gPH2CU5BjtY=</latexit>

For a point-nucleus               

Standard ways to model 
F(r), until recently:

F (r ) = ( r/r m )3

⇢m

rrm

Ball, Fermi distribution
⇢m

rrm

HyperÞne splitting quantiÞed by hyperÞne constant A

A = A0(1 + ! ) + "AQED
<latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit><latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit><latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit><latexit sha1_base64="H2RnyX+LvkY60r/4+2O6Jc2JT18=">AAACDXicbVDJSgNBEO1xjXEb9eilMQqRQJgRQS9C4gIeEzALZGLo6VSSJj09Q3ePEIb8gBd/xYsHRbx69+bf2FkOmvig4PFeFVX1/IgzpR3n21pYXFpeWU2tpdc3Nre27Z3dqgpjSaFCQx7Kuk8UcCagopnmUI8kkMDnUPP7VyO/9gBSsVDc6UEEzYB0BeswSrSRWvZh8aLYcrJuzoNIMR6K45zXBq4JLt4nngxw+eZ62LIzTt4ZA88Td0oyaIpSy/7y2iGNAxCacqJUw3Ui3UyI1IxyGKa9WEFEaJ90oWGoIAGoZjL+ZoiPjNLGnVCaEhqP1d8TCQmUGgS+6QyI7qlZbyT+5zVi3TlvJkxEsQZBJ4s6Mcc6xKNocJtJoJoPDCFUMnMrpj0iCdUmwLQJwZ19eZ5UT/Kuk3fLp5nC5TSOFNpHByiLXHSGCugWlVAFUfSIntErerOerBfr3fqYtC5Y05k99AfW5w9ldJnh</latexit>

HyperÞne structure

contains factor µ
<latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit><latexit sha1_base64="UFOX4zita877+Ikq+M6IENXmVh0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41bZIZxhsskYlpR9RyKTRvoEDJ26nhVEWSt6LR7cxvPXFjRaIfcZzyUNGBFrFgFJ300FVZr1zxq/4cZJUEOalAjnqv/NXtJyxTXCOT1NpO4KcYTqhBwSSflrqZ5SllIzrgHUc1VdyGk/mpU3LmlD6JE+NKI5mrvycmVFk7VpHrVBSHdtmbif95nQzj63AidJoh12yxKM4kwYTM/iZ9YThDOXaEMiPcrYQNqaEMXTolF0Kw/PIqaV5UA78a3F9Wajd5HEU4gVM4hwCuoAZ3UIcGMBjAM7zCmye9F+/d+1i0Frx85hj+wPv8AV1ejdY=</latexit>



HyperÞne comparisons

Aexpt !" A0(1 + ! ) + "AQED
<latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="VqvsUMl1imA0CzqpfBf6xFbVIDc="></latexit><latexit sha1_base64="jzCw3oPHqrPN3KL9OtXbvkbBVb4="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit><latexit sha1_base64="Ga35wOZz6Djq8LVf4V3zZqtR4Cg="></latexit>

Provides test of atomic many-body theory in the nuclear vicinity only if

¥ Nuclear magnetic moments µ
<latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit><latexit sha1_base64="lBEEG7NCtGS1ObQqeGkv/8vSbkQ=">AAAB6nicdVBNSwMxEJ2tX7V+VT16CRbBU0mK2PZW9OKxorWFdinZNNuGZrNLkhVK6U/w4kERr/4ib/4bs20FFX0w8Hhvhpl5QSKFsRh/eLmV1bX1jfxmYWt7Z3evuH9wZ+JUM95isYx1J6CGS6F4yworeSfRnEaB5O1gfJn57XuujYjVrZ0k3I/oUIlQMGqddNOL0n6xhMsYY0IIygipnmNH6vVahdQQySyHEizR7Bffe4OYpRFXlklqTJfgxPpTqq1gks8KvdTwhLIxHfKuo4pG3PjT+akzdOKUAQpj7UpZNFe/T0xpZMwkClxnRO3I/PYy8S+vm9qw5k+FSlLLFVssClOJbIyyv9FAaM6snDhCmRbuVsRGVFNmXToFF8LXp+h/clcpE1wm12elxsUyjjwcwTGcAoEqNOAKmtACBkN4gCd49qT36L14r4vWnLecOYQf8N4+AapUjgw=</latexit>

¥ Bohr-Weisskopf effect !
<latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit><latexit sha1_base64="SdO7sxJQEnsE4/djP8Q+ZfZ4q00=">AAAB73icdVBNSwMxEM3Wr1q/qh69BIvgqSRFbHsrevFYwdZCu5RsOtuGZrNrkhVK6Z/w4kERr/4db/4bs20FFX0w8Hhvhpl5QSKFsYR8eLmV1bX1jfxmYWt7Z3evuH/QNnGqObR4LGPdCZgBKRS0rLASOokGFgUSboPxZebf3oM2IlY3dpKAH7GhEqHgzDqp04PECBmrfrFEyoQQSinOCK2eE0fq9VqF1jDNLIcSWqLZL773BjFPI1CWS2ZMl5LE+lOmreASZoVeaiBhfMyG0HVUsQiMP53fO8MnThngMNaulMVz9fvElEXGTKLAdUbMjsxvLxP/8rqpDWv+VKgktaD4YlGYSmxjnD2PB0IDt3LiCONauFsxHzHNuHURFVwIX5/i/0m7UqakTK/PSo2LZRx5dISO0SmiqIoa6Ao1UQtxJNEDekLP3p336L14r4vWnLecOUQ/4L19ApnHkFY=</latexit>
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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where the Þrst term is the so-calledirreduciblepart, the second
is thereducible, and the third one is thevertexcontribution.
The self-energy operator# (" ), its derivatived# (" )/d " , the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperÞne splitting. Notations are the same as in
Fig. 1.

interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperÞne splitting. Notations are the same as in
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interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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FIG. 1. Feynman diagrams representing the self-energy correc-
tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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where the Þrst term is the so-calledirreduciblepart, the second
is thereducible, and the third one is thevertexcontribution.
The self-energy operator# (" ), its derivatived# (" )/d " , the

FIG. 2. Feynman diagrams representing the vacuum polarization
correction to the hyperÞne splitting. Notations are the same as in
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interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous

062502-3

GROUND-STATE HYPERFINE SPLITTING FOR Rb, Cs, . . . PHYSICAL REVIEW A96, 062502 (2017)
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tion to the hyperÞne splitting. The wavy line indicates the photon
propagator and the double line indicates the bound-electron wave
functions and propagators in the effective potential comprising the
Coulomb and screening potentials. The dashed line terminated with
the triangle denotes the hyperÞne interaction.

ions where one can use the pure Coulomb potential as the
zeroth-order approximation (the original Furry picture), for
neutral atoms the calculations begin with a local screening
potential (the extended Furry picture). In this work we employ
the core-Hartree and Kohn-Sham potentials, Eqs. (4) and (5),
respectively. In this section we evaluate the self-energy and
vacuum polarization corrections within the extended Furry
representation for the hyperÞne structure intervals for the
ground states of Rb, Cs, Ba+ , Fr, and Ra+ .

The complete gauge invariant set of diagrams that need to
be considered are shown in Figs.1 and2 for the self-energy
and vacuum polarization corrections, respectively. The formal
expressions for these diagrams from the Þrst principles of
QED are derived by employing the two-time GreenÕs function
method [45]. The correction due to the self-energy diagrams
may be written as
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interelectronic-interaction operatorI (%), and the hyperÞne
operatorT0 are deÞned in a similar way as in Refs. [46Ð48],
and u = 1 $ i 0 preserves the proper treatment of poles of
the electron propagators. The self-energy corrections given by
Eq. (8) suffer from ultraviolet divergences. In order to cancel
these divergences explicitly we have employed the standard
renormalization scheme, details of which may be found, e.g.,
in Ref. [49]. The infrared divergences which occur in the
reducible and vertex terms are regularized by introducing a
nonzero photon mass and are canceled analytically.

Now let us turn to the vacuum polarization correction to the
hyperÞne splitting. The corresponding diagrams are depicted
in Fig. 2 and provide the following contribution,
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where the Þrst term is theelectric-looppart and the second
is themagnetic-loopcontribution. The electric-Þeld-induced
Uel

VP and the magnetic-Þeld-inducedUml
VP vacuum polarization

potentials are deÞned in a similar way as in Ref. [50].
In order to regularize the ultraviolet divergence terms one
has to decompose these potentials into the Uehling and the
Wichmann-Kroll parts. Only the Uehling part contains the
divergent terms, and these may be completely removed using
the standard renormalization procedure [49]. In this work
we have rigorously evaluated the Uehling parts for both the
electric- and magnetic-loop contributions. We assume that the
ratio of the Uehling and higher-order Wichmann-Kroll terms
for neutral atoms remains similar to the case for hydrogenlike
ions. Rigorous calculations [51] of the vacuum polarization
correction in hydrogenlike ions reveal that the Wichmann-
Kroll term increases with nuclear charge and reaches 10% of
the Uehling term for the heaviest ions considered (Z = 83).
Here, we do not account for the Wichmann-Kroll terms, since
the uncertainty in the treatment of the screening effects is larger
than the estimated contribution of these terms.

In Table III we present our results for the QED radiative
corrections to the hyperÞne structure intervals. Our calcula-
tions were performed for Þnite nuclear charge (Fermi distribu-
tion) and Þnite nuclear magnetization (uniformly magnetized
sphere). Overall our Kohn-Sham results for Rb, Cs, and Fr
are in good agreement with the results of Ref. [19]. For the
vacuum polarization correction, the small deviation is due
to the Þnite nuclear magnetization effect accounted for in
our values. For the case of the self-energy, the calculations
are much more involved and the difference can be explained
by numerical uncertainties. The QED corrections amount to
$ 0.2% for Rb,$ 0.4% for Cs and Ba+ , and$ 0.6% for Fr and
Ra+ . The size of these corrections is signiÞcant and on the
level of correlation uncertainties, as we will see in Sec.V. The
variation in results found in CH and KS potentials is within
20%, giving an indication of the sensitivity of QED effects to
different treatment of electron screening.

In order to determine the total QED radiative corrections to
the hyperÞne splitting, we will apply the same relative QED
correctionsF QED found in the core-Hartree approximation to
the Þnal many-body results presented in Sec.V. We estimate
the error associated with this scaling procedure using two
methods as follows. First, based on the results of rigorous
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Bohr-Weisskopf (BW) e$ect

HyperÞne structure

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8

single-particle -0.21 -1.0 -1.3 -2.8

single-particle (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections 
(%) to s-state 

hyperÞne 
constants 

2

where ! 0 is a normalization factor, c is the half-density
radius, and a is deÞned viat ! 4a ln 3 = 2 .3 fm.

In Eq. (2), ! is the correlation potential, through
which the dominating core-valence correlations are in-
cluded. This may be calculated to second order of per-
turbation theory [ 21] (! (2) ), or to all orders using the
Feynman technique [23] (! ( ! ) ). To partially estimate
the contribution of missed correlation e" ects, we intro-
duce scaling factors,! " " ! , chosen to reproduce exper-
imental energies (see, e.g., [26]). The accuracy is already
very high, so" # 1 (for Fr, " s $ 0.994). To avoid double-
counting, all e" ects must be included prior to the scaling,
including the radiative quantum electrodynamics (QED)
e" ects. We account for these by adding the potential
Vrad [29] into Eq. ( 2). The QED e" ects are included via
Vrad only for the scaling of ! . A di " erent approach is
required to include QED e" ects into the A calculations;
we take these corrections from Ref. [30] (see also [31]).

Including the hyperÞne interaction, the single-particle
core orbitals are perturbed as# " # + $# (and %"
%+ $%). This leads to a perturbation, $Vhfs , to the HF
potential known as core polarization. To account for this,
the set of equations,

(hHF+B %%c)$#c = %(hhfs + $Vhfs %$%c)#c, (4)

is solved self-consistently for all core orbitals. Then, the
hyperÞne matrix elements for an atom in statev are cal-
culated as&&v |hhfs + $Vhfs |&v ' , which includes core polar-
ization to all orders [21, 32]. We also include small (! 1%)
corrections due to non-linear combinations of the corre-
lation and hyperÞne interactions, the so-called structure
radiation (SR) and normalization of states (NS) [21].

Nuclear magnetization distributionÑ The nuclear
magnetization distribution, described by F (r ), gives an
important contribution to the hyperÞne structure known
as the Bohr-Weisskopf (BW) e" ect [13]. For heavy atoms,
it is standard to model the nucleus as a ball of uniform
magnetization, with

FBall (r ) = ( r/r N )3 for r < r N , (5)

and FBall = 1 for r ( r N , where r N =
!

5/ 3r rms .
Here, we use a more accurate nuclear single-particle

model, that has been used in studies of QED e" ects in
one- and few-electron ions [14Ð16, 33]. For odd isotopes,
we take the distribution as presented in Ref. [16]:

FI (r ) = FBall (r )
"
1 %$FI ln( r/r N ) # (rN %r )

#
, (6)

which includes the leading nuclear e" ects, though ne-
glects corrections such as the spin-orbit interaction (see
Ref. [34]). Here, # is the Heaviside step function, and

$FI =

$
%%&

%%'

3(2I %1)
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4(I + 1) gL %gS

gI I
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(7)
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FIG. 1. Radial dependence of the hyperÞne operator (1),
with magnetization distribution as modeled for Fr by: a point-
like nucleus, a ball of constant magnetization, and the single-
particle model.

with I , L , and S respectively being the total, orbital, and
spin angular momentum for the unpaired nucleon [16],
gL = 1(0) for a proton(neutron), and gI = µ/ (µN I ) is
the nuclear g-factor with µN the nuclear magneton. The
e" ective spin g-factor, gS , is determined from the exper-
imental gI value using the formula:

gI =
1
2

(

gL + gS + ( gL %gS)
L (L + 1) %S(S + 1)

I (I + 1)

)

. (8)

For doubly-odd nuclei with both an unpaired proton
and neutron, the F (r ) distribution can be expressed via

gI FI (r ) = ' g!
I F !

I ! (r ) + (1 %' ) g"
I F "

I " (r ), (9)

whereF ! / "
I is the unpaired proton/neutron function ( 6),

' =
1
2

*
1 +

I ! (I ! + 1) %I " (I " + 1)
I (I + 1)

+
, (10)

and the total nuclear spin is the sum of that of the un-
paired proton and neutron: I = I ! + I " .

For the Fr isotope chain betweenA = 207Ð213, the pro-
ton conÞguration remains unchanged [35], and the pro-
ton g-factor for an even nucleus can be taken as that of
a neighboring odd nucleus [15]. For the unpaired neu-
tron, we determine g"

I from the experimental gI and the
assumedg!

I and g!
S using Eq. (8) with L, S " I ! ," . The

resulting distributions are shown for 211,212Fr in Fig. 1.
The relative BW correction, (, is deÞned via:

A [FI ] = A [1] (1 + () , (11)

where A [FI ] is calculated using the single-particle model
(F = FI ), while A [1] is calculated assuming a pointlike
magnetization distribution ( F = 1); both include the Þ-
nite charge distribution. Our calculations of ( are pre-
sented in Table I. The ( values are quite stable, and de-
pend only very weakly on correlation e" ects [36Ð38].

To test the accuracy of the nuclear models, we express
Eq. (11) as A = gI a0(1+ $)(1+ () [19], where$ is the cor-
rection due to the nuclear charge distribution. Then,a0 is

F(r)/r2 for francium

F (r ) =
! r

r m

" 3
#
1 ! 3 ln

! r
r m

" µN

µ

$
!

2I ! 1
8(I + 1)

gS +
2I ! 1

2
gL

%&
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gS found from measured nuclear 
magnetic moment using Lande factor 

for I=L+1/2

Single-particle model:

Expression for F(r):    Volotka et al., PRA (2008)
Ginges, Volotka, Fritzsche , PRA (2017)

! =

! r m

0 drf (r )g(r )[F (r ) ! 1]/r 2

! !
0 drf (r )g(r )/r 2
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Bohr-Weisskopf (BW) e$ect

HyperÞne structure

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8

single-particle -0.21 -1.0 -1.3 -2.8

single-particle (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections 
(%) to hyperÞne 

constants 

2

where ! 0 is a normalization factor, c is the half-density
radius, and a is deÞned viat ! 4a ln 3 = 2 .3 fm.

In Eq. (2), ! is the correlation potential, through
which the dominating core-valence correlations are in-
cluded. This may be calculated to second order of per-
turbation theory [ 21] (! (2) ), or to all orders using the
Feynman technique [23] (! ( ! ) ). To partially estimate
the contribution of missed correlation e" ects, we intro-
duce scaling factors,! " " ! , chosen to reproduce exper-
imental energies (see, e.g., [26]). The accuracy is already
very high, so" # 1 (for Fr, " s $ 0.994). To avoid double-
counting, all e" ects must be included prior to the scaling,
including the radiative quantum electrodynamics (QED)
e" ects. We account for these by adding the potential
Vrad [29] into Eq. ( 2). The QED e" ects are included via
Vrad only for the scaling of ! . A di " erent approach is
required to include QED e" ects into the A calculations;
we take these corrections from Ref. [30] (see also [31]).

Including the hyperÞne interaction, the single-particle
core orbitals are perturbed as# " # + $# (and %"
%+ $%). This leads to a perturbation, $Vhfs , to the HF
potential known as core polarization. To account for this,
the set of equations,

(hHF+B %%c)$#c = %(hhfs + $Vhfs %$%c)#c, (4)

is solved self-consistently for all core orbitals. Then, the
hyperÞne matrix elements for an atom in statev are cal-
culated as&&v |hhfs + $Vhfs |&v ' , which includes core polar-
ization to all orders [21, 32]. We also include small (! 1%)
corrections due to non-linear combinations of the corre-
lation and hyperÞne interactions, the so-called structure
radiation (SR) and normalization of states (NS) [21].

Nuclear magnetization distributionÑ The nuclear
magnetization distribution, described by F (r ), gives an
important contribution to the hyperÞne structure known
as the Bohr-Weisskopf (BW) e" ect [13]. For heavy atoms,
it is standard to model the nucleus as a ball of uniform
magnetization, with

FBall (r ) = ( r/r N )3 for r < r N , (5)

and FBall = 1 for r ( r N , where r N =
!

5/ 3r rms .
Here, we use a more accurate nuclear single-particle

model, that has been used in studies of QED e" ects in
one- and few-electron ions [14Ð16, 33]. For odd isotopes,
we take the distribution as presented in Ref. [16]:

FI (r ) = FBall (r )
"
1 %$FI ln( r/r N ) # (rN %r )

#
, (6)

which includes the leading nuclear e" ects, though ne-
glects corrections such as the spin-orbit interaction (see
Ref. [34]). Here, # is the Heaviside step function, and

$FI =

$
%%&

%%'

3(2I %1)
8(I + 1)

4(I + 1) gL %gS

gI I
I = L + 1 / 2

3(2I + 3)
8(I + 1)
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gI I
I = L %1/ 2,

(7)
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FIG. 1. Radial dependence of the hyperÞne operator (1),
with magnetization distribution as modeled for Fr by: a point-
like nucleus, a ball of constant magnetization, and the single-
particle model.

with I , L , and S respectively being the total, orbital, and
spin angular momentum for the unpaired nucleon [16],
gL = 1(0) for a proton(neutron), and gI = µ/ (µN I ) is
the nuclear g-factor with µN the nuclear magneton. The
e" ective spin g-factor, gS , is determined from the exper-
imental gI value using the formula:

gI =
1
2

(

gL + gS + ( gL %gS)
L (L + 1) %S(S + 1)

I (I + 1)

)

. (8)

For doubly-odd nuclei with both an unpaired proton
and neutron, the F (r ) distribution can be expressed via

gI FI (r ) = ' g!
I F !

I ! (r ) + (1 %' ) g"
I F "

I " (r ), (9)

whereF ! / "
I is the unpaired proton/neutron function ( 6),

' =
1
2

*
1 +

I ! (I ! + 1) %I " (I " + 1)
I (I + 1)

+
, (10)

and the total nuclear spin is the sum of that of the un-
paired proton and neutron: I = I ! + I " .

For the Fr isotope chain betweenA = 207Ð213, the pro-
ton conÞguration remains unchanged [35], and the pro-
ton g-factor for an even nucleus can be taken as that of
a neighboring odd nucleus [15]. For the unpaired neu-
tron, we determine g"

I from the experimental gI and the
assumedg!

I and g!
S using Eq. (8) with L, S " I ! ," . The

resulting distributions are shown for 211,212Fr in Fig. 1.
The relative BW correction, (, is deÞned via:

A [FI ] = A [1] (1 + () , (11)

where A [FI ] is calculated using the single-particle model
(F = FI ), while A [1] is calculated assuming a pointlike
magnetization distribution ( F = 1); both include the Þ-
nite charge distribution. Our calculations of ( are pre-
sented in Table I. The ( values are quite stable, and de-
pend only very weakly on correlation e" ects [36Ð38].

To test the accuracy of the nuclear models, we express
Eq. (11) as A = gI a0(1+ $)(1+ () [19], where$ is the cor-
rection due to the nuclear charge distribution. Then,a0 is

F(r)/r2 for francium

F (r ) =
! r

r m

" 3
#
1 ! 3 ln

! r
r m

" µN

µ

$
!

2I ! 1
8(I + 1)

gS +
2I ! 1

2
gL

%&
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gS found from measured nuclear 
magnetic moment using Lande factor 

for I=L+1/2

Single-particle model:

Expression for F(r):    Volotka et al., PRA (2008)

Difference 0.5% 1.3%

Ginges, Volotka, Fritzsche , PRA (2017)

! =

! r m

0 drf (r )g(r )[F (r ) ! 1]/r 2

! !
0 drf (r )g(r )/r 2
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Bohr-Weisskopf (BW) e$ect

HyperÞne structure

nuclear model 133Cs 135Ba+ 211Fr 225Ra+

ball -0.71 -0.74 -2.7 -2.8

single-particle -0.21 -1.0 -1.3 -2.8

single-particle (WS, spin-orbit) -0.19(14) -1.3(4) -1.4(5) -4.3(13)

BW corrections 
(%) to hyperÞne 

constants 

2

where ! 0 is a normalization factor, c is the half-density
radius, and a is deÞned viat ! 4a ln 3 = 2 .3 fm.

In Eq. (2), ! is the correlation potential, through
which the dominating core-valence correlations are in-
cluded. This may be calculated to second order of per-
turbation theory [ 21] (! (2) ), or to all orders using the
Feynman technique [23] (! ( ! ) ). To partially estimate
the contribution of missed correlation e" ects, we intro-
duce scaling factors,! " " ! , chosen to reproduce exper-
imental energies (see, e.g., [26]). The accuracy is already
very high, so" # 1 (for Fr, " s $ 0.994). To avoid double-
counting, all e" ects must be included prior to the scaling,
including the radiative quantum electrodynamics (QED)
e" ects. We account for these by adding the potential
Vrad [29] into Eq. ( 2). The QED e" ects are included via
Vrad only for the scaling of ! . A di " erent approach is
required to include QED e" ects into the A calculations;
we take these corrections from Ref. [30] (see also [31]).

Including the hyperÞne interaction, the single-particle
core orbitals are perturbed as# " # + $# (and %"
%+ $%). This leads to a perturbation, $Vhfs , to the HF
potential known as core polarization. To account for this,
the set of equations,

(hHF+B %%c)$#c = %(hhfs + $Vhfs %$%c)#c, (4)

is solved self-consistently for all core orbitals. Then, the
hyperÞne matrix elements for an atom in statev are cal-
culated as&&v |hhfs + $Vhfs |&v ' , which includes core polar-
ization to all orders [21, 32]. We also include small (! 1%)
corrections due to non-linear combinations of the corre-
lation and hyperÞne interactions, the so-called structure
radiation (SR) and normalization of states (NS) [21].

Nuclear magnetization distributionÑ The nuclear
magnetization distribution, described by F (r ), gives an
important contribution to the hyperÞne structure known
as the Bohr-Weisskopf (BW) e" ect [13]. For heavy atoms,
it is standard to model the nucleus as a ball of uniform
magnetization, with

FBall (r ) = ( r/r N )3 for r < r N , (5)

and FBall = 1 for r ( r N , where r N =
!

5/ 3r rms .
Here, we use a more accurate nuclear single-particle

model, that has been used in studies of QED e" ects in
one- and few-electron ions [14Ð16, 33]. For odd isotopes,
we take the distribution as presented in Ref. [16]:

FI (r ) = FBall (r )
"
1 %$FI ln( r/r N ) # (rN %r )

#
, (6)

which includes the leading nuclear e" ects, though ne-
glects corrections such as the spin-orbit interaction (see
Ref. [34]). Here, # is the Heaviside step function, and

$FI =

$
%%&

%%'

3(2I %1)
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4(I + 1) gL %gS
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FIG. 1. Radial dependence of the hyperÞne operator (1),
with magnetization distribution as modeled for Fr by: a point-
like nucleus, a ball of constant magnetization, and the single-
particle model.

with I , L , and S respectively being the total, orbital, and
spin angular momentum for the unpaired nucleon [16],
gL = 1(0) for a proton(neutron), and gI = µ/ (µN I ) is
the nuclear g-factor with µN the nuclear magneton. The
e" ective spin g-factor, gS , is determined from the exper-
imental gI value using the formula:

gI =
1
2

(

gL + gS + ( gL %gS)
L (L + 1) %S(S + 1)

I (I + 1)

)

. (8)

For doubly-odd nuclei with both an unpaired proton
and neutron, the F (r ) distribution can be expressed via

gI FI (r ) = ' g!
I F !

I ! (r ) + (1 %' ) g"
I F "

I " (r ), (9)

whereF ! / "
I is the unpaired proton/neutron function ( 6),

' =
1
2

*
1 +

I ! (I ! + 1) %I " (I " + 1)
I (I + 1)

+
, (10)

and the total nuclear spin is the sum of that of the un-
paired proton and neutron: I = I ! + I " .

For the Fr isotope chain betweenA = 207Ð213, the pro-
ton conÞguration remains unchanged [35], and the pro-
ton g-factor for an even nucleus can be taken as that of
a neighboring odd nucleus [15]. For the unpaired neu-
tron, we determine g"

I from the experimental gI and the
assumedg!

I and g!
S using Eq. (8) with L, S " I ! ," . The

resulting distributions are shown for 211,212Fr in Fig. 1.
The relative BW correction, (, is deÞned via:

A [FI ] = A [1] (1 + () , (11)

where A [FI ] is calculated using the single-particle model
(F = FI ), while A [1] is calculated assuming a pointlike
magnetization distribution ( F = 1); both include the Þ-
nite charge distribution. Our calculations of ( are pre-
sented in Table I. The ( values are quite stable, and de-
pend only very weakly on correlation e" ects [36Ð38].

To test the accuracy of the nuclear models, we express
Eq. (11) as A = gI a0(1+ $)(1+ () [19], where$ is the cor-
rection due to the nuclear charge distribution. Then,a0 is

F(r)/r2 for francium

F (r ) =
! r

r m

" 3
#
1 ! 3 ln

! r
r m

" µN

µ

$
!

2I ! 1
8(I + 1)

gS +
2I ! 1

2
gL

%&
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gS found from measured nuclear 
magnetic moment using Lande factor 

for I=L+1/2

Single-particle model:

Expression for F(r):    Volotka et al., PRA (2008)

Difference 0.5% 1.3%

Ginges, Volotka, Fritzsche , PRA (2017)

"

! =

! r m

0 drf (r )g(r )[F (r ) ! 1]/r 2

! !
0 drf (r )g(r )/r 2
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133Cs 135Ba+ 211Fr 225Ra+

Many-body 9229.5 7286.8 45374 -29113

BW -17.0(131) -91.8(275) -641(244) 1267(380)

QED -35.1(58) -27.1(30) -273(56) 159(23)

Total theory 9177.4 7167.9 44460 -27687

Experiment 9192.6 7183.3 43570 -27731

Difference -15.2 -15.4 890 44

Difference (%) -0.17(16) -0.21(38) 2.0(6)(20) -0.2(14)

Calculations of hyperÞne intervals and comparison with experiment. Units: MHz

Ginges, Volotka, Fritzsche, PRA (2017)            

HyperÞne structure



Nuclear magnetic moments

HyperÞne structure

uncertainties:  

How well do we know %?  133Cs,  135Ba,  Fr isotopes,  225Ra  

negligible        1-2%         0.2%    

Our atomic theory uncertainty is 
better          can Þnd %(Fr)!  !
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Test/control BW e$ect using:"

! ratios of A for di$erent states"

! Empirical BW value extracted 
from H-like 209Bi

3

TABLE I. Literature values for the root-mean-square charge
radii ( r rms ), magnetic moments (µ), spin ( I ) and parity ( ! )
designations, and conÞgurations for the unpaired proton (! )
and neutron ( " ) for Fr nuclei. The Þnal columns show the
relative BW corrections ( #) determined in this work.

A r rms [36] µ [33] ConÞg. [33] # (%)
(fm) ( µN ) I ! ! " 7s 7p1/ 2

207 5.5720(18) 3.89(8) 9/ 2! h9/ 2 ! 1.26 ! 0.37
208 5.5729(18) 4.75(10) 7+ h9/ 2 f 5/ 2 ! 1.66 ! 0.50
209 5.5799(18) 3.95(8) 9/ 2! h9/ 2 ! 1.29 ! 0.38
210 5.5818(18) 4.40(9) 6+ h9/ 2 f 5/ 2 ! 1.67 ! 0.50
211 5.5882(18) 4.00(8) 9/ 2! h9/ 2 ! 1.32 ! 0.39
212 5.5915(18) 4.62(9) 5+ h9/ 2 p1/ 2 ! 1.77 ! 0.53
213 5.5977(18) 4.02(8) 9/ 2! h9/ 2 ! 1.33 ! 0.40

the hyperÞne constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI

factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e! ect, essentially the
same for each isotope, is absorbed here intoa0.)

We form ratios using the 7s and 7p1/ 2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

R sp !
A s

A p
"

a0
s

a0
p

(1 + ! s # ! p + "s # "p). (12)

The term in the parenthesis (less 1) is thesp hyperÞne
anomaly [18]. R sp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig.2. The isotope
dependence ofR sp is dominated by ! s (for Fr, ! s > 3! p).

Though |" | > |! |, " is modeled accurately by the charge
distribution ( 3), and changes only slightly between
nearby isotopes. We quantify possible errors in" by mak-
ing adjustments to the c and t values in Eq. (3), and Þnd
the resulting uncertainties to be negligible.

Since the proton conÞguration remains unchanged, the
di! erences inR along the isotope chain are due to the
contribution of the unpaired neutron to the BW e ! ect,
! ( ! ) (see Fig.2). Thus, we can cleanly extract ! ( ! ) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we Þnd that
we reproduce! ( ! ) to between 5 and 35%. The neutron
contributes about 30% to the total ! , see TableI.

To gauge the accuracy of the calculated proton contri-
bution to ! , we examineR for the odd isotopes. WhileR
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di! erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scaleR for
Fr by the factor # = R Expt .

sp (133Cs)/ R Th .
sp (133Cs), which

corrects the CsR value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7 s to 7p1/ 2 hyperÞne con-
stants for 207 ! 213 Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor $(133 Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
Þnd agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e! ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e! ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e ! ect to about 10%. A similar result is
reached if we instead re-scale by the Rb# factor. We
therefore conclude that the BW e! ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussionÑ In Table II , we present our
calculated hyperÞne constants for87Rb, 133Cs, and211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
A Th . /µ , however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in TableII . These
are taken as twice the di! erence between the Þtted and
unÞtted correlation potentials (Ô$" Õ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15Ð20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justiÞed by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

A(7s)/A(7p1/2) vs atomic mass for francium

Roberts and Ginges, PRL (2020)

Determined % with an uncertainty of 0.5%
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uncertainties:  

How well do we know %?  133Cs,  135Ba,  Fr isotopes,  225Ra  

negligible        1-2%         0.2%    

Our atomic theory uncertainty is 
better          can Þnd %(Fr)!  !
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TABLE I. Literature values for the root-mean-square charge
radii ( r rms ), magnetic moments (µ), spin ( I ) and parity ( ! )
designations, and conÞgurations for the unpaired proton (! )
and neutron ( " ) for Fr nuclei. The Þnal columns show the
relative BW corrections ( #) determined in this work.

A r rms [36] µ [33] ConÞg. [33] # (%)
(fm) ( µN ) I ! ! " 7s 7p1/ 2

207 5.5720(18) 3.89(8) 9/ 2! h9/ 2 ! 1.26 ! 0.37
208 5.5729(18) 4.75(10) 7+ h9/ 2 f 5/ 2 ! 1.66 ! 0.50
209 5.5799(18) 3.95(8) 9/ 2! h9/ 2 ! 1.29 ! 0.38
210 5.5818(18) 4.40(9) 6+ h9/ 2 f 5/ 2 ! 1.67 ! 0.50
211 5.5882(18) 4.00(8) 9/ 2! h9/ 2 ! 1.32 ! 0.39
212 5.5915(18) 4.62(9) 5+ h9/ 2 p1/ 2 ! 1.77 ! 0.53
213 5.5977(18) 4.02(8) 9/ 2! h9/ 2 ! 1.33 ! 0.40

the hyperÞne constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI

factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e! ect, essentially the
same for each isotope, is absorbed here intoa0.)

We form ratios using the 7s and 7p1/ 2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

R sp !
A s

A p
"

a0
s

a0
p

(1 + ! s # ! p + "s # "p). (12)

The term in the parenthesis (less 1) is thesp hyperÞne
anomaly [18]. R sp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig.2. The isotope
dependence ofR sp is dominated by ! s (for Fr, ! s > 3! p).

Though |" | > |! |, " is modeled accurately by the charge
distribution ( 3), and changes only slightly between
nearby isotopes. We quantify possible errors in" by mak-
ing adjustments to the c and t values in Eq. (3), and Þnd
the resulting uncertainties to be negligible.

Since the proton conÞguration remains unchanged, the
di! erences inR along the isotope chain are due to the
contribution of the unpaired neutron to the BW e ! ect,
! ( ! ) (see Fig.2). Thus, we can cleanly extract ! ( ! ) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we Þnd that
we reproduce! ( ! ) to between 5 and 35%. The neutron
contributes about 30% to the total ! , see TableI.

To gauge the accuracy of the calculated proton contri-
bution to ! , we examineR for the odd isotopes. WhileR
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di! erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scaleR for
Fr by the factor # = R Expt .

sp (133Cs)/ R Th .
sp (133Cs), which

corrects the CsR value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7 s to 7p1/ 2 hyperÞne con-
stants for 207 ! 213 Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor $(133 Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
Þnd agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e! ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e! ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e ! ect to about 10%. A similar result is
reached if we instead re-scale by the Rb# factor. We
therefore conclude that the BW e! ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussionÑ In Table II , we present our
calculated hyperÞne constants for87Rb, 133Cs, and211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
A Th . /µ , however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in TableII . These
are taken as twice the di! erence between the Þtted and
unÞtted correlation potentials (Ô$" Õ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15Ð20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justiÞed by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

A(7s)/A(7p1/2) vs atomic mass for francium

Roberts and Ginges, PRL (2020)

Determined % with an uncertainty of 0.5%
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TABLE I. Literature values for the root-mean-square charge
radii ( r rms ), magnetic moments (µ), spin ( I ) and parity ( ! )
designations, and conÞgurations for the unpaired proton (! )
and neutron ( " ) for Fr nuclei. The Þnal columns show the
relative BW corrections ( #) determined in this work.

A r rms [36] µ [33] ConÞg. [33] # (%)
(fm) ( µN ) I ! ! " 7s 7p1/ 2

207 5.5720(18) 3.89(8) 9/ 2! h9/ 2 ! 1.26 ! 0.37
208 5.5729(18) 4.75(10) 7+ h9/ 2 f 5/ 2 ! 1.66 ! 0.50
209 5.5799(18) 3.95(8) 9/ 2! h9/ 2 ! 1.29 ! 0.38
210 5.5818(18) 4.40(9) 6+ h9/ 2 f 5/ 2 ! 1.67 ! 0.50
211 5.5882(18) 4.00(8) 9/ 2! h9/ 2 ! 1.32 ! 0.39
212 5.5915(18) 4.62(9) 5+ h9/ 2 p1/ 2 ! 1.77 ! 0.53
213 5.5977(18) 4.02(8) 9/ 2! h9/ 2 ! 1.33 ! 0.40

the hyperÞne constant assuming a pointlike nucleus (for
both the magnetization and charge distributions) with gI

factored out. Importantly, a0 is the same for all isotopes
of a given atom [37]. (The QED e! ect, essentially the
same for each isotope, is absorbed here intoa0.)

We form ratios using the 7s and 7p1/ 2 states for each
of the considered Fr isotopes [16] (see also [18, 38, 39]):

R sp !
A s

A p
"

a0
s

a0
p

(1 + ! s # ! p + "s # "p). (12)

The term in the parenthesis (less 1) is thesp hyperÞne
anomaly [18]. R sp is independent of the nuclear mo-
ments, which for most Fr isotopes are only known to
2% [40]. A comparison between our calculations and the
experimental ratios is presented in Fig.2. The isotope
dependence ofR sp is dominated by ! s (for Fr, ! s > 3! p).

Though |" | > |! |, " is modeled accurately by the charge
distribution ( 3), and changes only slightly between
nearby isotopes. We quantify possible errors in" by mak-
ing adjustments to the c and t values in Eq. (3), and Þnd
the resulting uncertainties to be negligible.

Since the proton conÞguration remains unchanged, the
di! erences inR along the isotope chain are due to the
contribution of the unpaired neutron to the BW e ! ect,
! ( ! ) (see Fig.2). Thus, we can cleanly extract ! ( ! ) from
the ratio of R between neighboring isotopes. Comparing
our values to experimental ratios [16, 17], we Þnd that
we reproduce! ( ! ) to between 5 and 35%. The neutron
contributes about 30% to the total ! , see TableI.

To gauge the accuracy of the calculated proton contri-
bution to ! , we examineR for the odd isotopes. WhileR
does not depend on the nuclear moments, it does depend
on the electron wavefunctions, and the di! erence between
the theory and experiment is likely dominated by errors
in the electron correlations. We therefore re-scaleR for
Fr by the factor # = R Expt .

sp (133Cs)/ R Th .
sp (133Cs), which

corrects the CsR value, and amounts to a shift of smaller
than 1%. The relative correlation corrections between Cs
and Fr are similar [25], so this is expected to roughly ac-
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FIG. 2. Calculated ratios of the 7 s to 7p1/ 2 hyperÞne con-
stants for 207 ! 213 Fr using the ball and single-particle (SP)
nuclear magnetization models, and comparison with experi-
ment [17]. The odd-even staggering is due to the addition of
neutrons; the slight negative slope is due to the changing nu-
clear radius. The dashed blue line shows the calculated (SP)
ratios corrected by the factor $(133 Cs); see text for details.

count for correlation errors in R(Fr). After re-scaling, we
Þnd agreement with experiment to 0.1% (dashed line in
Fig. 2). Since the relative s-state BW e! ect is an order
of magnitude larger for Fr than for Cs [41], this provides
a good method for testing the accuracy of the Fr BW
correction. The BW e! ect contributes about 1% to R,
implying we accurately reproduce the proton contribu-
tion to the BW e ! ect to about 10%. A similar result is
reached if we instead re-scale by the Rb# factor. We
therefore conclude that the BW e! ect is calculated accu-
rately, and take the uncertainty to be 20%.

Results and discussionÑ In Table II , we present our
calculated hyperÞne constants for87Rb, 133Cs, and211Fr,
along with experimental values for comparison. Note
that for Fr the uncertainty in the calculated A is dom-
inated by that of the literature value for µ. The ratio
A Th . /µ , however, is independent of this uncertainty.

To estimate the theoretical uncertainty, we assigned
errors individually for each of the important contribu-
tions, which are presented separately in TableII . These
are taken as twice the di! erence between the Þtted and
unÞtted correlation potentials (Ô$" Õ row), and 20% for
each of the combined structure radiation and normaliza-
tion of states (SR+NS), Breit, and BW contributions.
We take QED uncertainties of 15Ð20% from Ref. [28].
This leads to theoretical uncertainties of approximately
0.6%, 0.5%, and 0.5%, for Rb, Cs, and Fr, respectively.
We believe these are conservative estimates, justiÞed by
the very good agreement between theory and experiment
for Rb and Cs (0.4% and 0.2%, respectively). Further,
recent calculations using the same method for the135Ba+

and 225Ra+ ions also have excellent agreement with ex-
periment, both with discrepancies of about 0.2% [28].

A(7s)/A(7p1/2) vs atomic mass for francium

Roberts and Ginges, PRL (2020)

Determined % with an uncertainty of 0.5%

! "



Properties

Bohr-Weisskopf e!ect

! =

! r m

0 drf (r )g(r )[F (r ) ! 1]/r 2

! !
0 drf (r )g(r )/r 2
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Relative BW correction

In the nuclear region, the electrons see the unscreened Coulomb Þeld of the nucleus. 
Since the binding energies                 , wave functions with the same angular 
dependence are proportional.

! ! V (r )
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BW effect is independent of 
principal quantum number!

Also, in the nuclear region, for 
heavy systems:

f s1/ 2 ! gp1/ 2
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For hydrogenlike ions, the simple atomic structure allows
for calculations with particularly high precision. Accurate de-
termination of the Bohr-Weisskopf effect from experiments is
therefore possible,

A 1s
expt = A 1s

0 (1 + ! 1s) + "A 1s
QED, (5)

as long as the QED contribution"A 1s
QED and the nuclear

magnetic momentÑwhich enters both terms on the right-
hand side of Eq. (5)Ñare known sufÞciently well. Indeed,
the QED contributions have been evaluated with high pre-
cision for hydrogenlike ions spanning much of the periodic
table [8,21,34,36,37,40,42,44Ð49]. The BW effect is known
to ! 1% or better from measurements with203,205Tl

80+
[9],

207Pb81+ [31], and209Bi82+ [2].

A. Electron screening

For many-electron atoms, the situation is different, and
direct extraction of the BW effect from comparison of theory
with experiment is strongly limited by uncertainties in the
atomic structure that enterA 0. We proceed by introducing an
electron screening factor,

xscr = ! / ! H-like, (6)

and express the hyperÞne constant for many-electron systems
as

A = A 0(1 + xscr ! H" like) + "A QED, (7)

where ! H" like is the BW effect for the 1s or 2p1/ 2 state of
the H-like ion of the same nucleus. For states withj > 1/ 2,
the Bohr-Weisskopf effect is essentially zero in the hydro-
genlike case, and only becomes nonzero for many-electron
atoms due to core polarization effects. The screening factors
depend only very weakly on the nuclear model and on atomic
many-body effects beyond core polarization, as we explore
further below, and they may therefore be determined with high
accuracy.

Indeed, the possibility to accurately determine such elec-
tronic screening factors forms the basis of the speciÞc
difference approach for removal of the BW effect in tests of
QED, which has been formulated for Li-like ions and imple-
mented for Li-like Bi [3,21,50].

It is worth noting that QED corrections"A QED to the hy-
perÞne structure for many-electron atoms may be rigorously
evaluated, with uncertainties well below those connected to
nuclear structure evaluation of the BW effect. Calculations
have been performed for the ground states of the alkali-metal
atoms in Ref. [41], and for the lowest-lyingp1/ 2 and p3/ 2
states in Refs. [42,49]. High-precision calculations of the hy-
perÞne structure for the ground states of Rb, Cs, Ba+ , Fr, and
Ra+ were carried out in Ref. [24], and the QED corrections
evaluated with uncertainties amounting to only 0.1% or less
of the hyperÞne constants.

To elucidate the behavior of the electron wave functions at
small distances and the BW effect, consider the single-particle
Dirac equation (HD " #)$ = 0, where

HD = c! áp + (%" 1)c2 + V, (8)

with p the electron momentum operator,%a Dirac matrix, and
V the sum of nuclear and electronic potentials. We express the

single-particle electron orbitals as

$n&m(r) =
1
r

!
fn&(r ) ' &m(n)

ign&(r ) ' " &,m(n)

"
, (9)

where f and g are the large and small radial components
of the orbital [normalized as

#
( f 2 + g2) dr = 1], ' are

two-component spherical spinors,n is the principal quan-
tum number, and& = (l " j )(2j + 1) is the Dirac quantum
number (with j and l the total and orbital angular momen-
tum quantum numbers, andm = jz). Then, for a spherically
symmetric potentialV (r ), the single-particle radial Dirac
equation may be expressed for a given& as

$
V(r ) " # c(&/ r " ( r )

c(&/ r + ( r ) V (r ) " # " 2c2

%$
fn&
gn&

%
= 0. (10)

The Bohr-Weisskopf effect can be seen via Eqs. (1) and (4)
to depend on the factorF (r ) " 1, which is nonzero only inside
the nucleus:

! n& =

#rm

0 fn&(r )gn&(r ) [F (r ) " 1]/ r 2 dr
#

fn&(r )gn&(r )/ r 2 dr
. (11)

At small radial distances,r # a0/Z, the electronic screen-
ing potential is negligible, andV $ " Z/ r . It is seen from
Eq. (10) that for a given& the only state dependence comes
from the energy#. Since|V| % |#|, the electron wave func-
tions for each angular symmetry differ only by a multiplicative
constant in this region, determined by the normalization of
the wave function. This applies to states of different principal
quantum numbern of the same atom, and is valid across all
degrees of ionization of the atom, from neutral to H-like. In
the context of the Bohr-Weisskopf effect, this behavior has
been exploited in the formulation of the speciÞc difference
[21] and ratio [22] methods, and then independence of the
BW effect has been observed experimentally in neutral85,87Rb
[51,52].

Note furthermore that in the nuclear region the potential
|V| % mc2, and there is a symmetry between thef& andg&&

components with&&= " &, as may be seen from Eq. (10).
Therefore, in this regionfs1/ 2 ' gp1/ 2 and fp1/ 2 ' gs1/ 2, and the
integrand in the numerator of Eq. (11) for s andp1/ 2 states is
different only by a numerical factor. The above consideration
means that the nuclear magnetization effects in atoms (and
molecules) may be related fundamentally to the BW matrix
element for the 1s state of the H-like system, a point that was
highlighted in a recent work by Skripnikov [23] in which the
theory for molecules was set out and applied to RaF.

Though thes-state Bohr-Weisskopf effect depends only
weakly on correlation effects, the many-body effect known
as core polarization (hyperÞne correction to the states in the
atomic core) gives an important contribution, particularly for
states withl > 0 [53]. We include this effect in the calcula-
tions via the relativistic time-dependent Hartree-Fock (TDHF)
method, equivalent to the random-phase approximation with
exchange. Calculations are performed in theVN" 1 approxima-
tion (N refers to the total number of electrons in the system),
with the N " 1 core electrons solved for self-consistently in
the average potential formed by the remaining core electrons.
Thallium is also treated using this approach, with the 6s2 sub-
shell relegated to the core. Without core polarization, this is
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TABLE III. Summary of results for the line centers of the hyperÞne components of the 6s ! 12s and 6s ! 13s transitions, and the state
energiesEcg/ h of the 12s, 13s, 11d3/ 2, and 11d5/ 2 states of133Cs. The numbers in parentheses following each value are the 1! standard error
of the mean in the least signiÞcant digits.

Ecg/ h (MHz)

Line " 33 (MHz) " 44 (MHz) This work Prior expt. [36]

6s ! 12s 444 726 731.369 (22) 444 722 187.689 (19) 889 448 351.098 (29) 889 448 348.5 (60)
6s ! 13s 450 227 707.055 (13) 450 223 147.601 (15) 900 450 284.724 (20) 900 450 282.0 (60)
6s ! 11d3/ 2 896 269 630.698 (65) 896 269 624.7 (60)
6s ! 11d5/ 2 896 365 856.56 (24) 896 365 852.6 (60)

while the difference gives the hyperÞne coupling constant

Ahfs,ns = Ahfs,6s " 1
2{" 33 " " 44}. (5)

We have includedEcg/ h in TableIII . The values of the state
energiesEcg/ h are in agreement with, but more precise by a
factor of a few hundred than the previous determination [36].

We show our results for the hyperÞne coupling constants
Ahfs,12s and Ahfs,13s in Table IV. The relative uncertainty of
each is smaller than 0.06%. We also present in TableIV
values of these coupling constants measured previously using
level-crossing spectroscopy [24,25]. Their results agree with
our results well within their uncertainties. Our uncertainties
are smaller by a factor of almost 10. There are two theoretical
values ofAhfs,12s available for comparison. The authors of
Ref. [37] used the Dirac-Fock wave functions, with third-
order many-body perturbation theory, and a coupled-cluster
method in single and double approximations. Their result
differs by 0.14% from our value. The theoretical calculations
of Gingeset al. [16] is in better agreement with our value,
differing by slightly less than their estimated uncertainty of
0.08%. ForAhfs,13s, the result of Ref. [16] is in similar good
agreement with our value, consistent to within less than the
combined estimated uncertainties.

III. 11 d 2D3/ 2 and 11d 2D5/ 2 MEASUREMENTS

We used a similar procedure to measure the hyperÞne
structure of the 11d3/ 2 and 11d5/ 2 levels at a wavelength of

TABLE IV. Summary of results for the hyperÞne coupling con-
stantsAhfs of the 12s, 13s, 11d3/ 2, and 11d5/ 2 states of133Cs. The
numbers in parentheses following each value are the 1! standard
error of the mean in the least signiÞcant digits. The techniques
employed in Refs. [38] and [39] yielded the magnitude ofAhfs, but
not its sign. Therefore, we have listed these results preceded by the
Ò± Ó sign.

Ahfs (MHz)

Experiment Theory

State This work Prior expt. Ref. [37] Ref. [16]

12s 26.318 (15) 26.31 (10) [24] 26.28 26.30 (2)
13s 18.431 (10) 18.40 (11) [25] 18.42 (1)
11d3/ 2 + 1.0530 (69) ± 1.055 (15) [38] 1.06

± 1.05 (4) [39]
11d5/ 2 " 0.21 (6) ± 0.24 (6) [38] " 0.142

# = 668.98 and 668.91 nm, respectively. The most signiÞcant
differences between these measurements and those of the 12s
and 13sstates are that the 11d lines are somewhat stronger, the
hyperÞne structure is more interesting (four or Þve hyperÞne
components within each spectrum), and the hyperÞne splitting
is much smaller. We show an energy level diagram of the
11d3/ 2 and 11d5/ 2 states in Fig.6.

We show sample spectra in Fig.7. The upper two spectra
are 6s, F ! 11d3/ 2, F#, with F = (a) 4 and (b) 3, while the
lower spectra are 6s, F ! 11d5/ 2, F#, with F = (c) 4 and (d)
3. Selection rules for these two-photon transitions allow|$ F|
up to 2. The vertical lines in Fig.7 show the positions of the
individual components of these transitions, with the height
of the lines indicating the calculated relative strength of the
transition, andF# labeled for each. Some of the individual
peaks in the 11d3/ 2 spectra are resolved. We Þt a multicom-
ponent line shape to the measured spectra, using computed
values for the relative spacing and heights of the individual
components, and show the results as the green solid lines in
the Þgures. The only adjustable parameters for these Þts are
the line center frequency, the linewidth of individual lines, the
hyperÞne coupling constantAhfs, the baseline, and an overall
peak height.

For the 6s, F ! 11d5/ 2, F# spectra, shown in Figs.7(c)
and 7(d), the spacing between the hyperÞne components of
the transition is much smaller than the linewidth of the in-

FIG. 6. Energy level diagram showing the hyperÞne components
of the 11d3/ 2 and 11d5/ 2 states in cesium. Not shown here is the
ground state from which we excite the cesium atoms. Note that
the 11d5/ 2 state is inverted, with the level energy decreasing with
increasingF#. The energy spacings of the 11d3/ 2 state are not drawn
to scale with the energy spacings of the 11d5/ 2 state, nor is the
Þne-structure interval between the 11d3/ 2 and 11d5/ 2 states to scale.
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Differential hyperÞne anomaly

A (1) / A (2) = g(1)
I /g (2)

I (1 + 1 ! 2)
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TABLE I. Bohr-Weisskopf corrections! and hyperÞne anomalies1" 2 calculated in the ball and single-particle (SP) nuclear magnetization
models for the lowest states of several atoms of interest, and comparison with experimental differential anomalies.A is the atomic mass number
for the isotope, andI # is the nuclear spin and parity.

Isotope 1 Isotope 2 Differential anomaly1" 2 (%)

A I# ! Ball (%) ! SP (%) A I# ! Ball (%) ! SP (%) Ball SP Expt. [59]

37Rb 5s1/ 2 85 5/ 2! ! 0.306 0.044 87 3/ 2! ! 0.306 ! 0.278 ! 0.001 0.323 0.35142(30)
86 2! ! 0.306 ! 0.139 0.000 0.183 0.17(9)

47Ag 5s1/ 2 107 1/ 2! ! 0.497 ! 4.20 103 7/ 2+ ! 0.493 ! 0.347 ! 0.018 ! 3.88 ! 3.4(17)
109 1/ 2! ! 0.498 ! 3.78 0.007 ! 0.431 ! 0.41274(29)

55Cs 6s1/ 2 133 7/ 2+ ! 0.716 ! 0.209 131 5/ 2+ ! 0.716 ! 0.596 ! 0.001 0.389 0.45(5)a

135 7/ 2+ ! 0.716 ! 0.247 0.002 0.039 0.037(9)b

134 4+ ! 0.716 ! 0.371 0.000 0.163 0.169(30)

56Ba+ 6s1/ 2 135 3/ 2+ ! 0.747 ! 1.03 137 3/ 2+ ! 0.747 ! 1.03 0.001 0.001 ! 0.191(5)
70Yb+ 6s1/ 2 171 1/ 2! ! 1.37 ! 2.41 173 5/ 2! ! 1.38 ! 1.79 0.014 ! 0.618 ! 0.425(5)
79Au 6s1/ 2 197 3/ 2+ ! 1.97 15.5 199 3/ 2+ ! 1.97 7.47 0.013 7.48 3.64(29)
80Hg+ 6s1/ 2 199 1/ 2! ! 2.04 ! 3.57 201 3/ 2! ! 2.05 ! 2.20 0.016 ! 1.39 ! 0.16257(5)
81Tl 7s1/ 2 203 1/ 2+ ! 2.13 ! 2.13 205 1/ 2+ ! 2.13 ! 2.13 0.015 0.015 0.0294(81)c

81Tl 6p1/ 2 203 1/ 2+ ! 0.780 ! 0.780 205 1/ 2+ ! 0.781 ! 0.781 0.005 0.005 0.01035(15)

aReference [69].
bReference [70].
cReference [71].

III. DIFFERENTIAL HYPERFINE ANOMALY

The differential hyperÞne anomaly1" 2 is deÞned via the
ratio of the hyperÞne constants for different isotopes of the
same atom (see, e.g., Ref. [59]):

A (1)

A (2)
=

g(1)
I

g(2)
I

!
1 + 1" 2"

. (7)

This quantity, which is a measure of the deviation of the
hyperÞne structure from the case of a pointlike nucleus, may
be found with high accuracy from experiment, provided the
nuclear magnetic moments are known well and determined
independently of the hyperÞne measurements [59]. As for the
theoretical determination of1" 2, the correlation corrections
beyond RPA that contribute to the hyperÞne constantsA (1)

and A (2) cancel in the ratio [66,68], making the electronic
structure calculations robust at the level of RPA and of high
accuracy. Note that there is a strong cancellation of the BR
corrections in the differential anomaly,$(1) ! $(2). For nuclei
with different spins, the differential hyperÞne anomaly is typ-
ically dominated by the BW effect [59],

1" 2 " ! (1) ! ! (2). (8)

The comparison of calculated and measured hyperÞne anoma-
lies therefore presents a powerful test of the validity of nuclear
magnetization models.

In Table I we present our results for the BW effects and
differential hyperÞne anomalies obtained using the ball (2)
and single-particle (3) models. The numerical accuracy for the
BW calculations is better than 1%, well below the model un-
certainty. We present results for the lowest states of systems of
interest for atomic parity violation and electric dipole moment
studies, and we also present results for Ag and Au, which
may be treated as single-valence-electron systems and for
which the BW effects and hyperÞne anomalies are particularly

large. The anomaly is calculated using Eq. (7) rather than
Eq. (8), which means that the small differential BR effect is
included. The calculated values for1" 2 are compared against
available experimental data [59]. Note that the uncertainties
in the measured values are dominated by uncertainties in the
nuclear magnetic moments [72].

We draw attention to several points. First, the BW correc-
tion is a signiÞcant effect, typically entering at the level of
several 0.1% to several 1% for the considered systems. For
Ag and Au the effect is even larger, contributing at around
10% for Au. Second, the ball and single-particle models often
lead to substantially different BW effects. For85Rb and133Cs,
the difference is as large as 0.4% and 0.5%, respectively,
matching or exceeding the atomic structure theory uncertainty
[28,30]. Finally, from a comparison of the calculated and
measured hyperÞne anomalies in TableI, it is seen that the
nuclear SP model leads to substantially better agreement with
experiment for the majority of cases. The agreement is partic-
ularly good for isotopes of Rb, Cs, and Ag, and is reasonably
good for Yb+ . Our results for Au reproduce the (atypical)
sign and large size of the effect, and agree well with the SP
results of recent atomic many-body calculations [73]. We note
that in Ref. [73] it was found that the BW effect for197Au
in the SP model is too large to be consistent with a value
directly extracted from the measured hyperÞne constant, and
our own calculations, including correlation corrections, agree
with this conclusion. In the ball model, the only difference
in the BW effect between isotopes comes from changing the
nuclear radius, similarly to the differential BR effect, so the
calculated anomaly is always small and the model generally
cannot produce the observed anomalies.

Recently, we considered the case of Fr in detail, and we
demonstrated using ÒdoubleÓ differential hyperÞne anoma-
lies [74] that the single-particle model works very well for
both odd and doubly-odd isotopes between 207 and 213 [30]
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Gives the difference in the BW effect for different isotopes.

Roberts and Ginges, PRA (2021)
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Accurate empirical BW effect from H-like ion measurements,

A 1s
expt = A 1s

0 (1 + ! 1s) + "A 1s
QED
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BW effect with            precision from 
measurements with H-like  203,205Tl, 207Pb, 209Bi. 
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H-like ion result may be used to determine 
the BW effect in many-electron atoms!
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electronic 
screening factor

For s states,                , the uncertainty is 
negligible, and         is independent of the 
nuclear model!  

Nuclear structure uncertainty is entirely 
removed from atomic calculations!
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TABLE III. Differential hyperÞne anomaly203! 205 (%) for the
1s and 2p1/ 2 states of H-like Tl, and the 6p1/ 2 and 7s states of
neutral Tl. The values ÒSPÓ and ÒVia 1sÓ are results of this paper, the
former found in the single-particle model and the latter found using
the measured H-like 1s result from TableII ; measured values are
presented under ÒExperiment.Ó We do not show the extracted value
for 1s1/ 2, since this matches the experimental value by deÞnition.

SP Via 1s Experiment

H-like 1s1/ 2 0.014 0.032(12) [9] (2001)
2p1/ 2 0.004 0.008(4)

Neutral 6p1/ 2 0.005 0.012(6) 0.01036(3) [57] (1956)
0.0121(47) [58] (2012)

7s1/ 2 0.014 0.034(14) 0.0294(81) [58] (2012)

Nuclear magnetic radius

In the modeling of the nuclear magnetization distribution,
the nuclear magnetic radius is often taken to correspond to
that of the charge radius; in particular their root-mean-square
radii are taken to be the same. However, this is a rough ap-
proximation, as typically the magnetization distribution does
not come from the bulk of the nucleus; it arises largely from
unpaired nucleons. Following a recent similar study by Pros-
nyak et al. [56] (and earlier works on H-like185,187Re [61],
H-like 203,205Tl [9], and muonic203,205Tl and 209Bi [62]), we
introduce an effective magnetic radius,rm, into Eqs. (2) and
(3) for F (r ), that is deÞned as the value required to reproduce
the observed magnetic hyperÞne anomalies. In general, this
radius will depend on the model used forF (r ), and it also
has some dependence on the modeling of the charge distribu-
tion. Below, we will demonstrate this method using203Tl and
205Tl.

We proceed in two independent ways. First, we Þnd the
value of rm that reproduces the observeds-state BW effect
for the 203,205Tl hydrogenlike ions, accounting for the QED
effects as above [Eq. (5)]. These results depend on values
of individual magnetic moments, which we take from the
compilation of Stone [63]. This is shown by the horizon-
tal and vertical black lines in Fig.2. We then consider the
6p1/ 2 and 7s1/ 2 differential hyperÞne anomalies for the neutral
atoms. By Þxing the magnetic radius for one isotope, we
may deduce that required for the other isotope in order to
reproduce the observed anomaly. The differential anomaly is
particularly sensitive to the difference in the squared mag-
netic radii of the two isotopes [9,53,56], but cannot on its
own lead to a determination of either magnetic radius, as
can be seen in the diagonal lines in Fig.2. Note that the
differential anomaly depends on the ratio of the magnetic
momentsµ (205Tl)/µ (203Tl) = 1.009 836 13(6) [64], which is
known to higher precision than the individual moments [65].
By combining the two sets of results from hydrogenlike and
neutral atom data, the effective nuclear magnetic radii may be
accurately determined.

The two lines from the neutral 6p and 7s anomalies in
Fig. 2 agree precisely, with smaller error bars for the 6p
data. Note that this coincidence is not guaranteed, as the
lines are calculated independently. Indeed, at the Hartree-Fock
level (i.e., without core polarization), the two lines do not
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FIG. 2. Magnetization radius (in units of the reference radius
rc =

!
5/ 3rrms) for 203,205Tl, as constrained by measurements of

the H-like Bohr-Weisskopf effect (TableII ) and the neutral-atom
differential hyperÞne anomaly (TableIII ). Solid black lines are from
experimental BW effect for203,205Tl

80+
. Diagonal colored lines relate

rm for 203Tl and205Tl deduced from experimental hyperÞne anomaly
for 6p1/ 2 (magenta) and 7s1/ 2 (blue) states. Uncertainties are indi-
cated by shaded regions.

coincide. The shaded regions in the plot represent the (1" )
uncertainties. For the hydrogenlike ions, the uncertainty is
dominated by that attributed to the QED calculations. For
the neutral systems, the uncertainty comes both from the
experimental determination of the anomalies and from the
theoretical calculations connected mostly to the account of
many-body effects. In particular, the former dominates the
7s result, and the latter dominates the 6p1/ 2. Our results
give the following values for the effective magnetic radii:
rm/ rc = 1.077(3) for 203Tl, and rm/ rc = 1.083(3) for 205Tl,
and their ratiorm(205Tl)/ rm(203Tl) = 1.0057(5). Our results
for individual magnetic radii are smaller than those found
in Ref. [56], while the inferred difference in the squared
rms magnetic radii agrees with previous works [9,56]; the
deviation could be explained by the different modeling of
the nuclear charge distribution. As a Þnal consistency check,
we calculate the BW effect for 6p1/ 2 and 7s states of neutral
Tl using the deduced effective magnetic radii. For203Tl we
Þnd #(6p) = " 0.886% and#(7s) = " 2.41%, and for205Tl
we Þnd#(6p) = " 0.893% and#(7s) = " 2.43%, in excellent
agreement with the BW values determined from hydrogenlike
measurements, shown in TableII .

IV. CONCLUSION

We propose a joint theoretical and experimental scheme
to accurately extract the Bohr-Weisskopf effect from H-like
ions for use in calculations with heavy atoms. Using the
presented method, the BW effect for many-electron atoms
may be determined with high accuracy from a measurement
of the ground-state hyperÞne structure for the corresponding
hydrogenlike ion. This method allows one to remove nuclear
uncertainties from calculations of the hyperÞne structure, and
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Accurate modelling of the Þnite magnetization distribution 
in atomic nuclei is important for

¥ HyperÞne comparisons

- Tests of atomic wave functions in the nuclear region

- Reducing APV theory uncertainty to 0.1%

¥ Nuclear structure theory

¥ Determination of nuclear moments

¥ Probing the neutron distribution

¥ Tests of quantum electrodynamics

Summary


