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- Already applied in similar contexts:
+ Masjuan, Peris (2009) arXiv:0903.0294 [hep-ph]
“* Golterman, Maltman, Peris (2014) arXiv:1405.2389 [hep-lat]
arXiv:1512.07555 [hep-lat]
+ Chakraborty, Davies, de Oliveira, Koponen, Lepage, van de Water (2016)

* Aubin, Blum, Chau, Golterman, Peris, Tu (2017) arxiv:1601.03071 [hep-lat]

+ Masjuan, Sanchez-Puertas (2017) arXiv:1701.05829 [hep-ph]
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Advantages of PAs

- Systematic and model-independent method
- Partial reconstruction of analytical (physical) properties
. Efficient approximation

- Possible to provide a convergence error
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Padé's Theory

Stleltjes functlon

— e ——

f(z) = /OOO fﬁ(:ib ¢(u) is a measure on |0, c0)

- There are convergence theorems for PAs to Stieltjes functions

« Some convergence properties:

* poles of Pyt/, J > — 1, are real and simple;

* Padé sequences Py t/, J > — 1, uniformity converge to the original function;

* Padés act as bounds of the function

lim Py (t) >TI(t) > lim Py T'(t)

N — 00 N — oo
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Padé's Theory
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Method
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Data Generation
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Model of Greynat and de Rafael
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Greynat, de Rafael (2022)
- model used to generate toy data
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Fitting Method

- Pades as fitting functions

e e ——— e S

(H,Un Rhad)

e
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0.16 < eu(mrad) < 4.8 0.214 < x < 0.932

30 equally spaced data points R = (Rpag — 1) x 10° = 10° X 2 Aapag
oo
Aapaq () = chaﬁ” —coxitegax’+ ...
n=0

- PA parameters: )(2 minimization

- Error propagation: Monte Carlo
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Example
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Toy data set

Data points (x,II, ;) generated in the interval 0.23 < x < 0.93 in steps of 0.01

Central value randomly chosen from a gaussian distribution with 1 % error

8

Padés as fitting and extrapolation
functions to I, _,(x) X 10°

5

= 9

o
. Imposing that ¢; =c¢; =0 feature &
<

0 of Aoy 4 lmﬁ 4
Aapag () = Z Cn " ~

n=0 |

G|

Padés reproduce well the data
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Toy data set

] ] ] ] ]
690 694 698 702
a, x 10"
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Pades to the model
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Canonical Pades

. Canonical Padé PZZ\‘,/I:

+ determination of the PA coefficients through matching

+ PA reproduces the first M + N + 1 Taylor series coefficients of the function
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Ideal World

Data without fluctuations or errors — estimate method uncertainty

— T — T [ T T T T -.-
1.0020} Lo - 200} § -
1.0015} : 150l HE
S . 0 :
= - ° i T °
7 1.0010f ) 2% 100| N
AT e =] .
1.0005} . : | .
' . 50} . _
1.0000f* : .t

Workshop MuonE November 17, 2022

Cristiane Y. London (USP, IFAE)



Ideal World

- Data without fluctuations or errors — estimate method uncertainty

. Padés as fitting functions imposing that ¢, = ¢; = 0
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I d ea I WO r I d The MUonE Collaboration (2019)

Abbiendi (2022)
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Ideal World

The MUonE Collaboration (2019)
Abbiendi (2022)
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Uncertainty from the method

A odel iS greater than the PAs' one
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More Realistic Data

- 1000 toy data sets generated

. ((9”, Ry ,q) — 30 data points equally spaced in the interval 0.16 < 0, (mrad) < 4.8

. Central value randomly chosen from a gaussian distribution with 0.001 % error
— precision of O(107)

. Selecting data sets whose relative error between its central value for a?*%! and

U
the true one is lower than 1 %

- Monte Carlo analysis of the fits for each Padé approximant

. PAs used to calculate a, in the whole x region
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More Realistic Data
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More Realistic Data

‘ Constraints
« Quality of fit:

+ y*/dof + p — value

*+ only real poles;

|
|
|
|
i « Quality of Padés:
|
| | .
p + poles outside the region x € [0,1];

* no cancelation between pole and zero
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More Realistic Data

1.0020} . 200 = ]
L ‘..“ - ;
1.0015} =" _ 150¢ .
< & :
< 1.0010¢} - ] 22 100} =
'g I * ] g o =
Q’: .‘ ] m [ Il
1.0005} .* - 501 - ]
1.0000f=* ol . o= | _
0 1 2 3 4 5 0.0 0.2 0.4 0.6 0.8 1.0
6, (mrad) x

Workshop MuonE November 17, 2022

Cristiane Y. London (USP, IFAE)



More Realistic Data
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More Realistic Data
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More Realistic Data
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Conclusions and
Outlooks




Conclusions

- Plots so far presented are based on a particular model

« Uncertainty due to the method can be estimated and is small

« Error of the model Aa,,, 4. is larger than the one coming from Padés method —
has to be computed in final value

. Larger value of Eﬂ is not needed but smaller errors of data points
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Outlooks

- Results of Padés may be improved by employing:
%+ partial Padés;
+ D-log Padés;
+ conformal mapping — Padés also converge;

“+ include the moments of the correlator;

* Impose ¢, = C3; model independent! Adpaa(z) = ) cpz”

n=0

+ impose other constraints in PAs analysis

- Padeés as fitting functions to data need more studies — no convergence
theorems
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