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Neutrino oscillations

𝒫α→β = sin2(2θ)sin2 ( Δm2
12L

4E )
source: www.dunescience.org
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Erice 09/2017

DUNE, 1300 km HyperK (T2K) 295 km

From:
Diwan et al,
Ann. Rev.
Nucl. Part. Sci 66 
(2016)

Energies have to be known within 100 MeV (DUNE) or 50 MeV (T2K)
Ratios of event rates to about 10%

DUNE T2HK
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DUNE aims at uncertainties  
< 1% meaning O(25 MeV) precision of 

energy reconstruction
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Position of the oscillation peak 
depends on energy reconstruction

Fr
om

: D
iw

an
 e

t a
l, A

nn
. R

ev
.N

uc
l. P

ar
t. 

Sc
i 6

6 
(2

01
6)

 

Aims & challenges

�3



Erice 09/2017

DUNE, 1300 km HyperK (T2K) 295 km

From:
Diwan et al,
Ann. Rev.
Nucl. Part. Sci 66 
(2016)

Energies have to be known within 100 MeV (DUNE) or 50 MeV (T2K)
Ratios of event rates to about 10%

DUNE T2HK

Systematic errors should be small since statistics will be high.

DUNE aims at uncertainties  
< 1% meaning O(25 MeV) precision of 

energy reconstruction

Height of the 
oscillation peak 
(event rate) �  

total cross 
section
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Position of the oscillation peak 
depends on energy reconstruction
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Motivation
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Neutrino energy is 
reconstructed in each event

μ−

νμ π+
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Nuclear response

nuclear 
responses

 Jμ = (ρ, ⃗j)|Ψ⟩

σ ∝ Lμν Rμν

lepton 
tensor

γ, W±, Z0

 
 Rμν(ω, q) = ∑

f

⟨Ψ |J†
μ(q) |Ψf⟩⟨Ψf |Jν(q) |Ψ⟩δ(E0 + ω − Ef )
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Ab initio nuclear theory for neutrinos

Nuclear chiral Hamiltonian �ℋ |Ψ⟩ = E |Ψ⟩

Degrees of freedom: nucleons

�6

➡order of expansion
➡ low energy constants fit to data
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Ab initio nuclear theory for neutrinos

Nuclear chiral Hamiltonian

Electroweak currents

Coupled cluster method �𝒜 = ⟨Ψm |Jμ |Ψn⟩

�ℋ |Ψ⟩ = E |Ψ⟩

�Jμ = (ρ, ⃗j)
Degrees of freedom: nucleons

�6

➡order of expansion
➡ low energy constants fit to data

➡order of expansion
➡2-body currents important

➡ truncation in correlations
➡model space dependence



• Momentum transfer 
~hundreds MeV

• Upper limit for ab 
initio methods 

• Important 
mechanism for 
T2HK, DUNE

• Role of final state 
interactions

• Role of 1-body and 
2-body currents

Quasielastic response

dσ
dωdq e

= σM(υLRL + υTRT)
charge operator  � ̂ρ(q) =

Z

∑
j=1

eiqz′�j
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First step: analyse the longitudinal response 



Longitudinal response

Uncertainty band: inversion procedure
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∫
 

 Rμν(ω, q) = ∑
f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )

JES, B. Acharya, S. Bacca, G. Hagen; PRL 127 (2021) 7, 072501



Lorentz Integral Transform
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 Sμν(σ, q) = ∫ dωK(ω, σ)Rμν(ω, q) = ⟨Ψ |J†

μ K(ℋ − E0, σ) Jν |Ψ⟩

Lorentzian kernel: 
�  KΓ(ω, σ) =

1
π

Γ
Γ2 + (ω − σ)2

continuum spectrum
∫

 
 Rμν(ω, q) = ∑

f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )

�  has to be inverted to get access to �Sμν Rμν

Integral 
transform



Lorentz Integral Transform
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Γ = 20 MeV

Longitudinal isoscalar 
response on 4He 

at q=300 MeV

Integral transform

Inversion



Longitudinal response 40Ca

Sum over multipoles Underlying oscillator frequency

Inversion



Longitudinal response 40Ca

40Ca

JES, B. Acharya, S. Bacca, G. Hagen; PRL 127 (2021) 7, 072501

First ab-initio results for 
many-body system of  

40 nucleons

40Ca

�12

✓ CC singles & doubles
✓ varying underlying harmonic 

oscillator frequency
✓ two different chiral Hamiltonians
✓ inversion procedure



➡ This allows to predict electron-
nucleus cross-section

➡ Currently only 1-body current

Transverse response

�13

TO  BE  PUBL ISHED

TO BE  PUBL ISHED

2-body currents important for 4He 
�  more correlations needed?
�  2-b currents strength depends on 
nucleus?

→
→



∫
 

 Rμν(ω, q) = ∑
f

⟨Ψ |J†
μ |Ψf⟩⟨Ψf |Jν |Ψ⟩δ(E0 + ω − Ef )

 
 Sμν(σ, q) = ∫ dωK(ω, σ)Rμν(ω, q) = ⟨Ψ |J†

μ K(ℋ − E0, σ) Jν |Ψ⟩

integral transform

expansion in Chebyshev polynomials

K(ℋ, σ) = ∑
k

ck(σ)Tk(ℋ)

Response reconstruction as histogram 

Gaussian kernel: 
�  KΛ(ω, σ) =

1

2πΛ
exp (−

(ω − σ)2

2Λ2 )

ChEK method
Chebyshev Expansion of integral Kernel

A. Roggero Phys.Rev.A 102 (2020) 2, 022409
JES, A. Roggero arXiv:2110.02108 (accepted in Phys.Rev.E)

 



Chebyshev Expansion of integral Kernel

P R E L I M I N A RY

➡ No assumption about the shape of the response
➡ Rigorous error estimation
➡ Convenient when the response has a complicated structure
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ChEK method

4He photoabsorption

8
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FIG. 5. (Color online) Comparison of the 4He dipole cross sec-
tion calculated with LIT-CCSD and experimental data from
Arkatov et al. [60], Nilsson et al. [61] and Raut et al. [62].
The grey and blue bands di↵er simply by a shift of the the-
oretical threshold (grey) to the experimental one (dark/blue)
(see text).

as

�
E1
� (!) = 4⇡2

↵!S(!) , (47)

with ↵ being the fine structure constant. Arkatov et
al. [60] measured the photodisintegration cross section
spanning a quite large energy range. More recent data
by Nilsson et al. [61] and Raut et al. [62] cover a nar-
rower range (see Ref. [49] for an update on all the mea-
surements and calculations). In Figure 5, the grey curve
represents the calculation where the theoretical threshold
is used in the inversion. One notices that this is not as the
experimental one, because the used Hamiltonian misses
the contribution of the three-body force to the binding
energies of 4He and3H. Thus, as typically done in the
literature, to take this trivial binding e↵ect into account
we shift the theoretical (grey) curve to the experimental
threshold (note that the consistent theoretical threshold
is still used in the inversion procedure). It is evident that
the theory describes the experimental data qualitatively,
so it is interesting to address heavier nuclei.

V. APPLICATION TO 16O

The 4He benchmark suggests that the LIT-CCSD
method can be employed for the computation of the
dipole response, and that theoretical uncertainties with
respect to the model space and the inversion of the LIT
are well controlled. Thus, we turn our attention to a
stable medium-mass nucleus, such as 16O.

First, we investigate the convergence of the LIT as a
function of the model space size. In Figure 6, we present

the LITs for � = 20 MeV (panel (a)) and � = 10 MeV
(panel (b)) with Nmax ranging from 8 up to 18. The
convergence is rather good and it is better for the larger
value of �. As indicated above, the smaller the width
�, the more di�cult is to converge in a LIT calculation.
For � = 10 a small di↵erence of about about 2% between
Nmax = 16 and Nmax = 18 is found.
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FIG. 6. (Color online) Convergence of L(!0,�) in 16O at
� = 20 MeV (a) and � = 10 (b) for di↵erent values of Nmax

and an HO frequency of ~⌦ = 26 MeV.

Before inverting the transform, it is first interesting to
investigate the ~⌦-dependence of our results and com-
pare the theory with the integral transform of data. In
Figure 7, LITs from our LIT-CCSD calculations with the
largest model space size of Nmax = 18 and two di↵er-
ent HO frequencies of ~⌦ = 20 and 26 MeV are shown.
As one can notice, there is a residual ~⌦ dependence of
roughly 4%, which is small and can be considered as the
error bar of the numerical calculation. Overall, the the-
oretical error associated of our LIT for � = 10 MeV in
the LIT-CCSD scheme amounts to 5%.
The photodisintegration data measured by Ahrens et

al. [63] cover a broad energy range. Therefore it is possi-
ble to apply the LIT (Eq. (3)) on the response function
extracted from the data by Eq. (47). This allows us to
compare the experimental and theoretical results, as done
in Figure 7 (the area between the grey lines represents the
data error band). Our theoretical predictions agree with
the experimental LIT within the uncertainties in almost

S. Bacca, N. Barnea, G. Hagen, G. Orlandini; Phys.Rev.C 90 (2014) 6



Low/high energies

Ĥ |ψA⟩ = E |ψA⟩
Many-body problem
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Low/high energies

Ĥ |ψA⟩ = E |ψA⟩

Electroweak responses

MULTINUCLEON  
KNOCKOUT (2P2H)

νμ

⟨ψf | ̂j |ψA⟩

Many-body problem Probability density of finding 
nucleon �  in ground state 

nucleus
(E, p)

�16

Spectral 
function

Impulse Approximation



Spectral function
Coupled Cluster + ChEK method

�17

JES et al, in preparation (2022)

TO  BE  PUBL ISHED

16O4He

JES, S. Bacca, G. Hagen, T. Papenbrock arXiv: 2205.03592 



• Comparison 
with T2K long 
baseline �  
oscillation 
experiment

• �  events

• Spectral 
function 
implemented 
into NuWro 
Monte Carlo 
generator

ν

CC0π

Spectral function for neutrinos

JES et al, in preparation (2022)
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�νμ +16 O → μ− + X



• LIT-CC results for electron scattering �  we are ready to 
address electroweak processes

• Various sources of theoretical uncertainty taken into account
• Reconstruction of the nuclear response introduces an 

additional source of error
• Inversion procedure gives stable results for smooth 

responses

• ChEK �  way to go with complicated responses

• Spectral function �  relativistic regime, semi-inclusive 
reactions 

→

→
→

Outlook

�19



Thank you for attention
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Nuclear hamiltonian
ℋ = ∑

i

p2
i

2m
+ ∑

i<j

vij + ∑
i<j<k

Vijk + . . .

n = 0

n = 2

n = 3

n = 4

�22



Electroweak currents

J = ∑
i

ji + ∑
i<j

jij + . . .
7

the comparison with Refs. [18] and [7] and helps one to
assess of the size of the contributions of the various terms
in the current operator.

In Table I, we show the CC- and NC-induced inclusive
⌫̄/⌫-d cross sections obtained using the EM500 interac-
tion and current operators of various �EFT orders. The
EM500 interactions contain all e↵ects that are suppressed
by factors of up to (Q/⇤b)4 compared to the leading order
�EFT Hamiltonian. With wave functions obtained by
solving the partial wave Lippmann-Schwinger equations
for this interaction, we vary the order of the weak current
operator at (Q/⇤b)�3,�2,�1,0 to study the order-by-order
convergence of the current in the ⌫̄/⌫-d cross sections.
With increasing energy, the 1B Fermi and Gamow-Teller
operators, which contribute at the leading (Q/⇤b)�3 or-
der, underpredict (overpredict) the ⌫-d (⌫̄-d) cross sec-
tions compared to values obtained with operators up to
(Q/⇤b)0 order. The contributions of the 1B convection
and spin-magnetization currents, which enter at order
(Q/⇤b)�2, amount to about 30% in the ✏ ⇡ 100 MeV re-
gion. The pion-exchange 2B contributions to the vector
current and axial charge operators, which formally enter
at order (Q/⇤b)�1, are smaller than the axial 2B cur-
rent contributions at (Q/⇤b)0. While this is contrary to
expectations from �EFT power counting, a similar con-
vergence pattern was also found by Ref. [18]. Overall,
the inclusion of 2B currents increases the cross section
in all of the four reaction channels by about 3-4% at
✏ ⇡ 100 MeV, which is consistent with the results of
Ref. [18].

Agreement is seen between our 1B results and those of
Ref. [7]. The slight di↵erence of about 1% or less is due to
the AV18 [51] wave functions used by Ref. [7], since the
�EFT 1B operators used in this work are the same as the
phenomenological operators employed in that study. We
agree also within approximately 1% with Ref. [18], which
uses the same interactions for the wave functions but also
includes the (Q/⇤b)1 current operators not considered in
this work.

B. Uncertainty estimates

We now estimate, for the first time on this observable,
the uncertainty from the potential by using the NNLOsim

family of 42 interactions calculated up to the third chiral
order [19, 20]. These have been fitted at seven di↵erent
values of the regulator cuto↵ ⇤ in the 450-600 MeV in-
terval to six di↵erent Tlab ranges in the NN scattering
database. The LECs in this family of interactions were
fitted simultaneously to ⇡N and selected NN scattering
data, the energies and charge radii of 2,3H and 3He, the
quadrupole moment of 2H, as well as the �-decay width of
3H. All of these interactions have the correct long-range
properties, and the di↵erences between them provide a
conservative estimate of the uncertainty due to the short-
distance model ambiguity of �EFT.

In Fig. 1 we show, along with the EM500 curves, the

FIG. 1. (Color online) The NC and CC ⌫̄/⌫-d inclusive cross
sections with the EM500 (black, dashed) and NNLOsim (light
band) interactions.

cross sections calculated using the NNLOsim interactions
as bands. The widths of the bands are estimates of the
uncertainties due to the sensitivity to the �EFT cut-
o↵ and variations in the pool of fit data used to con-
strain the LECs, including ĉ1,3,4 and d̂R in the currents.
These widths grow with ✏ and amount to about 3% at
✏ ⇡ 100 MeV for all of the four processes. They are thus
similar in size to the e↵ect of 2B currents. The interac-
tions and currents in the NNLOsim results are of the same
chiral order, i.e., both of them include all corrections that
are suppressed by factors of up to (Q/⇤b)3 compared to
the leading order. Based on the observed convergence
of the cross sections in Table I, and on the results of
Ref. [18] for higher-order current contributions, we antic-
ipate the size of neglected terms in the chiral expansion of
the weak current operator to be 1% at ✏ ⇡ 100 MeV. This
is smaller than the NNLOsim uncertainties, which are—
in principle as well as in practice— similar in size to the
(Q/⇤b)0 current contributions which we have included
in our calculations. We therefore assign a conservative
estimate of 3% to the nuclear structure uncertainties in
the cross section at 100 MeV ⌫̄/⌫ energy. We now turn
to the question of the sensitivity of these results to the
single-nucleon axial form factor. Ref. [52] analyzed the
world data for ⌫d scattering by employing the calcula-
tions of Refs. [7, 53] to obtain hr2Ai = 0.46 ± 0.22 fm2.

B. Acharya,  S. Bacca
Phys.Rev.C 101 (2020) 1, 015505

ν(ν̄) + d → μ± + X

known to give significant 
contribution for neutrino-

nucleus scattering

Multipole decomposition for 1- 
and 2-body EW currents

NN

NNγ, W ±, Z0

N

Nγ, W ±, Z0

Current decomposition into multipoles 
needed for various ab initio methods: CC, 

No Core Shell Model, In-Medium 
Similarity Renormalization Group

�23

ν(ν̄) + d → ν(ν̄) + X



Coupled cluster method

Reference state (Hartree-Fock):     � |Ψ⟩

 e−TℋeT |Ψ⟩ ≡ ℋ̄ |Ψ⟩ = E |Ψ⟩

Expansion: �T = ∑ ti
aa†

aai + ∑ tij
aba

†
aa†

b aiaj + . . .

Include correlations through �  operator eT

similarity transformed 
Hamiltonian (non-Hermitian)

singles doubles

� coefficients obtained 
through coupled cluster 

equations

←

�24



• Basis functions 

                                 �

• Stability of the inversion procedure:

• Vary the parameters � , �  and number of basis functions �  
(6-9)

• Use LITs of various width �  (5, 10, 20 MeV)

RL(ω) =
N

∑
i=1

ciωn0e− ω
βi

n0 βi N

Γ

Details on inversion procedure



• Expansion in Chebyshev polynomials

• Recursive relations of Chebyshev polynomials

ChEK method

T0(x) = 1; T−1(x) = T1(x) = x

Tn+1(x) = 2xTn(x) − Tn−1(x)

K(ℋ, σ) =
N

∑
k=0

ck(σ)Tk(ℋ)

 
 Sμν(σ, q) = ∫ dωK(ω, σ)Rμν(ω, q) = ⟨Ψ |J†

μ K(ℋ, σ) Jν |Ψ⟩



Coulomb sum rule

JES, B. Acharya, S.Bacca, G. Hagen 
Phys.Rev.C 102 (2020) 064312

m0(q) = ∫ dωRL(ω, q) = ∑
f≠0

|⟨Ψf | ̂ρ |Ψ⟩ |2 = ⟨Ψ | ̂ρ† ̂ρ |Ψ⟩ − |Fel(q) |2

�27
PRL 127 (2021) 7, 072501 JES, B. Acharya, S. Bacca, G. Hagen


