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Multi-electron atomic systems

Electromagnetic  interaction (long-range):

• Mediated by photon (massless)

• Strength scales ~ Z

• Parity is a good quantum number  

• Requires many-body methods to solve

Non-relativistic:  𝑯𝒂𝒕
𝑵𝑹 = σ𝒊

𝒑𝒊
𝟐

𝟐𝒎𝒆
+ 𝑽𝑵 𝒓𝒊 +

𝟏

𝟐
σ𝒊,𝒋

𝟏

|𝒓𝒊−𝒓𝒋|

Relativistic:  𝑯𝒂𝒕
𝑹𝒆𝒍 = σ𝒊 𝒄 𝜶𝒊 ⋅ 𝒑𝒊 + 𝜷𝒊𝒎𝒆𝒄

𝟐 + 𝑽𝑵 𝒓𝒊 +
𝟏

𝟐
σ𝒊,𝒋

𝟏

|𝒓𝒊−𝒓𝒋|

In typical approach Hamiltonian:  𝑯𝒂𝒕 𝑴𝑵, 𝑹𝑵, 𝒓𝒆 = 𝑯𝒏𝒖𝒄⊕𝑯𝒂𝒕



General approaches to atomic calculations

EOM:  𝑯𝒂𝒕 𝚿𝟎 = 𝑬𝟎 |𝚿𝟎〉

Perturbative approach:   𝑯𝒂𝒕 = 𝑯𝑴𝑭 + 𝝀𝑽𝒓𝒆𝒔

𝚿𝟎 = 𝚽𝟎
𝟎

+ 𝝀 𝚽𝟎
𝟏

+ 𝝀𝟐 𝚽𝟎
𝟐

+ 𝝀𝟑 𝚽𝟎
𝟑

+⋯

𝑬𝟎 = 𝑬𝟎
(𝟎)

+ 𝝀 𝑬𝟎
(𝟏)

+ 𝝀𝟐𝑬𝟎
𝟐
+ ⋯

Atomic Hamiltonian:  𝑯𝒂𝒕 = 𝑭 + 𝑮

In precision studies:  𝑯𝒂𝒕 = 𝑯𝒂𝒕
𝑫𝑪 +𝑯𝒂𝒕

𝑩𝒓𝒆𝒊𝒕 +𝑯𝒂𝒕
𝒍𝒐−𝑸𝑬𝑫

(𝒎𝒐𝒅𝒆𝒍)



𝚿𝟎 = 𝚽𝟎
𝟎

+ 𝝀𝟏 𝚽𝟎
𝟏

+ 𝝀𝟏
𝟐 𝚽𝟎

𝟐
+ 𝝀𝟏

𝟐 𝚽𝟎
𝟑

+⋯

Fock space       P-space    ---------------------------Q-space -------------------------

i.e.   𝚽𝟎
𝒏

= σ𝒌≠𝟎
N 𝚽𝒌

𝟎
𝑪𝟎𝒌
(𝒏)

⇒ Ψ0 = Φ0
(0)

+ 𝐶𝐼
(∞)

Φ𝐼
(0)

+ 𝐶𝐼𝐼
(∞)

Φ𝐼𝐼
(0)

+ ⋯

In terms of  level of  excitations  Configuration Interaction (CI)  

Further: 𝚽𝒌
𝟎

≡ 𝚽𝒂𝒃𝒄….
𝒑𝒒𝒓…

= 𝒂𝒑
+ 𝒂𝒒

+𝒂𝒓
+…𝒂𝒂𝒂𝒃𝒂𝒄 𝚽𝟎

𝟎

⇒ Ψ0 = Φ0
(0)

+ 𝑇𝐼 Φ0
(0)

+ 𝑇𝐼𝐼 +
1

2
𝑇𝐼
2 Φ0

0
+ ⋯+ 𝑇𝑁 𝚽𝟎

𝟎

= 𝑒𝑇 Φ0
(0)

T = TI + TII +⋯+ 𝑇𝑁

Coupled-cluster (CC) method:  

where

All-order atomic calculations



𝑂 𝑓𝑖 =
Ψ𝑓 𝑂 Ψ𝑖

Ψ𝑓 Ψ𝑓 Ψ𝑖 Ψ𝑖

Property:

Points to be noted:
• Possesses two non-terminating series.

• Unmanageable with two-body operators like SMS operator.

• It does not satisfy the Hellmann-Feynman theorem.

• But any property can be evaluated. 

𝑂 𝑓𝑖 =
Φ𝑓 𝑒

𝑇𝑓
+

𝑂𝑒𝑇𝑖 Φ𝑖

Φ𝑓 𝑒
𝑇𝑓
+

𝑒𝑇𝑓 Φ𝑓 Φ𝑖 𝑒
𝑇𝑖
+
𝑒𝑇𝑖 Φ𝑖

In RCC theory:

Also, here:  𝐎 = 𝑶𝑵𝑹 + 𝑶𝑹𝒆𝒍 +𝑶𝑸𝑬𝑫 (𝒎𝒐𝒅𝒆𝒍)

Calculating properties using standard CC theory



Atomic parity violation and neutral weak charge

NSI:  𝑪𝟏𝒒 = 𝟐 𝒈𝑨
𝒆𝒈𝑽

𝒒

NSD: 𝑪𝟐𝒒 = 𝟐 𝒈𝑽
𝒆𝒈𝑨

𝒒

where θW is the Weinberg angle. In NSI interaction, couplings are 
added coherently: 

𝑸𝑾
𝑺𝑴 = 𝟐𝒁 + 𝑵 𝑪𝟏𝒖 + 𝒁 + 𝟐𝑵 𝑪𝟏𝒅

=−𝑵+ 𝒁 𝟏 − 𝟒 𝑺𝒊𝒏𝟐 𝜽𝑾

Inclusion of radiative corrections:

𝑸𝑾 ≈ 𝑸𝑾
𝑺𝑴 − 𝟎. 𝟎𝟎𝟖 𝑺

Z0

Standard Model (SM) scenario:

e-

e-

N(q=u/d)

N(q=u/d)

Z0
V/AA/V



Probing BSM physics from APV

e-

N(q)

N(q)

e-

Zx , Zd

Beyond SM scenario:

Δ𝑄𝑊 𝑍𝑥 ≃ 0.4 𝑍 + 2𝑁
𝑀𝑍0
2

𝑀𝑍𝑥
2

Thus, we can have: 𝑸𝑾 = 𝑸𝑾
𝑺𝑴 + 𝚫𝐐𝐖 = 𝑸𝑾

𝑺𝑴 + 𝚫𝐐𝐖
𝑹𝒂𝒅 + 𝚫𝐐𝐖

𝐁𝐒𝐌

𝑄𝑊 = 376𝑔𝐴𝑉
𝑒𝑢 + 422𝑔𝐴𝑉

𝑒𝑑

𝚫𝐐𝐖 → 𝚫𝐒𝐢𝐧𝟐𝚯𝑾 (𝒆𝒏𝒆𝒓𝒈𝒚)

New physics:

Δ𝑆𝑖𝑛2Θ𝑊 𝜇 ≃ −0.43 𝜖𝛿
𝑀𝑍0

𝑀𝑍𝑑

Phys. Rev. D 103, L111303 (2021)



Additional interaction Hamiltonian

Weak  interaction (short-range)

• Mediated by Z0 bosons (heavy mass)

• Strength scales ~ Z3

• Mixes spectra of different parities

• Nucleus gets nuclear weak charge (QW )

𝐻𝑃𝑁𝐶 = 𝐻𝑃𝑁𝐶
𝑁𝑆𝐼 +𝐻𝑃𝑁𝐶

𝑁𝑆𝐷

=
𝐺𝐹

2
−

𝑄𝑊

2
𝛾5 + 𝜅 Ԧ𝛼 ⋅ Ԧ𝐼 𝜌𝑛 𝑟𝑒

≃ 𝑄𝑊 𝐺𝐹𝐻𝑤

⇒ Sensitive to electronic wave 
functions in nuclear region. 



C. S. Wood et al,  Science 275, 1759 (1997).

NSI amplitude:

𝑰𝒎
𝑬𝟏𝑷𝑵𝑪

𝑵𝑺𝑰

𝜷
= −𝟏. 𝟓𝟗𝟑𝟓 𝟓𝟔 𝒎𝑽/𝒄𝒎

NSD amplitude:

𝑰𝒎
𝑬𝟏𝑷𝑵𝑪

𝑵𝑺𝑫

𝜷
= −𝟎. 𝟎𝟕𝟕 𝟏𝟏 𝒎𝑽/𝒄𝒎

Precise measurement in 133Cs (~0.35%)

𝑰𝒎
𝑬𝟏𝑷𝑵𝑪

𝑵𝑺𝑰

𝜷

𝒆𝒙𝒑𝒕

= 𝑸𝑾 ×
𝑬𝟏𝑷𝑵𝑪

𝑵𝑺𝑰

𝑸𝑾

𝒕𝒉𝒆𝒐𝒓𝒚

×
𝟏

𝜷

𝒆𝒙𝒑𝒕/𝒕𝒉𝒆𝒐𝒓𝒚

where 𝜷 is the Stark induced vector polarizability. 

≤ 0.5% ≤ 0.5% ≤ 0.5%



Challenges in the calculation

|Ψ𝑓 = 7𝑆〉
F=4

F=3

F=4

F=3

1
2

|Ψ𝑖 = 6𝑆〉

However,  𝑯,𝑷 ≠ 𝟎

𝑬𝟏𝑷𝑵𝑪
𝑵𝑺𝑰

𝑸𝑾

𝒕𝒉𝒆𝒐𝒓𝒚

=
𝜳𝒇 𝑫 𝜳𝒊

𝚿𝒇 𝚿𝒇 𝚿𝒊 𝚿𝒊

𝑯 = 𝑯𝒂𝒕 +𝑯𝑷𝑵𝑪
𝑵𝑺𝑰 = 𝑯𝒂𝒕 + 𝑮𝑭𝑯𝒘

Total Hamiltonian:

 Do not treat parity as a good quantum number:

 Result obtained in one step, but amount of computation cost will multiply.

 Will be difficult to estimate accuracy of the result.



A perturbative approach (NSI)

𝑬𝟏𝑷𝑵𝑪
𝑵𝑺𝑰

𝑸𝑾

𝒕𝒉𝒆𝒐𝒓𝒚

=
𝜳𝒇 𝑫𝜳𝒊

𝚿𝒇 𝚿𝒇 𝚿𝒊 𝚿𝒊

≃
𝚿𝒇
(𝟎)

𝑫𝚿𝒊
(𝟏)

+ 𝜳𝒇
(𝟏)

𝑫𝜳𝒊
(𝟎)

𝚿𝒇
(𝟎)

𝚿𝒇
(𝟎)

𝚿𝒊
(𝟎)

𝚿𝒊
(𝟎)

Since electromagnetic interactions dominates strongly:

𝚿𝒏(𝒏, 𝑱) = 𝚿𝒏
(𝟎)
(𝒏, 𝑱, 𝝅) + 𝑮𝑭 𝚿𝒏

𝟏
(𝒏, 𝑱, 𝝅′) + 𝑶 𝑮𝑭

𝟐

And 𝑶 𝑮𝑭
𝟐 ≈ 𝟏𝟎−𝟐𝟖, 𝚿𝒏(𝒏, 𝑱) ≈ 𝚿𝒏

(𝟎)
(𝒏, 𝑱, 𝝅) + 𝑮𝑭 𝚿𝒏

𝟏
(𝒏, 𝑱, 𝝅′)

Thus:

𝐻 = 𝐻𝑎𝑡 + 𝐺𝐹𝐻𝑤 with  𝑮𝑭 ≈ 𝟐. 𝟐 × 𝟏𝟎−𝟏𝟒 𝒂. 𝒖.Here:

 Requirements are:

o Determination of the zeroth- and first-order wave functions.

o Equal treatment of both the wave functions using a single theory.



Sum-over-states approach and accuracy test

𝑬𝟏𝑷𝑵𝑪
𝑵𝑺𝑰 ≃෍

𝑰≠𝒊

𝚿𝒇
(𝟎)

𝑫 𝚿𝑰
(𝟎)

𝚿𝑰
(𝟎)

𝑯𝒘 𝚿𝒊
(𝟎)

𝑬𝒊
𝟎
− 𝑬𝑰

𝟎
+෍

𝒇≠𝒊

𝚿𝒇
(𝟎)

𝑯𝒘 𝚿𝑰
(𝟎)

𝚿𝑰
(𝟎)

𝑫 𝚿𝒊
(𝟎)

𝑬𝒇
𝟎
− 𝑬𝑰

𝟎

In sum-over-states approach: ඀|𝚿𝒏
(𝟏)

= σ𝑰≠𝒏 |𝚿𝑰
(𝟎)
〉
𝚿𝑰
(𝟎)

𝑯𝒘 𝚿𝒏
(𝟎)

𝑬𝒏
𝟎
−𝑬𝑰

𝟎

Which leads to:

Accuracy test:

where 𝑄𝑊 is absorbed in defining unit of the 𝐸1𝑃𝑁𝐶
𝑁𝑆𝐼 amplitude. 

• Ψ𝐼 𝐷 Ψ𝐽  comparing calculated E1 matrix elements with expt values.

• Ψ𝐼 𝐻𝑊 Ψ𝐽 → Ψ𝐼 𝐻ℎ𝑦𝑓 Ψ𝐽 ≈ Ψ𝐼 𝐻ℎ𝑦𝑓 Ψ𝐼 Ψ𝐽 𝐻ℎ𝑦𝑓 Ψ𝐽 (expt values).

• 𝐸𝐼
(0)

− 𝐸𝐽
(0)
 comparing calculated excitation energies with expt values.



Calculations for Cs and Shortcomings

𝑬𝟏𝑷𝑵𝑪
𝑵𝑺𝑰 𝟔𝑺 → 𝟕𝑺 = ෍

𝒏𝒑𝟏/𝟐

𝟕𝑺 𝑫 𝒏𝒑𝟏/𝟐 𝒏𝒑𝟏/𝟐 𝑯𝑾 𝟔𝑺

𝑬𝟔𝑺
𝟎
− 𝑬𝒏𝑷𝟏/𝟐

𝟎

+σ𝒏𝒑𝟏/𝟐
𝟕𝑺 𝑯𝑾 𝒏𝒑𝟏/𝟐 𝒏𝒑𝟏/𝟐 𝑫 𝟔𝑺

𝑬𝟕𝑺
𝟎
−𝑬𝒏𝒑𝟏/𝟐

𝟎

= Core (n<6) + Main (n=6-9)  + Tail 

Limitations:

 Core, Main and Tail contributions cannot be treated on equal footing. 

 Correlations among the Core and Valence electrons not treated aptly. 

 Correlations among weak and electromagnetic ints. are not on same level. So 

it misses double-core-polarization (DCP) effects. 



In (R)CC ansatz:

𝚿𝒏
𝟎

= 𝒆𝑻
𝟎
|𝚽𝒏〉⇒

⇒ 𝑬𝟏𝑷𝑵𝑪
𝑵𝑺𝑰 = 〈𝚽𝒇|𝒆

𝑻 𝟎 +
𝑫𝒆𝑻

(𝟎)
𝑻(𝟏)|𝚽𝒊〉 + 〈𝜱𝒇|𝑻

𝟏 +𝒆𝑻
𝟎 +
𝑫𝒆𝑻

(𝟎)
|𝜱𝒊〉

Linear response approach using RCC theory

Using singles and doubles RCC theory (× 𝟏𝟎−𝟏𝟏 −𝑸𝒘/𝑵 𝒊𝒆𝒂𝟎):    

1. 𝟔𝒔 𝟐𝑺𝟏/𝟐 → 𝟓𝒅 𝟐𝑫𝟑/𝟐 transition in 137Ba+ : 2.46(2) (~1%)  Phys. Rev. Lett. 96, 163003 (2006)

2. 𝟕𝒔 𝟐𝑺𝟏/𝟐 → 𝟔𝒅 𝟐𝑫𝟑/𝟐 transition in 226Ra+ : 46.4      (~1%)  Phys. Rev. A 78, 050501(R) (2008)

3. 𝟔𝒔 𝟐𝑺𝟏/𝟐 → 𝟓𝒅 𝟐𝑫𝟑/𝟐 transition in 171Yb+ :  8.5(5)  (~5%)  Phys. Rev. A 84, 010502(R) (2011)

𝚿𝒏 = 𝒆𝑺 | ෩𝚽𝒏〉 = 𝒆𝑻 |𝜱𝒏〉

By expanding: 𝑻 = 𝑻 𝟎 + 𝑮𝑭 𝑻
𝟏 + 𝑶(𝑮𝑭

𝟐)

𝚿𝒏
𝟏

= 𝒆𝑻
𝟎

𝟏 + 𝑻 𝟏 |𝚽𝒏〉and

𝑯𝒂𝒕|𝚿𝒏
𝟎
〉 = 𝑬𝒏

𝟎
|𝚿𝒏

(𝟎)
〉 and

(𝑯𝒂𝒕 − 𝑬𝒏
𝟎
)|𝚿𝒏

𝟏
〉 = (𝑬𝒏

𝟏
−𝑯𝒘) |𝚿𝒏

(𝟎)
〉 with  𝐸𝑛

(1)
≈ 0
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Leading-order non-RPA Core Correlations





BSM physics from Cs PNC study

𝑸𝑾
𝑺𝑴 = −𝟕𝟑. 𝟐𝟑(𝟏)

Measurement + calculations:

In the SM: with sin2 ҧ𝜃𝑊 2.4 𝑀𝑒𝑉 = 0.23857(5)

From the difference of nuclear weak charge, we infer:

𝐬𝐢𝐧𝟐 ഥ𝜽𝑾 𝟐. 𝟒 𝑴𝒆𝑽 = 𝟎. 𝟐𝟒𝟎𝟖(𝟏𝟔)

and the isospin conserving oblique parameter:  𝑺 = 𝟎. 𝟎𝟔𝟎(𝟒𝟒)

By using the relation: 376𝑔𝐴𝑉
𝑒𝑢 + 422𝑔𝐴𝑉

𝑒𝑑 = 73.71(35)

𝒈𝑨𝑽
𝒆𝒖 = −𝟎. 𝟏𝟖𝟕𝟕(𝟗) for 𝑔𝐴𝑉

𝑒𝑑 = 0.3419 and    𝒈𝑨𝑽
𝒆𝒅 = 𝟑𝟒𝟐𝟗(𝟖) for 𝑔𝐴𝑉

𝑒𝑢 = −0.1888.

Phys. Rev. D 103, 111303(L) (2021)

Mass of a dark-boson: 𝜹𝝐 𝑴𝒁
𝑴𝒁𝒅

≃ −𝟎. 𝟎𝟎𝟓𝟏(𝟑𝟕).

𝑸𝑾
𝒁,𝑵 = −𝟕𝟑. 𝟕𝟏 𝟐𝟔 𝒆𝒙 𝟐𝟑 𝒕𝒉

Mass of an extra boson: 𝑴𝒁𝒙 ≥ 𝟐. 𝟑𝟔 𝑻𝒆𝑽.



Summary & Outlook   

 Our RCC method treats the ``Core”, ``Main” and ``Tail” 

contributions to E1PNC on an equal footing.

 It also accounts for DCP contributions implicitly.

 Our calculation demonstrates ``Core” contribution is 

agreeing with Porsev et al (2009 & 2010).

 It estimates uncertainties to ``Core”, ``Main” and ``Tail” in a 

consistent manner. 

 We are developing RCC methods to remove non-

terminating series in the calculations.

 The method has to be extended for NSD interactions.

 It is also necessary to calculate 𝜷 using a similar approach.
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