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QCD on a spacetime lattice 2

lattice QCD is QCD under controlled approximations

discretisation choice / finite lattice spacing

choice of quark mass value

finite spacetime volume
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sum over quark/gluon 
field configurations

in Euclidean spacetime, 
probability for a field configuration

generate field configurations → compute correlation functions

⤳ relatively unimportant here

⤳ a tool to explore QCD

⤳ how we access scattering
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computing a spectrum 3

spectrum in two-point correlation functions
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summary compiled by Andreas Kronfeld

but what about excited states, the resonances of QCD … ?
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resonances illustrated in quantum mechanics 4
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resonances lie in the continuous spectrum of scattering states
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resonances illustrated in quantum mechanics 5
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resonances lie in the continuous spectrum of scattering states
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but …

a discrete spectrum 
in finite-volume



light meson spectroscopy in lattice QCD | 21 March 2022 | MITP

resonances in a finite volume ? 6
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but in a periodic volume …
E

discrete 
spectrum
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applying the boundary conditions

solved by discrete
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non-resonant elastic scattering — π+π+ (isospin=2) 7
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repulsive scattering, no resonances
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an elastic resonance — the ρ in ππ (isospin=1) 8
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an elastic resonance — the ρ in ππ (isospin=1) 9

480

600

720

840

960

3.6 fm

[ 0 0 0 ] [ 1 00 ] [ 1 10 ] [ 1 11 ] [ 2 00 ]

 0

 30

 60

 90

 120

 150

 180

0.08 0.10 0.12 0.14 0.16

s c a t t e r i n g  ph a se - s h i f t

mπ ~ 236 MeVPRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )

& other irreps

800

900

1000

1100

1.9 fm
2.4 fm
2.9 fm

[ 0 0 0 ] [ 1 00 ] [ 1 10 ] [ 1 11 ] [ 2 00 ]

& other irreps

PRD 8 7  0 3 4 5 0 5  ( 2 0 1 3 ) mπ ~ 391 MeV

600 720 840 960480

s c a t t e r i n g  ph a se - s h i f t

 0

 30

 60

 90

 120

 150

 180

 0.14  0.15  0.16  0.17  0.18  0.19800 850 900 950 1000 1050

E / MeV

E / MeV

E / MeV

E / MeV4.3mπL



light meson spectroscopy in lattice QCD | 21 March 2022 | MITP

ππ isospin=0 10
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heavier quark mass — a bound-state

lighter quark mass — attraction, maybe a broad resonance ?

c.f. the experimental σ resonance …

PRL 1 1 8  0 2 2 0 0 2  ( 2 0 1 7 )
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coupled-channel scattering from lattice QCD ? 11

one possible approach — mimic ‘ideal’ experiment: determine  
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for real energies

scattering matrix determines the finite-volume spectrum:

maybe can then be analytically  
continued to complex energies 
to find poles ?

for a given scattering matrix, has a discrete set of solutions
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the finite-volume spectrum

one approach:  

 — parameterize the energy dependence of t(E) 

 — solve  

 — compare ‘model’ spectrum to lattice spectrum …
<latexit sha1_base64="NZ6KHzHkMba+Pw0eUxQX5ozeV0c="></latexit>

ensure important features are independent of 
parameterization details by varying parameterization …
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coupled-channel scattering from lattice QCD 12

a0→πη,KK
_

mπ ~ 391 MeV
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coupled-channel scattering from lattice QCD 13

a0→πη,KK
_

f0→ππ,KK,ηη
_

mπ ~ 391 MeV
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coupled-channel scattering from lattice QCD 14

a0→πη,KK
_

f0→ππ,KK,ηη
_

f2→ππ,KK
_

mπ ~ 391 MeV

fourth sheet pole

second sheet pole

track pole movement with changing quark mass in future calculations
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coupled-channel scattering from lattice QCD 15

b1→πω,πϕ

… recently scattering of hadrons with non-zero spin …
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coupled-channel scattering from lattice QCD 16

b1→πω,πϕ

… recently scattering of hadrons with non-zero spin − coupled-partial waves …
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exotic 1−+ resonance at SU(3) flavor point 17PRD 1 0 3  0 5 4 5 0 2  ( 2 0 2 1 )
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octet 1−+ resonance pole & couplings 18
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Feng et al | u,d,s | mπ~290 MeV
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Bulava et al | u,d,s | mπ~280 MeV
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Briceno et al | u,d,s | mπ~391 MeV
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this technology can be used to study e.g. scalar meson 
resonance form-factors  

determine their ‘size’ and ‘flavor content’ ? 
inform models of their structure ?
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formalism used so far only valid for 2→2 scattering ⇒ required to stay below three-body thresholds …

three-body formalism now developed and applied in test cases



light meson spectroscopy in lattice QCD | 21 March 2022 | MITP

summary 22

lattice QCD is increasingly becoming a practical tool to study excited hadron resonances 

currently somewhat limited to heavier quark masses to avoid many-body decays

but can still learn a lot about strong QCD where previously we relied upon models

a new era of QCD-based hadron spectroscopy ?


