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NNLO hadronic vacuum polarization contributions

sample NNLO diagrams

• set 6a contains also diagrams with muon loops (like 6b 6bll)

• HVP with internal corrections already incorporated in NLO and LO

• aHVP
µ (NNLO; total) = +12.4(1)× 10−11

Kurz Liu Marquard Steinhauser 2014
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Difference with NLO

At NLO level

aHVP
µ (NLO; 4a) =

α

π2

∞
∫

m2
µ

ds

s
2K(4)(s/m2) ImΠ(s) = − α

π2

0
∫

−∞

dt

t
Π(t) Im2K(4)(t/m2)

• At NLO, K(4)(s/m2) and ImK(4)(s/m2) are known exactly see Elisa’s talk

• At NNLO K(6)(s/m2) is NOT known analytically.

• Only a few terms of the asymptotic expansion for large s are known.

• We need an example to use as a testbed: NLO
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Testbed: NLO class 4a approximated space-like kernels κ̄(4)(x)

Asymptotic expansion for large s of K(4)(s/m2) in powers of r = m2/s (Lautrup 1997)

K(4)(r) =r
(

23 ln r
36

− π2

3
+ 223

54

)

+ r2
(

19ln2 r
144

+ 367 ln r
216

− 37π2

48
+ 8785

1152

)

+ r3
(

141ln2 r
80

+ 10079 ln r
3600

− 883π2

240
+ 13072841

432000

)

+ . . .

from this expansion we derive approximated space-like kernel κ̄(4)(x)

We use the modified ansatz of [Groote Körner Pivovarov 2002] [Chakraborty Davies Kobonen Lepage VandeWater 2018]

K(4)(s/m2) = r

1
∫

0

dξ

[

L(ξ)

ξ + r
+

P (ξ)

1 + rξ

]

L(ξ) = G(ξ) +H(ξ) ln ξ

G, H, P are polynomials of degree n− 1, ( n arbitrary ) G(ξ) =
∑n−1

i=0 giξ
i, H(ξ) =

∑n−1
i=0 hiξ

i, P (ξ) =
∑n−1

i=0 piξ
i.

The coefficients gi, hi and pi of the polynomials are found performing the integration over ξ, expanding for small r,

and fitting the coefficients of ri+1 ln r, ri+1 ln2 r, ri+1 with asymptotic expansion.

aHVP
µ (NLO; 4a) =

α

π2

∞
∫

m2
µ

ds

s
2K(4)(s/m2) ImΠ(s)

=
α

π2
m2

1
∫

0

dξ






L(ξ)

∞
∫

m2
µ

ds

s

ImΠ(s)

s+m2/ξ
+ P (ξ)

∞
∫

m2
µ

ds

s

ImΠ(s)

s+m2ξ






denominators linear in s !

= − α

π2

1
∫

0

dξ

(

L(ξ)Π

(

−m2

ξ

)

+
P (ξ)

ξ
Π
(

−m2ξ
)

)

− m2

ξ
≤ −m2 ≤ −m2ξ ≤ 0 whole negative axis
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Testbed: NLO class 4a approximated space-like kernels κ̄(4)(x)

As the arguments of Π do not overlap, we combine the two integrals into one. Define an approximated piecewise

space-like kernel κ̄(4)(x)

aHVP
µ (NLO; 4a) =

(α

π

)3
1

∫

0

dx κ̄(4)(x)∆αh(t(x)), t(x) =
m2x2

x− 1

κ̄(4)(x) =







2−x
x(1−x) P

(

x2

1−x

)

, 0 < x < xµ = (
√
5− 1)/2 = 0.618 . . .

2−x
x3 L

(

1−x
x2

)

, xµ < x < 1

• Original ansatz had ln2 r terms not fitted (i.e. H = 0) → Error of 6% on aHVP
µ (NLO; total),

• Error eliminated by the exact NLO kernel κ(4)(x) !

κ
(4)
1

Stefano Laporta, NNLO hadronic vacuum polarization contributions. . . , MITP 2022, Mainz, 17 November 2022 Page 5



Testbed: NLO class 4a approximated space-like kernels κ̄
(4)
n (x)

Plot of the approximated kernels κ̄
(4)
n (x) for n = 4, 5, 6, 9, 17, 25 compared with exact κ(4)(x)

κ
(4)
4

• κ̄
(4)
n (x): good approximation for x near 1 ( t → −∞);

• Discontinuity for x = (
√
5− 1)/2 ≈ 0.618 ( t = −m2)

• Wild oscillations for small x, worse for large n.

• For n = 25 up to ∼ ±1030! But the integral reproduces the exact result with error 10−20 → deep numerical cancellations!.

• Large n not necessary! n = 4 reproduces aHVP
µ (NLO; 4a) with error . 0.1%

• Let’s use this method of approximation at NNLO!
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

K(6a)(s/m2): Only the first 4 terms of the expansion in power series of r = m2/s are known →n=4

Kurz, Liu, Marquard, Steinhauser, PLB734 (2014) 144

They contain terms with rn ln r, rn ln2 r and rn ln3 r. As in NLO, we use an integral ansatz:

K(6a)(s/m2) = r

1
∫

0

dξ

[

L(6a)(ξ)

ξ + r
+

P (6a)(ξ)

1 + rξ

]

L(6a)(ξ) = G(6a)(ξ) +H(6a)(ξ) ln ξ + J(6a)(ξ) ln2 ξ new@NNLO

G(6a), H(6a),J(6a), P (6a) polynomials

G(6a)(ξ) =
3

∑

i=0

g
(6a)
i ξi, H(6a)(ξ) =

3
∑

i=0

h
(6a)
i ξi, J(6a)(ξ) =

3
∑

i=0

j
(6a)
i ξi, P (6a)(ξ) =

3
∑

i=0

p
(6a)
i ξi

We integrate in ξ, expand in r, and we find g
(6a)
i , h

(6a)
i , j

(6a)
i and p

(6a)
i , i = 0, 1, 2, 3, in order to fit the known

coefficients of the asymptotic expansion in r of K(6a)(s/m2). Then approximated kernel κ̄(6a)(x) is

aHV P
µ (NNLO; 6a) =

(α

π

)3
1

∫

0

dx κ̄(6a)(x)∆αh(t(x)),

κ̄(6a)(x) =







2−x
x(1−x)

P (6a)
(

x2

1−x

)

, 0 < x < xµ = (
√
5− 1)/2 = 0.618 . . .

2−x

x3 L(6a)
(

1−x

x2

)

, xµ < x < 1

• The contributions of classes (6b) and (6bll) can be calculated similarly to class (6a).

• aHVP
µ (NNLO; 6a) = +8.0× 10−11 aHVP

µ (NNLO; 6b) = −4.1× 10−11 aHVP
µ (NNLO; 6bll) = +9.1× 10−11

• The uncertainty due to the series approximations of K(6a), K(6b), K(6bll) are estimated to be less than O(10−12)
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

aHV P
µ (NNLO; 6d) =

α

π

1
∫

0

dxκ(2)(x) [∆αh(t(x))]
3
.

aHVP
µ (NNLO; 6d) = +0.005× 10−11

very small contribution
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

aHV P
µ (NNLO; 6c) = aHV P

µ (NNLO; 6c1) + aHV P
µ (NNLO; 6c2) + aHV P

µ (NNLO; 6c3) + aHV P
µ (NNLO; 6c4)

aHV P
µ (NNLO; 6c1) =

(α

π

)2
1

∫

0

dx

[

κ(4)(x) − 2π

α
κ(2)(x)∆α(2)

µ (t(x))

]

[∆αh(t(x))]
2

6c4 separated

multiplicity=3

aHV P
µ (NNLO; 6c3) =

3α

π

1
∫

0

dxκ(2)(x) [∆αh(t(x))]
2
∆α(2)

e (t(x)).

aHV P
µ (NNLO; 6c4) =

3α

π

1
∫

0

dxκ(2)(x) [∆αh(t(x))]
2
∆α(2)

µ (t(x)).

aHV P
µ (6c1) = −5× 10−12, aHV P

µ (6c3) = 0.9× 10−12, aHV P
µ (6c4) = 0.1× 10−12 6c2 ?
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NNLO class 6a 6b 6bll 6c1 6c2 6c3 6c4 6d

This class requires double integrals

aHV P
µ (NNLO; 6c2) =

α2

π4

∞
∫

s0

ds

s

∞
∫

s0

ds′

s′
K(6c2)(s/m2, s′/m2)ImΠh(s) ImΠh(s

′).

aHV P
µ (NNLO; 6c2) =

(α

π

)2
1

∫

xµ

dx

1
∫

xµ

dx′ κ̄(6c2)(x, x′)∆αh(t(x))∆αh(t(x
′)),

κ̄(6c2)(x, x′) space-like bidimensional kernel, xµ < {x, x′} < 1

κ̄(6c2)(x, x′) =
2− x

x3

2− x′

x′3
G(6c2)

(

1− x

x2
,
1− x′

x′2

)

From the leading terms of the known asymptotic expansion of K(6c2)(s/m2, s′/m2):

s/s′ ≪ 1 or s/s′ ≈ 1 or s/s′ ≫> 1 and s, s′ ≫ m2 we get the approximated space-like kernel

G(6c2)(ξ, ξ′) =
1855− 188π2

4 (32π2 − 315)

min(ξ, ξ′)

max(ξ, ξ′)2
+

988π2 − 9765

4 (32π2 − 315)

min(ξ, ξ′)2

max(ξ, ξ′)3
+

6
(

435− 44π2
)

32π2 − 315

min(ξ, ξ′)3

max(ξ, ξ′)4

Contribution of 6c2 class is aHV P
µ (6c2) = −1.8× 10−12

The uncertainty of this leading order approximation is estimated to be ∼ 10−13
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PRELIMINARY: NLO time-kernel

From lattice QCD (DellaMorte, Francis, Gulpers et al. JHEP10(2017)20 )

aHV P
µ (LO) =

(α

π

)2
∞
∫

0

dt G(t)K̃(2)(t,mµ)

K̃(2)(t,mµ = 1) = f̃ (2)(t) = 8π2

∞
∫

0

dω

ω

(

ω2t2 − 4sin2
(

ωt
2

))

f (2)(ω2), f (2)(ω2) =
F (2)(1/y(−ω2))

ω3
, t = −ω2

f̃ (2)(t) = 1
4G

2,1
1,3

(

3
2

0,1, 12

∣

∣

∣
t2
)

+ t2

4 + 1
t2

+ 2 ln(t)− 2
t
K1(2t) + 2γ − 1

2

• f̃ (2)(t): analytical integration in ω is difficult but possible through Meijer G-functions

• f̃ (4)(t), F (2) → F (4) [Li2], analytical integrations of some of the integrals in ω have not been found so far.

• numerical approximations are unavoidable

• work in progress with E.Balzani and M.Passera: PRELIMINARY results
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Conclusions

• Despite the lack of an analytical expression, we are able to get approximated space-like NNLO kernels from the

first terms of the asymptotic expansions.

• For one set (6c2) containing two HVP insertions on different photon lines, we worked out a bidimensional

space-like kernel.

• The precision of the contributions of these approximated space-like kernels obtained is at the level of 10−13.

• Numerical approximations for the time-kernel at NLO were found.
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The End

The End
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Backup slides

BACKUP SLIDES
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NLO hadronic vacuum polarization contributions

• Class a: 1 HVP insertion in one photon line of 2-loop QED vertex diagrams

• Class b: 1 HVP insertion in the photon line of 2-loop QED vertex with one electron vacuum polarization

• Class c: 2 HVP insertion in the 1-loop QED vertex diagram

aHVP
µ (NLO; 4a) = −209.0× 10−11

aHVP
µ (NLO; 4b) = +106.8× 10−11

aHVP
µ (NLO; 4c) = +3.5× 10−11

aHVP
µ (NLO; total) = −98.7(9)× 10−11

(Krause 1996, Hagiwara Liao Martin Nomura Toebner 2011, Kurz Liu Marquard Steinhauser 2014)

HVP insertion with internal corrections already incorporated in LO
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LO and NLO kernels

y(z) =
z−

√
z(z−4)

z+
√

z(z−4)

F (2)(u) =
u+ 1

u− 1
u2.

F (4)(u) = R1(u) +R2(u) ln(−u)

+R3(u) ln(1 + u) +R4(u) ln(1− u)

+R5(u)
[

4Li2(u) + 2Li2(−u)

+ ln(−u) ln
(

(1− u)2(1 + u)
)]

,

The rational functions Ri(u) (i = 1, . . . , 5) are

R1=
23u6−37u5+124u4−86u3−57u2+99u+78

72(u− 1)2u(u+ 1)
,

R2=
12u8−11u7−78u6+21u5+4u4−15u3+13u+6

12(u− 1)3u(u+ 1)2
,

R3=
(u+ 1)

(

−u3 + 7u2 + 8u+ 6
)

12u2
,

R4=
−7u4 − 8u3 + 8u+ 7

12u2
,

R5=− 3u4 + 5u3 + 7u2 + 5u+ 3

6u2
.

The dilogarithm is Li2(u) = −
∫ u

0
(dv/v) ln(1− v).
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