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Lattice QCD enables precision tests of the Standard Model when accurate 
theory and experiment results can be brought together. 
The ground-state heavyonium mesons (𝜂c, J/𝜓, 𝜂b, 𝛶) can provide such tests

To achieve high precision we have: 

1) Used HPQCD’s Highly Improved Staggered Quark (HISQ) action - 
designed as a very accurate discretisation of the Dirac equation.

E. Follana et al, HPQCD, hep-ph/0610092

2) Used 17 gluon field configs that include u, d, s and c sea quarks with 
the HISQ action (generated by MILC). Lattice spacing (a) values range 
from  0.15fm to 0.03fm. u/d sea quark masses from ms/5 to physical. 

D. Hatton, CD, J. Koponen, P.Lepage, 
A.Lytle, 2005.01845, 2101.08103

3) Included ‘quenched’ QED to allow for effects from electric charge of c/b 
quark. (Random photon field incorporated with gluon when solving Dirac eq.) 



3

Tune mc so J/𝜓 mass = experiment for every gluon ensemble  
(lattice spacing fixed from w0 and f𝜋 ). 
Do this for both QCD and QCD+QED (so ‘physical tuning’ same in both cases). 

Calculate ‘connected’ two-point correlation functions for 0- and 1- for both lattice 
QCD and QCD+QED. Statistical accuracy very high.  
NOTE:  annihilation to gluons NOT included. Key question: What impact does this 
have? c

<latexit sha1_base64="DK4E6LyS8g1UpMh1QCIiTmEChOU=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hZkoJrkFvXhMwDwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MIKlrQUFR1093lxVJog/GHs7K6tr6xmdvKb+/s7u0XDg7bOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrjO/c8+VFlF4a6YxdwM6CoUvGDVWarJBoYhLGGNCCMoIqVxiS2q1aplUEcksiyIs0RgU3vvDiCUBDw2TVOsewbFxU6qMYJLP8v1E85iyCR3xnqUhDbh20/mhM3RqlSHyI2UrNGiufp9IaaD1NPBsZ0DNWP/2MvEvr5cYv+qmIowTw0O2WOQnEpkIZV+joVCcGTm1hDIl7K2IjamizNhs8jaEr0/R/6RdLpHzUrl5UaxfLePIwTGcwBkQqEAdbqABLWDA4QGe4Nm5cx6dF+d10briLGeO4Aect08UuI0h</latexit>

c
<latexit sha1_base64="DK4E6LyS8g1UpMh1QCIiTmEChOU=">AAAB6HicdVDLSgNBEOz1GeMr6tHLYBA8hZkoJrkFvXhMwDwgWcLsZDYZM/tgZlYIS77AiwdFvPpJ3vwbZ5MIKlrQUFR1093lxVJog/GHs7K6tr6xmdvKb+/s7u0XDg7bOkoU4y0WyUh1Paq5FCFvGWEk78aK08CTvONNrjO/c8+VFlF4a6YxdwM6CoUvGDVWarJBoYhLGGNCCMoIqVxiS2q1aplUEcksiyIs0RgU3vvDiCUBDw2TVOsewbFxU6qMYJLP8v1E85iyCR3xnqUhDbh20/mhM3RqlSHyI2UrNGiufp9IaaD1NPBsZ0DNWP/2MvEvr5cYv+qmIowTw0O2WOQnEpkIZV+joVCcGTm1hDIl7K2IjamizNhs8jaEr0/R/6RdLpHzUrl5UaxfLePIwTGcwBkQqEAdbqABLWDA4QGe4Nm5cx6dF+d10briLGeO4Aect08UuI0h</latexit>
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included for 0- and 1- *not* included

Calculational details for charmonium D. Hatton et al, HPQCD, 2005.01845

Fit correlators to obtain ground-state 
masses (E0) and amplitudes (A0)
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<latexit sha1_base64="PHrEAeTm8oGsbrd7v1zwPxBy46U="></latexit>

Convert A0 into a ‘decay constant’ : f0� = 2mq
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<latexit sha1_base64="aqpp4r0r+XHka/Z+7ylLQXjogZc="></latexit>
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0

<latexit sha1_base64="yTJxcVD7RWSCZM90IoiCzNvmD5I="></latexit>

ZV is renormalisation factor to match lattice vector current to that in continuum QCD 
- calculate accurately using intermediate symmetric MOM scheme D. Hatton et al, 

HPQCD, 1909.00756
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Impact of QED on charmonium
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Including QED INCREASES the hyperfine splitting by 
0.8% (0.7% direct and 0.1% from retuning mc)
There is an additional QED contribution from J/𝜓 
annihilation to a photon - estimate with pert. th. as +0.7 
MeV. 

Impact of QED on hyperfine splitting
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p = ¥c

Impact of QED on decay constants

Including QED INCREASES the decay constants by 0.2% 
(0.3% direct and -0.1% from retuning mc)

R0 =
QCD+QED

QCD

���
fixed am

<latexit sha1_base64="r9wSc78GetE5QaKi2pF3JEgSdSw="></latexit>

�Mq1q2 = Aeq1eq2 +Be2q1 + Ce2q2
<latexit sha1_base64="54pfMJR+AcQZ4qaobHkAJDDUsPY="></latexit>Meson mass shift with QED:

Interaction term 
- negative for 
neutral mesons

Self-energy terms - 
positive (and larger)

Net positive effect on J/𝜓 mass means 
mc is lower in QCD+QED. Must also 
calculate Zm in QCD+QED. Total 
effect = -0.2% at scale of 3 GeV. 

Ratio of QCD+QED to 
QCD at fixed bare 
quark mass is 
convenient to calculate, 
but does not allow for 
quark mass retuning. 
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QCD+QED - extrapolate to a=0 
and physical u/d masses in sea. 
(Note: a2 effects are small for 
HISQ; allow a2n terms up to a10 in 
extrapolation.)

�
<latexit sha1_base64="rNMa/4G/kHYVeXpYJZcbK2LrjeQ=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KunBZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKu04H9bK6tr6xmZhq7i9s7u3Xzo4bCuRSkxaWDAhuyFShFFOWppqRrqJJCgOGemEk8vc79wTqajgt3qakCBGI04jipE2Urt/RZhGg1LZsc/rVc+vQsd2nJrruTnxan7Fh65RcpTBEs1B6b0/FDiNCdeYIaV6rpPoIENSU8zIrNhPFUkQnqAR6RnKUUxUkM2vncFTowxhJKQpruFc/T6RoVipaRyazhjpsfrt5eJfXi/VUT3IKE9STTheLIpSBrWA+etwSCXBmk0NQVhScyvEYyQR1iagognh61P4P2l7tluxvRu/3LhYxlEAx+AEnAEX1EADXIMmaAEM7sADeALPlrAerRfrddG6Yi1njsAPWG+fwemPQg==</latexit>

experiment

Hyperfine Splitting:MJ/ �M⌘c
<latexit sha1_base64="97EDvcm0N2mcNZ7tUzRXT8A5UCI=">AAAB/nicdZDLSgMxFIYz9VbrbVRcuQkWwY11UsW2u6IbEYQK9gKdYcikmTY0cyHJCGUY8FXcuFDErc/hzrcxYyuo6IHAx/+fwzn5vZgzqSzr3SjMzS8sLhWXSyura+sb5uZWR0aJILRNIh6Jnocl5SykbcUUp71YUBx4nHa98Xnud2+pkCwKb9Qkpk6AhyHzGcFKS665c+Wml0d2LFl2qNGmCrskc82yVbEsCyEEc0C1U0tDo1GvojpEuaWrDGbVcs03exCRJKChIhxL2UdWrJwUC8UIp1nJTiSNMRnjIe1rDHFApZN+np/Bfa0MoB8J/UIFP9XvEykOpJwEnu4MsBrJ314u/uX1E+XXnZSFcaJoSKaL/IRDFcE8CzhgghLFJxowEUzfCskIC0yUTqykQ/j6KfwfOtUKOq5Ur0/KzbNZHEWwC/bAAUCgBprgArRAGxCQgnvwCJ6MO+PBeDZepq0FYzazDX6U8foBLDiVpQ==</latexit>

pure QCD QCD+QED

�
<latexit sha1_base64="rNMa/4G/kHYVeXpYJZcbK2LrjeQ=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAiuQpKGtu6KunBZwT6gDWUynbRjJzNhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/feEyaMKu04H9bK6tr6xmZhq7i9s7u3Xzo4bCuRSkxaWDAhuyFShFFOWppqRrqJJCgOGemEk8vc79wTqajgt3qakCBGI04jipE2Urt/RZhGg1LZsc/rVc+vQsd2nJrruTnxan7Fh65RcpTBEs1B6b0/FDiNCdeYIaV6rpPoIENSU8zIrNhPFUkQnqAR6RnKUUxUkM2vncFTowxhJKQpruFc/T6RoVipaRyazhjpsfrt5eJfXi/VUT3IKE9STTheLIpSBrWA+etwSCXBmk0NQVhScyvEYyQR1iagognh61P4P2l7tluxvRu/3LhYxlEAx+AEnAEX1EADXIMmaAEM7sADeALPlrAerRfrddG6Yi1njsAPWG+fwemPQg==</latexit>
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This work: pure QCD

This work: QCD+QED

Experimental av.

D. Hatton et al, HPQCD, 2005.01845

Conclude: lattice QCD+QED connected calculation of 
hyperfine splitting disagrees with experiment. If this is 
because of missing 𝜂c annihilation, then 

�Mannihiln
⌘c

= +7.3(1.2)MeV
<latexit sha1_base64="o+kJZGK2GOol8LT3p2RrI/fJ7b4="></latexit>

Leading order NRQCD pert. th. gives -3 MeV ( related to 
total 𝛤=32(1) MeV), but subleading terms could easily 
change sign. Not (yet) calculable directly in lattice QCD. 

Experimental av.

120.3(1.1) MeV 

113.0(0.5) MeV 
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Decay constants of 𝜂c and J/𝜓
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h0| �µ |J/ (~p = 0)i = fJ/ MJ/ "µ
<latexit sha1_base64="Hz5B++hDdPOn9VF9b7ev36xk/d0="></latexit>

h0| �5�0 |⌘c(~p = 0)i = f⌘cM⌘c
<latexit sha1_base64="pPJnQJ6ASISHG2hLj2Cuiihw0ZA="></latexit>

Hadronic parameter for 
annihilation to a photon 

�(J/ ! `+`�) =
4⇡

3
↵2
QEDQ

2
c

f2
J/ 

MJ/ 
<latexit sha1_base64="nhFLgmXICn1sDjTPVi5AzMc86FU="></latexit>

D. Hatton et al, HPQCD, 2005.01845

Must normalise lattice 
vector current carefully 
- use RI-SMOM since 
respects Ward identity 
on lattice. 
D. Hatton et al, 
HPQCD, 1909.00756

Extrapolation to a=0

fJ/ 
f⌘c

= 1.0284(19)
<latexit sha1_base64="VgFpat3q/BJJswiD9XkowaSVaJQ="></latexit>

Systematics cancel in 
decay constant ratio 

0.2% accurate! and > 1

Agrees with, but more 
accurate than, experiment

�(J/ ! e+e�) =

5.637(49) keV
<latexit sha1_base64="/kKkrNQNn7qOGf3cUGaUhcRZCzg="></latexit>

0.4% accurate physical 
result: 410.4(1.7) MeV
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Extend calculations to bottomonium D. Hatton et al, HPQCD, 2101.08103
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By fitting results as a function of mh and lattice spacing can obtain results at b in continuum limit.  
Use cubic splines for mh-dependence

Hyperfine splitting 
M⌥ �M⌘b

<latexit sha1_base64="6yaEyr6rKn4H3eGHPgQDBr45iC4=">AAACAHicdVDLSgMxFM34rPU16sKFm2AR3FgmVWy7K7pxI1Rw2kI7DJk0bUMzmSHJCGWYjb/ixoUibv0Md/6NmbaCih64cHLOveTeE8ScKe04H9bC4tLyymphrbi+sbm1be/stlSUSEJdEvFIdgKsKGeCupppTjuxpDgMOG0H48vcb99RqVgkbvUkpl6Ih4INGMHaSL69f+2nPTdWjEciO8kfVGM/yHy75JQdx0EIwZyg6rljSL1eq6AaRLllUAJzNH37vdePSBJSoQnHSnWRE2svxVIzwmlW7CWKxpiM8ZB2DRU4pMpLpwdk8MgofTiIpCmh4VT9PpHiUKlJGJjOEOuR+u3l4l9eN9GDmpcyESeaCjL7aJBwqCOYpwH7TFKi+cQQTCQzu0IywhITbTIrmhC+LoX/k1aljE7LlZuzUuNiHkcBHIBDcAwQqIIGuAJN4AICMvAAnsCzdW89Wi/W66x1wZrP7IEfsN4+AUeylt0=</latexit>

= 57.5(2.5)MeV
<latexit sha1_base64="ggsNQ0mGUNOUndbD1+fO1UYlprA=">AAACAXicdVDLSgMxFM34rPU16kZwEyxCBRkmo7XtQii6cSNUsA/olJJJ0zY08yDJCGWoG3/FjQtF3PoX7vwbM20FFT1w4XDOvdx7jxdxJpVtfxhz8wuLS8uZlezq2vrGprm1XZdhLAitkZCHoulhSTkLaE0xxWkzEhT7HqcNb3iR+o1bKiQLgxs1imjbx/2A9RjBSksdc/esULQKeccqHLpHro/VQPjJFa2PO2bOtmzbRgjBlKDiqa1JuVxyUAmi1NLIgRmqHfPd7YYk9mmgCMdStpAdqXaChWKE03HWjSWNMBniPm1pGmCfynYy+WAMD7TShb1Q6AoUnKjfJxLsSznyPd2Z3ih/e6n4l9eKVa/UTlgQxYoGZLqoF3OoQpjGAbtMUKL4SBNMBNO3QjLAAhOlQ8vqEL4+hf+TumOhY8u5PslVzmdxZMAe2Ad5gEARVMAlqIIaIOAOPIAn8GzcG4/Gi/E6bZ0zZjM74AeMt0+8vZU0</latexit>

Good 
agreement 
with Belle

Use HPQCD’s ‘heavy-HISQ’ approach, increasing quark masses above that of charm but keeping ma<1. Can reach the b quark 
mass for a=0.045 fm and a=0.03 fm. Systematic errors are smaller than for nonrelativistic approaches to the b. 

The b mass is fixed as the point where the vector meson mass is that of the 𝛶.
QED effects are much smaller here because eb = 1/3. 

Curve gives physical (continuum) dependence of 
splitting on heavyonium vector mass.  

Result at b from quark-line connected correlators agrees with 
experiment. Pert. th. gives disc. contribution of -1 MeV (𝛤𝜂 = 10 
MeV); expect this to be more reliable than for charmonium

1205.6351

Improved by factor 3 over 
earlier lattice results.
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<latexit sha1_base64="elT6aWm9TVnJMG/+IeqyeF7week="></latexit>

1.292(37) keV
<latexit sha1_base64="ZQxpSMb6Zyy79pBJVQTmR24hPUU=">AAACAXicdVDLSgMxFM3UV62vUTeCm2ARKkiZTMW2u6IblxXsAzpDyaSZNjTzIMkIZagbf8WNC0Xc+hfu/BszbQUVPXDhcM693HuPF3MmlWV9GLml5ZXVtfx6YWNza3vH3N1ryygRhLZIxCPR9bCknIW0pZjitBsLigOP0443vsz8zi0VkkXhjZrE1A3wMGQ+I1hpqW8eoLJdt0uV6gl0Tp0Aq5EI0jFtT/tm0SpbloUQghlB1XNLk3q9ZqMaRJmlUQQLNPvmuzOISBLQUBGOpewhK1ZuioVihNNpwUkkjTEZ4yHtaRrigEo3nX0whcdaGUA/ErpCBWfq94kUB1JOAk93ZjfK314m/uX1EuXX3JSFcaJoSOaL/IRDFcEsDjhgghLFJ5pgIpi+FZIRFpgoHVpBh/D1KfyftO0yqpTt67Ni42IRRx4cgiNQAghUQQNcgSZoAQLuwAN4As/GvfFovBiv89acsZjZBz9gvH0Cv56VNw==</latexit>

Good agreement 
with experiment
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<latexit sha1_base64="MH1vqIG5G3AUk3t8xqIbFDwkEhQ="></latexit>

Decay constants
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Curve gives physical (continuum) dependence of 
decay constant on heavyonium vector mass from c 
to b. 

�(⌥ ! `+`�) =
4⇡

3
↵2
QEDQ

2
b
f2
⌥

M⌥
<latexit sha1_base64="+ZZf6LGwluo8YM5CQ5UsE5kC8M4="></latexit>

Compare rate for annihilation to leptons predicted 
by lattice QCD to the experimental result - see 
good agreement

Big improvement in accuracy over previous lattice QCD results. 

D. Hatton et al, HPQCD, 2101.08103

f⌥ = 677.2(9.7)MeV
<latexit sha1_base64="2mQnpggLaLJ/R8x+9cKnChNttIA="></latexit>
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Determination of quark masses from lattice QCD+QED D. Hatton et al, HPQCD, 1805.06225, 
2005.01845, 2102.09609
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Tune lattice mass from J/𝜓. 
Determine Zm via SMOM scheme on lattice allowing for 
nonperturbative artefacts.  
Combined impact of QED: -0.2% at scale 3 GeV.  

In MS scheme
<latexit sha1_base64="4yuPHmP0yFq7NJTGVSjQ/PKCWGo=">AAACI3icdVBNSwMxEM36WetX1aOXYBE8SNlWRfFU9KIHoaKthbaUbDptQ5PskmSFsux/8eJf8eJBKV48+F/MtltR0QmBl/dmJjPPCzjTxnXfnZnZufmFxcxSdnlldW09t7FZ036oKFSpz31V94gGziRUDTMc6oECIjwOd97gPNHv7kFp5stbMwygJUhPsi6jxFiqnTuNmoKYvhLRpYzj5r49vs1P2n0pVzepkr417YOAuJ3Lu4UjNwnsFtwpSJliyuRRGpV2btTs+DQUIA3lROtG0Q1MKyLKMMohzjZDDQGhA9KDhoWSCNCtaLxjjHct08FdX9krDR6z3ysiIrQeCs9mJmPq31pC/qU1QtM9aUVMBqEBSScfdUOOjY8Tw3CHKaCGDy0gVDE7K6Z9ogg11tasNWG6Kf4f1EqF4kGhdH2YL5+ldmTQNtpBe6iIjlEZXaAKqiKKHtATekGvzqPz7Iyct0nqjJPWbKEf4Xx8AsCvpjA=</latexit>

mc(nf = 4, 3GeV) = 0.9841(51)GeV
<latexit sha1_base64="mEdkHcXNub56uAWlAVqaHdShhnU="></latexit>

mc(nf = 4,mc) = 1.2719(78)GeV
<latexit sha1_base64="JKobGUpnupi9G65NbLMD3ClsOP4="></latexit>

mb
1) Calculate ratio of mh to mc as a function of 
heavyonium meson mass in pure QCD we can then read 
off mb/mc for lattice masses = ratio of MSbar masses in 
continuum limit.  Key point: independent of scale, 𝜇

mb(nf = 4,mb) = 4.209(21)GeV
<latexit sha1_base64="QtDbFy5eY274KEqkOw8Dx03K20E="></latexit>

2) Determine QED corrections to this (next slide) - ratio 
no longer scale-independent since Q not the same 

2) Use ratio and mc above to give:
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Determination of the b quark mass in lattice QCD+QED

4 6 8 10
mhh (GeV)

1

2

3

4

5

m
h
/m

c

m¥b

m¥c

m®

mJ/√

1) Ratio of mh to mc as a function of heavyonium 
meson mass in pure QCD. This is equal to the 
mass ratio in the MSbar scheme in the continuum 
limit and is scale-independent. 

D. Hatton et al, HPQCD, 2102.09609

1 2 3 4
mh/mc

1.0000

1.0002

1.0004

R
(m

h
/m

c
,Q

=
1/

3)

2) Ratio of mh to mc ratios in QCD+QED to that 
in QCD for the case where each quark has Q=1/3, 
so ratio still scale-independent. Effects are tiny.

Fixes b mass 
point 
ratio=4.578(12)

Vector meson

Pseudoscalar meson

3) Adjust mc in ratio for Q=1/3 -> Q=2/3 - biggest QED effect = 3/4 of -0.2% at 3 GeV

Final result for ratio (now scale-dependent): mb(3GeV)

mc(3GeV)

�����
QCD+QED

= 4.586(12)

<latexit sha1_base64="tyKoC3GRv/nQR+2qfAW8+OWHPJo="></latexit>
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Conclusions

•  The hyperfine splitting result shows that the impact of  𝜂c annihilation on its mass is +7(1) MeV

• Lattice QCD results for 𝜂c and J/𝜓 have reached high precision, and now include the effects of the 
c quark electric charge (QCD+quenched QED). 

• The calculation of the J/𝜓 leptonic width is now more accurate (0.9%) than experiment and 
agrees well with it.

Future

• Extend to accurate (1 MeV level) determination of heavy-light meson masses, including effects 
of QED. Heavy-light vector meson vector and tensor decay constant calculations underway 

• Extension of the calculation to bottomonium gives a hyperfine splitting that agrees well with 
recent experiment, and an  𝛶  leptonic width that also agrees with experiment. The ratio of 
vector to pseudoscalar decay constants flips from >1 at c to <1 at b. 
• Masses for c and b quarks now determined including the effect of QED. 

• Accurate determination underway of decay modes that test meson structure:                                                  
need more accurate experiment

J/ ! ⌘c�
<latexit sha1_base64="uk7DdbjnOlXL0u09EDQge/vN2oc=">AAACCXicbVA9SwNBEN2LXzF+nVraLAbBKt5FQcugjVhFMB+QC2Fus0mW7N4du3NKCGlt/Cs2ForY+g/s/DduPgpNfDDweG+GmXlhIoVBz/t2MkvLK6tr2fXcxubW9o67u1c1caoZr7BYxroeguFSRLyCAiWvJ5qDCiWvhf2rsV+759qIOLrDQcKbCrqR6AgGaKWWS29OgsQIGmjR7SFoHT/QgCO0GA26oBS03LxX8Cagi8SfkTyZodxyv4J2zFLFI2QSjGn4XoLNIWgUTPJRLkgNT4D1ocsblkaguGkOJ5+M6JFV2rQTa1sR0on6e2IIypiBCm2nAuyZeW8s/uc1UuxcNIciSlLkEZsu6qSSYkzHsdC20JyhHFgCTAt7K2U90MDQhpezIfjzLy+SarHgnxaKt2f50uUsjiw5IIfkmPjknJTINSmTCmHkkTyTV/LmPDkvzrvzMW3NOLOZffIHzucP2BaZzA==</latexit>

⌘c ! ��
<latexit sha1_base64="bOYoE/ApWi0J73HUsqh8f/+lZ3c=">AAACCnicbVA9SwNBEN3zM8avU0ub1SBYhbsoaBm0sYxgPiAXwtxmkyzZvTt255QQUtv4V2wsFLH1F9j5b9wkV2jig2Ee782wOy9MpDDoed/O0vLK6tp6biO/ubW9s+vu7ddMnGrGqyyWsW6EYLgUEa+iQMkbieagQsnr4eB64tfvuTYiju5wmPCWgl4kuoIBWqntHgUcoc1ooEWvj6B1/EBp0AOlIGttt+AVvSnoIvEzUiAZKm33K+jELFU8QibBmKbvJdgagUbBJB/ng9TwBNgAerxpaQSKm9ZoesqYnlilQ7uxthUhnaq/N0agjBmq0E4qwL6Z9ybif14zxe5laySiJEUesdlD3VRSjOkkF9oRmjOUQ0uAaWH/SlkfNDC06eVtCP78yYukVir6Z8XS7XmhfJXFkSOH5JicEp9ckDK5IRVSJYw8kmfySt6cJ+fFeXc+ZqNLTrZzQP7A+fwBm7+aNA==</latexit>
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SPARES
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Tensor decay constant of the J/𝜓 D. Hatton et al, HPQCD, 2008.02024

h0| �↵� |J/ i = ifT
J/ (µ)(✏↵p� � ✏�p↵)

<latexit sha1_base64="K7PqcM0qS3PKsbziJTyzK4//pfU="></latexit>

scheme and scale-dependent
Must renormalise tensor current in lattice QCD - use 
intermediate momentum-subtraction scheme, RI-SMOM, on 
lattice and account for nonperturbative ‘condensate’ 
contributions 

0.0 0.2 0.4 0.6 0.8
(amc)2

0.40

0.45

0.50

f
T J
/√

(M
S
,

2
G

eV
)

[G
eV

]

RI-SMOM, 𝜇=2 GeV

RI-SMOM, 𝜇=3 GeV

RI-SMOM, 𝜇=4 GeV
0.96 0.98 1.00

fT
J/√(MS, 2 GeV)/fV

J/√

[1312.2858] sum rules

[1312.2858] twisted-mass nf = 2

This work RI-SMOM

Fit allows for (𝛬/𝜇)2 condensates 

Ratio of tensor to vector decay constants

fT (MS, 2GeV)

fV
= 0.957(5)

<latexit sha1_base64="O3BEXYjBgJhvl3g8kRGtFQlKqqM="></latexit>

Use to set bounds on 
BSM decay rates. 

Clearly <1



13.5 14.0 14.5 15.0 15.5

ac
µ £ 1010

HPQCD HISQ

ETMC twisted mass 2017

HPQCD HISQ 2014

BMWc stout stagg. 2017

u,d,s,c sea

u,d,s sea

14

Charm quark contribution to anomalous magnetic moment of the muon, ac𝜇

µ

q

q

~µ = g
⇣ e

2m

⌘
~S

aµ =
g � 2

2

Least well-known contribution is that of  
‘hadronic vacuum polarisation’ - quark bubble 
for each flavour attached to photon. 

Calculate in lattice QCD+QED using vector 
correlators, either via time-moments or by direct 
integration

J J

D. Hatton et al, HPQCD, 2005.01845

0.0 0.2 0.4 0.6 0.8
(amc)2

1.2

1.3

1.4

1.5

ac µ

£10°9

moments

Extrapolation to a=0

Impact of QED = +0.2% 
from mc retuning

acµ =
<latexit sha1_base64="5rXjFkjfk2kFa6xNhwLAjypK2QU=">AAAB83icdVDLSgMxFM34rPVVdekmWARXZVLFtguh6MZlBfuAzlgyadqGJpkhD6EM/Q03LhRx68+482/MtBVU9MCFwzn3cu89UcKZNr7/4S0tr6yurec28ptb2zu7hb39lo6tIrRJYh6rToQ15UzSpmGG006iKBYRp+1ofJX57XuqNIvlrZkkNBR4KNmAEWycFOBeGgg7vSPwAvYKRb/k+z5CCGYEVc59R2q1ahlVIcoshyJYoNErvAf9mFhBpSEca91FfmLCFCvDCKfTfGA1TTAZ4yHtOiqxoDpMZzdP4bFT+nAQK1fSwJn6fSLFQuuJiFynwGakf3uZ+JfXtWZQDVMmE2uoJPNFA8uhiWEWAOwzRYnhE0cwUczdCskIK0yMiynvQvj6FP5PWuUSOi2Vb86K9ctFHDlwCI7ACUCgAurgGjRAExCQgAfwBJ496z16L97rvHXJW8wcgB/w3j4BjnuRYA==</latexit>

14.638(47)⇥ 10�10
<latexit sha1_base64="X5aGRj+Di4nx3loQsv6ooF+uPNA=">AAACAnicdVDLSgMxFM34rPU16krcBItQF5akLX3sim5cVrAPaMeSSdM2NPMgyQhlKG78FTcuFHHrV7jzb8y0FVT0wIXDOfdy7z1uKLjSCH1YS8srq2vrqY305tb2zq69t99UQSQpa9BABLLtEsUE91lDcy1YO5SMeK5gLXd8kfitWyYVD/xrPQmZ45GhzwecEm2knn2Ii7lSoZItlk+7mntMQYxu4jOMpj07g3IIIYwxTAgul5Ah1WoljysQJ5ZBBixQ79nv3X5AI4/5mgqiVAejUDsxkZpTwabpbqRYSOiYDFnHUJ+YbU48e2EKT4zSh4NAmvI1nKnfJ2LiKTXxXNPpET1Sv71E/MvrRHpQcWLuh5FmPp0vGkQC6gAmecA+l4xqMTGEUMnNrZCOiCRUm9TSJoSvT+H/pJnP4UIuf1XM1M4XcaTAETgGWYBBGdTAJaiDBqDgDjyAJ/Bs3VuP1ov1Om9dshYzB+AHrLdPEniUsg==</latexit>

Small part of 
total HVP, but 
still needed for 
accurate SM a𝜇
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Error budgetsError budgets: Charmonium

Error budget for our final result for the charmonium hyperfine splitting and
decay constants including quenched QED corrections. The uncertainties
shown are given as a percentage of the final result.

�"hyp 5�/k 5[2

02
! 0 0.13 0.09 0.03

/+ - 0.05 -
Pure QCD statistics 0.24 0.12 0.05
QCD+QED statistics 0.08 0.05 0.02
F0/0 0.24 0.11 0.08
F0 0.87 0.34 0.24
Valence mistuning 0.02 0.05 0.01
Sea mistuning 0.06 0.01 0.00

Total (%) 0.96 0.40 0.26

Jonna Koponen (JGU Mainz) Charmonium and Bottomonium from LQCD July 26, 2021 4 / 8

Error budgets: Bottomonium

"⌥ � "[1 5⌥ 5[1

statistics 2.40 0.77 0.38
SVD cut 1.48 0.44 0.67
F0 0.55 0.61 0.59
F0/0 0.66 0.23 0.18
/+ - 0.29 -
"q⌘ dependence 0.03 0.01 0.00
1/"q⌘ dependence 0.05 0.02 0.01
(0<⌘)

2: discretisation e↵ects 1.14 0.17 0.18
(0⇤)2: discretisation e↵ects 0.48 0.24 0.31
(0<⌘)

2
(0⇤)2 discretisation e↵ects 0.42 0.28 0.45

light and strange sea quark mistuning 1.45 0.73 0.98
charm sea quark mistuning 1.08 0.29 0.27
QED "q⌘ dependence 0.29 0.07 0.08
QED 1/"q⌘ dependence 0.19 0.01 0.00

Total (%) 3.99 1.43 1.59
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Error budgets: 2 and 1 quark mass ratio

<1/<2 [<%
⌘⌘] <1/<2 [<+

⌘⌘] <1/<2 [avg]

(0<⌘)
2
! 0 0.20 0.21 0.20

F0, F0/0 0.10 0.18 0.12
fD 0.12 0.12 0.09

6<, Z 0.05 0.05 0.05
<22 0.06 0.01 0.04
<11 0.03 0.00 0.02

(0<⌘)
2X<sea

D3B ! 0 0.06 0.07 0.06
X<sea

2 ! 0 0.03 0.03 0.03
3<̃2/3<22 0.03 0.02 0.02
Total (%) 0.27 0.32 0.27
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D. Hatton et al, HPQCD, 2005.01845, 
2101.08103, 2102.09609


